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Abstract

Abstract polymer models are systems of weighted objects, called polymers, equipped
with an incompatibility relation. An important quantity associated with such models is
the partition function, which is the weighted sum over all sets of compatible polymers.
Various approximation problems reduce to approximating the partition function of a polymer
model. Central to the existence of such approximation algorithms are weight conditions of
the respective polymer model. Such conditions are derived either via complex analysis or
via probabilistic arguments. We follow the latter path and establish a new condition—the
clique dynamics condition—, which is less restrictive than the ones in the literature. We
introduce a new Markov chain where the clique dynamics condition implies rapid mixing
by utilizing cliques of incompatible polymers that naturally arise from the translation of
algorithmic problems into polymer models. This leads to improved parameter ranges for
several approximation algorithms, such as a factor of at least 21/ for the hard-core model on
bipartite a-expanders.

Keywords: Markov chain, partition function, Gibbs distribution, approximate
counting, abstract polymer model



1 Introduction

Statistical physics models systems of interacting particles as probability distributions. This ap-
proach explains a variety of real-world phenomena, including ferromagnetism [21], segrega-
tion [35], and real-world network generation [10]. Characteristic of such systems is that they
undergo phase transitions depending on some external parameter. Such phase transitions have
been recently linked to the tractability of computational tasks, leading to a two-way exchange:
tools from statistical physics are used to explain computational phenomena, and tools from com-
puter science are used to explain physical phenomena. An established technique for investigating
these phase transitions that involves translating the states of a spin system as perturbations from
a ground state [16, Chapter 7] has been recently introduced to computer science as an algorithmic
tool for computational tasks of spin systems [20].

To motivate the definition of the central mathematical object of this article, we give a high-level
description of how to model a spin system in terms of perturbations from a ground state. Assume
we study a g-state spin system on a graph G. The states of the spin system are usually mappings
o: V(G) — Q from the vertices of G to some finite set Q. Each such configuration ¢ has a weight
w(o) € Ry¢ and the sum of the weights of all the configurations Z = ), w(0) is called the partition
function. For each configuration o, the probability distribution y that characterizes our system
yields p(o) =w(o)/Z. Let oy be the ground state we use in this translation. Given a configuration
o, we identify the set of vertices D C V(G) where, for each v € D, we have 0y(v) # o(v). Observe
that we can uniquely identify this configuration by a set I" whose elements y consist of a connected
component of G[ D] together with the restriction of ¢ on this component. Furthermore, we assign
a weight w, to each y € I', such that [[,crwy, = w(o)/w(0op). Thus, provided that all such sets
of pairs I' contain no two pairs y, y’ that are incompatible, i.e. I" cannot be uniquely decoded
to an assignment because for example y and y’ map the same vertex to a different element in Q,
there is a bijection between the configurations ¢ and the sets I'. Furthermore, the distribution y is
expressed as a distribution over the sets I', since it retains the property that the probability of I" is
proportional to its weight. Such a construction suggests the following definition.

A polymer model P = (C,w, +) is a tuple consisting of a non-empty, countable’ set C, a set
w = {w, }yec of positive real weights and a reflexive and symmetric relation » C C2. The elements
Y € C are called polymers. The relation + is called the incompatibility relation and, for y,y’ € C,
we say that y and y’ are incompatible if y + y’, and that they are compatible otherwise. We call
a finite subset I' € C a polymer family if and only if all polymers of I" are pairwise compatible.
Given a polymer model P, let 7(*) denote the set of all polymer families of P. Note that (%) is
countable since the set of finite subsets of a countable set is countable. The partition function of P

is defined as
Z(P) = Zfe"rr(’”) l_[yel"wy’ (1)

which we require to be finite. Further, the Gibbs distribution of P is the probability distribution z(*

'In our applications, C is finite.



over F®) such that, for all I' € F),

HyeF w)/

(P) () =
p(Ir) = 7P)

(2)

A helpful interpretation for understanding the definition of a polymer model is the following.
Ignoring the reflexivity of », we view the pair (C, +) as a graph, which we call the polymer graph.
We observe that the families of (%) correspond to the independent sets of (C, +). Thus, for the
special case where w, = A € R, for each y € C, the distribution y is the hard-core model [34] on
the polymer graph and Z(%) is the independence polynomial [32].

We aim to maximize the parameter range for which the following two computational tasks can
be done in polynomial time.

(1) Approximately sampling from the Gibbs distribution of a polymer model, i.e., return a
random family I" from a distribution with total-variation distance at most & from u*).

(2) Returning an estimate Z, such that (1—¢)Z(P) < Z < (1+¢)Z(P) with constant probability
greater than %

1.1 Known Algorithmic Results

There is an expanding list of results that utilize abstract polymer models to obtain efficient
approximation and sampling algorithms for new parameter regimes for various spin systems on
graphs. This line of research was initiated by Helmuth et al. [20], who used polymers to obtain
polynomial-time approximation and sampling algorithms at a regime where the weight of the
interactions of particles with an external field is low. For problems that are hard to approximate
on general inputs, polynomial-time approximation algorithms are derived by utilizing restrictions
upon the input graph of a spin system. Examples include spin systems on expander graphs [18,
22, 23, 27], the hard-core model on unbalanced bipartite graphs [6], and the ferromagnetic Potts
model on d-dimensional lattices [4]. Furthermore, polymer models have been used to approximate
and sample edge spin systems (holant problems) at low temperatures [7].

Translating a spin system on a graph G with n vertices into an abstract polymer model commonly
results in an exponential number of polymers in terms of n—as can be observed in our initial
example. However, we are interested in approximation and sampling algorithms with a runtime
polynomial in n. There are two main approaches for such algorithms.

(i) Cluster Expansion This approach considers complex weights for the polymers and is based
on an infinite series expansion of In Z (the cluster expansion). The essential element for polynomial-
time computation is a theorem of Kotecky and Preiss [26, Theorem 1], a condition for establishing
absolute convergence of the cluster expansion. By satisfying this condition, the cluster expansion is
truncated to its most significant terms, obtaining an e-additive approximation for In Z. Computing
the significant terms is achieved by enumerating connected induced subgraphs of the polymer



graph of small size. By an algorithm of Patel and Regts, the enumeration takes polynomial time in
terms of the input graph of the spin system [31]. The e-additive approximation of In Z immediately
gives a multiplicative e-approximation for Z. The runtime of this approach is commonly n®(10g4),
where A is the maximum degree of the input graph G for the spin system and n = |V(G)|. Based
on an approximation algorithm for Z, self-reducibility of the polymer model yields an approximate

sampler for p(*) [20].

(ii) Markov Chain Monte Carlo Initiated by Chen et al. [8], this approach defines a Markov
chain with state space 7*) and stationary distribution (*). The Markov chain requires the
polymer model to have originated from a spin system on a graph G with n vertices. Iteratively,
the chain samples a polymer y with probability proportional to its weight w, and then adds or
removes y from its state if possible. When the mixing condition [8, Definition 1] is satisfied, the
Markov chain converges to u(*) after O(nlogn) iterations. The mixing condition matches a
convergence condition arising from an analysis by Fernandez et al. [14] of another stochastic
process of polymers on lattices. An e-approximate sampler for u*) is obtained by simulating the
Markov chain. The computational challenge for this approach is to sample the polymer y in order
to perform a transition of the Markov chain. As Chen et al. [8] show, this can be done in expected
constant time provided the sampling condition [8, Definition 4] is satisfied. This results in an
O(nlogn) algorithm for sampling from the Gibbs distribution of a spin system. Using Simulated
Annealing, Chen et al. convert this sampler into a randomized approximation scheme (FPRAS) for
Z that runs in expected O(n* log n) time.

Comparison of Established Conditions for the Methods Above A number of conditions for
the convergence of the cluster expansion have appeared in the literature [11, 15, 26]. The condition
of Fernandez and Procacci [15] is the least restrictive among them, i.e., the other conditions imply
it. Thus, using the Ferndndez—Procacci condition, one could potentially obtain approximation
algorithms for broader parameter ranges than the ones obtained by using, e.g., the Kotecky—Preiss
condition [26]. However, the condition by Kotecky and Preiss is convenient to apply in polymer
models of vertex spin systems and comes with implications on the rate of convergence of the
cluster expansion used in algorithmic settings. When compared to cluster expansion conditions
(restricted to non-negative real weights), the mixing condition of Chen et al. [8] is less restrictive
than the Kotecky—Preiss condition, however, it is incomparable with the Fernandez—Procacci
condition. Note that the fast run-times of Chen et al. [8] are dependent on the sampling condition,
which imposes the largest restriction on the parameter range of the applications it is used for.

1.2 Our Results

We study a new Markov chain (X;);e for abstract polymer models with stationary distribu-
tion p*), called the polymer cliqgue dynamics. The dynamics of our Markov chain are based on a
clique cover, i.e., a set A = {A;}ic[m) With [ A = C such that the polymers in each clique A; are
pairwise incompatible. Note that families of compatible polymers contain at most one polymer per



clique. At each step, our Markov chain chooses i € [m] uniformly at random and samples a family
in A; according to the distribution y) 4, defined as follows. For y € A;, we have p4,({y}) =w,/Z)4,
and, for the empty set, yja,(0) = 1/Z5,, where Z|s, = 1+ X e p, wy. If the empty family is chosen
and X; contains a polymer from A;, then the chain removes this polymer. If the family chosen
contains a polymer, then, if possible, the chain adds this polymer to its state. For a detailed
description of our chain, please refer to Definition 7.

Our chain can be viewed as a generalization of the single-site Glauber dynamics (cf. [13, in-
sert/delete chain]). Any abstract polymer model has a trivial clique cover, where each clique
contains exactly one polymer. The clique dynamics with the trivial clique cover coincides with
the Glauber dynamics. Clique covers with a much smaller number of cliques than the number of
polymers arise naturally from the translation of spin systems into polymer models. For example,
the translation we discussed earlier in the introduction yields a clique cover with n cliques, one
for each vertex in the original graph G. Since the number of polymers is commonly exponential in
the size of G, our chain utilizes that a family of compatible polymers may contain at most one
polymer from each polymer clique. The chain of Chen et al. [8] also utilizes this fact, however, in
a more restricted setting and with a different sampling distribution for each clique.

Central to our mixing time analysis for this chain is the following condition.

» Condition 1 (Clique Dynamics). Let # = (C,w, +) be a polymer model, and let f: C — R.,.
We say that P satisfies the clique dynamics condition with f if and only if, for all y € C,

> =L < £y «
, | Y 1+wy/_fy'
yeC:y +y,

Y'#y

We show that when the clique dynamics condition is satisfied, the mixing time of our Markov
chain is polynomial in the number of cliques in the clique cover and logarithmic in f.

» Theorem 2. Let # = (C,w, ») be a polymer model, let A be a polymer clique cover of P
with size m, and let Zjax = max;e(m1{Z|,}. Further assume that # satisfies the clique dynamics
condition with function f, and let fi.x = maxyec{f(y)} and fuin = minycc{f(y)}.

Then the polymer clique dynamics M (%) has the unique stationary distribution ‘) and, for
all € € (0, 1], it holds that

TM(P) (E) €O maXf ] e

2
m3Zmaxln(m222 fmax) ln(l)) <

When restricted to the setting of Chen et al. [8], the clique dynamics condition is implied by
the mixing condition and thus less restrictive. Due to that weaker assumptions, our mixing time
bound is slightly worse than the one proposed in [8]. The function f in our condition makes it
easily comparable to conditions for cluster expansion. Unlike the Kotecky—-Preiss condition [26],
the clique dynamics condition allows for a more flexible choice of f in order to obtain a greater
parameter range for the algorithmic applications (cf. [7, Remark 2.4]).



We further show that the clique dynamics condition is more general than the Fernandez-
Procacci [15] condition for the cluster expansion—and consequently more general than the
Kotecky—-Preiss condition [26] (see Section 3.1). An implication of our analysis is that cluster
expansion conditions imply our condition for the mixing time of clique dynamics. To the best
of our knowledge, this is the first connection between cluster expansion and mixing times of
Markov chains for polymer models and might be of independent interest to the statistical-physics
community. This is in line with the special case of the hard-core model, where the parameter
range on the reals has a bigger radius than on the complex plane [32].

The clique dynamics condition allows us to prove the following theorem for approximately
sampling from p, which is our main algorithmic result.

» Theorem 3. Let # = (C,w, *) be a polymer model with polymer clique cover A of size m, as-
sume P and A are computationally feasible as stated in Definition 12, and let Zax = max;em){Z|a, }-
Further assume that

(a) P satisfies the clique dynamics condition for a function f such that, for all y € C, it holds
that e PO (™) < f(y) < ePoly(m)

(b) Zmax € poly(m), and that,
(c) foralli € [m], we can sample from yj, in time poly(m).
Then, for all ¢ € (0, 1], we can e-approximately sample from p in time poly(m/e¢). <

Additionally, as we discuss in Section 4.2, we use self-reducibility on the clique cover as well as
Theorem 3 to obtain an e-approximation algorithm for the partition function Z.

» Theorem 4. Let ¥ = (C,w, *) be a polymer model with polymer clique cover A of size m such
that  and A are computationally feasible as stated in Definition 12. Assume that ¥ satisfies the
conditions of Theorem 3. For all ¢ € (0, 1], there is a randomized e-approximation of Z computable
in time poly(m/¢). <

Since it is common for spin systems on graphs with n vertices to translate into polymer models
with a clique cover of n cliques, Theorems 3 and 4 imply polynomial-time algorithms for their
respective problems. Assumption (a) allows for a broad range in the choice of f from Condition 1,
and assumption (b) is commonly satisfied by choosing the parameters such that they satisfy
assumption (a). However, when considering spin systems previously studied in the literature,
assumption (c) is not straightforward to satisfy, as the sizes of the cliques are commonly exponential
in n = |V(G)|. We introduce the clique truncation condition as a way to deal with this requirement
in a general setting.

» Condition 5 (Clique Truncation). Let £ = (C,w, +) be a polymer model, let A be a polymer
clique cover of P with size m, and let |-| be a size function for # as in Definition 15. For all i € [m],



we say that A; satisfies the clique truncation condition for a monotonically increasing, invertible
function g: R — R and a bound B € R if and only if

D en, 9C0yhwy <B. .

We show that the clique truncation condition allows to reduce the size of each clique to a
polynomial in n by removing low-weight polymers from the polymer model.” More precisely,
Corollary 19 states that, for an e-approximation, it is sufficient to consider only polymers y with
lyl < g~'(Bm/e). This allows us to use the algorithm of Patel and Regts [31] to sample from
the Gibbs distribution of each clique by enumerating all its polymers. Table 1 illustrates the
improved conditions for approximation for different algorithmic problems that can be obtained
from combining the clique truncation condition with Theorem 4.

Problem Previous range New range
L
Hard-core model on A> (ezAz)é [22] A= (ﬁAz) a
bipartite a-expanders
g-state Potts model on B> w [22] B> w
a-expanders
&R &R
Hard-core model on 6ALARAR < (1+ Ap) AL [6] 3.3353ALArAR < (1+ )4

unbalanced bipartite graphs

—1 -1
Perfect matching z < (\/4.8572 (A - 1)) [7] z< (\/2.8399(A - 1))

polynomial

Table 1: Improvement on the parameter ranges of our technique for problems with known ap-
proximation algorithms. Note that for a fair comparison, we refined the calculations of
the bounds in [22] in a similar fashion as in Section 6.

Interplay of Conditions So far, we introduced two major conditions for approximating the
partition function of abstract polymer models, namely the clique dynamics condition and the
clique truncation condition. We briefly want to discuss their interplay.

In Section 5.1 we investigate to what extent an additional condition, besides being computation-
ally feasible (Definition 12) and satisfying the clique dynamics condition, is required to ensure
that the partition function of a polymer model can be approximated efficiently. To this end, we
show that, unless NP = RP, those two conditions are not sufficient to ensure the existence of an
algorithm that takes time polynomial in the size of the used clique cover. The intuition is that,
even if rapid mixing of the clique dynamics is guaranteed, it might be computationally hard to
sample efficiently from each polymer clique without additional assumptions. The clique truncation

2A similar idea was used for the hard-core model on bipartite expanders in the first arXiv version of [8].



condition presents a general way to deal with this problem. However, for specific applications of
polymer models, it might be replaced with a different approach using more structural insights.

Besides this theoretical result, it should be noted that in all calculations we did to obtain Table 1,
the parameter regime was mainly determined by the clique dynamics condition. More precisely,
choosing the parameters such that the clique dynamics condition is satisfied always ensured that
the clique truncation condition is also satisfied. Thus, from a practical point of view, the clique
truncation condition usually does not impose any additional restriction. Note that for none of the
problems in the table any computational hardness results are known. This means that there is
currently no way to argue that any of the given bounds is tight, even in terms of the asymptotic
dependency on problem specific parameters, such as the maximum degree A or the expansion
parameter a. However, in all cases, our approach improves the previously known algorithmic
results by at least a constant factor.

1.3 Recent Results, Other Applications, and Outlook

In this paper, we introduced clique dynamics and demonstrated how they can be applied to
overcome the exponential blow-up resulting from encoding spin systems in polymer models.
An interesting question for future work is whether there are other applications where clique
dynamics can be used in a similar manner. In a subsequent work, we improve the parameter
regime for efficient approximation of the partition function of the continuous hard-sphere model,
using clique dynamics to handle the super-exponential sized graph that results from the applied
discretization scheme [17]. This raises the question if clique dynamics can be applied similarly
to other continuous models from statistical physics to obtain approximation results based on
discretization.

Another direction for future research is to further improve the condition for rapid mixing of
clique dynamics, which is crucial for the efficient algorithmic application. In [17], we prove, using a
recent spectral independence method [1, 9], a version of Condition 1 that involves strict inequality
to guarantee rapid mixing of clique dynamics. Note that such a result could also be obtained by
directly using the path coupling method of Bubley and Dyer [5]. However, as discussed before,
such a strict condition is not comparable to the best known conditions for convergence of the
cluster expansion, such as the Fernandez—-Procacci condition. Furthermore, we prove in [17] that,
for the case that all polymers have the same weight (which corresponds to a hard-core model
on the polymer graph), clique dynamics are actually rapidly mixing up to the tree threshold of
the polymer graph, which is in general considered a tight bound for local Markov chains [29].
Thus, in the univariate case (and in contrast to the multivariate case), the result based on spectral
independence is strictly better than Condition 1. It would be interesting to get a more theoretical
comparison between the power of both techniques in terms of rapid mixing results. Especially, it
raises the question if a more sophisticated application of the spectral independence method is able
to prove equivalent or even better conditions for rapid mixing of clique dynamics when weights
are not uniform. This would directly lead to further improvements of the results on polymer
models, presented in this work.



Finally, in a more recent work Blanca et al. [2] introduced a near-linear time perfect sampling
algorithm for polymer models that are based on vertex spin systems. Their algorithm achieves
similar parameter regimes as our approach by combining a coupling from the past argument with
a new percolation based method for sampling polymers that contain a fixed vertex. Note that
the latter could also be incorporated into our Markov chain as an efficient sampling method for
the polymer clique distribution of such vertex spin polymer models, which would improve the
running time that is given in our paper for several applications.

2 Preliminaries

We denote the set of all natural numbers, including 0, by IN and the set of all real numbers by R.
For all n € IN, let [n] = [1,n] N IN. If the polymer model # is clear from context, we may drop the
index and write 7, Z, and y instead of #*), Z(P), and u*), respectively.

We use the following formal notion of approximate sampling. Let v be a probability distribution
on a countable state space Q. For ¢ € (0, 1], we say that a distribution & on Q is an e-approximation
of v if and only if dTV(v, §) < ¢, where dTV(-, ) denotes the total-variation distance. Further, we
say that we can e-approximately sample from v if and only if we can sample from some distribution
& such that ¢ is an e-approximation of v.

For x € R and ¢ € (0, 1], we call a random variable X a randomized e-approximation for x
if and only if Pr[(1 —¢)x < X < (1+¢)x] > 3/4. Note that if x is the output to an algorithmic
problem on an instance and independent samples of X can be obtained in polynomial time in the
instance size and 1/¢, this translates to the definition of an FPRAS.

2.1 Restricted Polymer Models

We base the transitions of our Markov chain for a polymer model (C,w, +) on restricted sets
B C C. We define the set of all polymer families restricted to B to be Fjg = F N 28. Further,
we define the restricted partition function Z|g to be equation (1) but with F(#) replaced by 718
Similarly, we define the restricted Gibbs distribution g to be a probability distribution over 7g,
i.e., equation (2) but with Z(#) replaced by Z|g. Our restrictions are special sets of polymers,
which we define next.

By definition, for a polymer model, a polymer family I" cannot contain incompatible polymers.
Thus, when considering a subset 8 C C where all polymers are pairwise incompatible, at most
one polymer of 8B is in I'. We call such a subset 8 a polymer clique.

Last, for an m € N5, we call a set A = {A;};e[m] of polymer cliques a polymer clique cover if
and only if [ J A = C, and we call m the size of A. Note that the elements of A need not be pairwise
disjoint. Further note that, for each i € [m], we have

Z|Ai: Z nwy:1+2wy,

refia; vell YEA;



as the polymers of A; are pairwise incompatible and thus each non-empty family of A; contains a
single polymer. Similarly, the Gibbs distribution restricted to A; simplifies to pi4,(0) = 1/Z),, =
1/(1+ X en, wy) and, for each y’ € Ay, to pja,({y'}) =wy /Z1a, =wy [(1+ Zyep, wy).

2.2 Markov Chains

For a Markov chain M with a unique stationary distribution D and an ¢ € (0, 1], let 7p((¢) denote
the mixing time of M (with error ¢). That is, 75((¢) denotes the first point in time ¢ € IN such that,
for every initial state, the total-variation distance between D and the distribution of M at time ¢ is
at most ¢.

In order to bound mixing times, we use a theorem by Greenberg et al. [19, Theorem 3.4]. We
state it in a form that better suits our purpose, providing a full proof in Appendix A.

» Theorem 6. Let M be an ergodic Markov chain with state space (2 and with transition matrix P
such that, for all x € Q, it holds that P(x,x) > 0. Ford,D € R-o,d < D, let §: Q% — {0} U [d, D]
be such that §(x, y) = 0if and only if x = y. Assume that there is a coupling between the transitions
of two copies (X;)rew and (V;);enw of M such that, for all ¢ € IN and all x,y € Q, it holds that

E[5(Xt+1, Yt+1) |Xt =X, Yt = y] < 5(.7(', y) (3)

Furthermore, assume that there are x,n € (0, 1) such that, for the same coupling and all ¢+ € IN and
all x,y € Q with x # y, it holds that

Pr[|6(Xps1, Yie1) — 8(x,y)| 2 nd(x,y) | Xp =%, Y, = y] = k. (4)

Then, for all ¢ € (0, 1], it holds that

Tm(e) <

(1n(D/d)+21n(2))21 (1)

In(1+n)%k B

If In(D/d) € Q(1), then this bound simplifies to

In(D/d)? 1n(1)). )

0 -
M) € In(1+n)%k \&

3 Polymer Dynamics

We analyze the following Markov chain for a polymer model with a polymer clique cover.

» Definition 7 (Polymer Clique Dynamics). Let # be a polymer model, and let A be a polymer
clique cover of P with size m. We define M(P) to be a Markov chain with state space 7. Let
(Xt)sew denote a (random) sequence of states of M(P), where X, is arbitrary.

Then, for all ¢t € IN, the transitions of M (%) are as follows:



choose i € [m] uniformly at random ;

choose I' € |4, according to yy, ;

if I’ = () then Xt+1 =Xt \Al N

else if X; U I is a valid polymer family then X;.1 =X, UT;

else X;.1 = X;; <

[ B O O

Given a polymer model = (C,w, ) and a polymer Markov chain M(%), let P denote the
transition matrix of M(P), thatis, forall I, T’ € F () the entry P(I", I'’) denotes the probability
to transition from state I to state I'” in a single step. Note that P is time-homogeneous and that,
forall I, I’ € F*) with P(I',T’) > 0, the symmetric difference of I and I'’ has a cardinality
of at most 1, since the polymer families of a polymer clique are all singletons. Further note
that M (%) has a positive self-loop probability, as the polymers from a polymer clique are pairwise
incompatible.

The transition probabilities of two neighboring states of M (%) follow a simple pattern. In order
to ease notation, for all y € C, let z; = Yic[m]: yea, 1/Z|a,- Forall I, " € F () such that there is
ay€eC,y¢'withI" =T U{y}, it holds that

, 1 1 w z
P(IT") = — D ma(trp) = — > ~— =wy—> >0 and that )
ic[m]: iclm]: £\
YeA; yEA;
’ 1 1 1 ZY
PN == Y paoh=— > —=ZL>o
m. m . Z|A, m
i€[m]: ie[m]: i
YEAi )/EA,'

The polymer clique dynamics is suitable for sampling from the Gibbs distribution of a polymer
model, since the limit distribution of the Markov chain converges to p.

» Lemma 8. Let  be a polymer model. The polymer Markov chain M(%) is ergodic with
stationary distribution p(%). <

Proof. First, note that M (%) is irreducible, as there is a positive probability to go from any polymer
family I' € ¥ to the empty polymer family 0 in a finite number of steps by consecutively removing
each polymer y € I'. Similarly, there is a positive probability to go from 0 to any polymer family
I'” € ¥ in a finite number of steps by consecutively adding all polymers y’ € I'"".

We proceed by proving that ;(*), which we abbreviate as y, is a stationary distribution of M(%P).
To this end, we show that M(%P) satisfies the detailed-balance condition with respect to p. That is,
forall I',I"" € ¥, it holds that

u(I) - P(I,T) = p(I") - P, ). (6)

Note that it is sufficient to check equation (6) for all pairs of states with a symmetric difference of
exactly one polymer.

10



Let I, T” € ¥ and assume without loss of generality that I = I" U {y} for some polymer y ¢ I.
Note that, by equation (5), P(I', ") = w,, - P(I"", I'). Further, by definition of the Gibbs distribution,
we have p(I'") =w, - u(I'). Thus, we get

p(I) - P(I,T7) = () -wy - P(I",T) = p(I") - P(I", T),

which shows that y is a stationary distribution of M(P).

Finally, we argue that M (%) is ergodic. Note that an irreducible Markov chain has a stationary
distribution if and only if it is positive recurrent. In addition, every state of M (%) has a positive
self-loop probability, which implies that the chain is aperiodic. This shows that M(%P) is ergodic
and concludes the proof. ]

Recall Condition 1 (clique dynamics) from the introduction. Assuming that the condition holds,
we obtain the following bound on the mixing time of M(P).

» Lemma 9. Let # = (C,w, +) be a polymer model satisfying Condition 1 with function f, and
let A be a polymer clique cover of  with size m. Then, for all ¢ € (0, 1], it holds that

2

S
. maXyeC{W} 1
ey () € 0| — ; }lnm f) nl—1I <
minyeci2y mil’lyeC{zy(lrwy)} ’

Proof. We aim to apply Theorem 6, which requires us to define a potential §. We do so by utilizing
the function §’: C — Rxo withy — f(y)/(2,(1 +wy)). Let @ denote the symmetric set difference.
Forall I',I” € ¥, we define

sry= > 8.

yerer’

Note that §(I', I"’) only depends on the symmetric difference of I and I'” and that §(I',I"’) = 0 if
and only if I' @ I'" = 0, which is the case only when I = I"".

We continue by constructing a coupling between two copies of M(%#), namely between (X;);eN
and (Y;);ev. We couple these chains such that, for each transition,

« both choose the same index i € [m] and
+ both draw the same polymer family I" € F|4, from p,,.

This constitutes a valid coupling, as each chain transitions according to its desired marginal
transition probabilities.
We now show forallt e Nand I, I’ € ¥ that

E[0(Xt41, Yee1) | Xe = 1LY, =T"] < 8(I,T7).

Note that this trivially holds if I' = I'’, as the chains X and Y behave identically from then on.
Thus, we are left with the case that I # I/, which implies that [T & I'’| > 1.
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We introduce the following notation. For ally € C,let N(y) ={y’ € C | Y *y,y’ # y} denote
the neighborhood of y. We extend this definition to arbitrary subsets of polymers 8 C C by
N(8) = Uyes N(y) (note that N(8) might contain polymers from B).

Let A=I'®1I", and let y € A. Assume without loss of generality that y € I". By equation (5),
with probability z, /m, the chain X removes y, causing §(X;1, Yz+1) to decrease by at least® &' (y).
Further, if y € A\ N(A), with probability w,z, /m, the chain Y adds y and the chain X remains in
its state. Again, 6(X;41, Y;4+1) decreases by &’ (y). Note that the case y € I’ is exactly symmetric
with X and Y swapped.

Let 6 (I, I"”) denote the expected (conditional) decrease of §. By the observations above, we
see that

5_(F,F'):Z5'(y)%+ D 5’(y)wy%=25’(y)%(l+wy)— > 5’(y)wy%y-

yeA YeA\N(A) yeA YEANN (A)

Moreover, § increases whenever a polymer y is added to only one of the chains. This only occurs
if y € N(A) \ A and has probability w,z, /m for each such polymer. Similarly to the expected
decrease, we denote the expected increase by 6*(I', I'"). We bound

’ ’ ZY
ST, T') < Z 1) (y)w),;

YEN(ANA
’ Zy / Zy
= > Fw L - > pw,
m m
yYEN(A) YEANN (A)

Zy z
< 5 (Vw2 — '
Y Y swmE Y sowm?

YEAY'eN(y) YEANN (A)

where the first inequality comes from the fact that there might be polymers y € N(A) \ A that
cannot be added by any of both chains.
Together, we obtain

E[0(Xps1, Yer)) | Xe = 1Y, = I" ] = 8(I, ") + 87 (I, 1) = 6 (I, T")
’ i 2y’ ’ Zy

<O I+ Y Y 5(y)wy,;—25(y);(1+wy)

YEA Y’ eN(y) YeA
Zy! z
=5 ’ e ,l_ ’ e .
O+l D) S0y =8 () (1 +wy)

YEA\y'eN(y)

We proceed by showing that, for each y € A, the respective summand in the sum above is at

3A larger decrease is possible if Y also removes some polymer y’ € A. However, we only need a crude lower bound.
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most zero. By the definition of §’, we get

> E Gy -8 () <1+wy>— > 00— - I}

Y eN(y) Y eN(y)

By the definition of N(y) and since P satisfies the clique dynamics condition, we bound

o DI e 1) S D Y At

yeN(y) yeC Y *y
Y'#y

—f(y) <0.

Consequently, we get that
E[6(Xp41, Yeu1) | Xe =T, Y =T"] < 6(I, I7).

We now show that there are values 1,k € (0, 1) such that, for all t € N and all I, I'” € ¥ with
I' # I'’, it holds that

Pr(|6(Xss1, Yeur) = S(I T 2 98I, I) | X =LY, =T'] > k. (7)

Note that every polymer family in # has at most m polymers because it can have at most one
polymer from each polymer clique. Thus, for A = I' & I'’, we bound |A| < 2m. Consequently,
there is at least one polymer y € A such that §'(y) > 8(I',I"’)/(2m). Assume without loss of
generality that y € I". With probability z, /m, chain X deletes y, resulting in § decreasing by at
least |6(X;41, Yei1) = (I, T7)| = &' (y) = 8(I',T”)/(2m). Thus, equation (7) is true for n = 1/(2m)
and k = z,/m > (minyec{z,})/m.

It remains is to determine d,D € R+ such that, for all I, I” € F with I" # I'"’, it holds that
O(I',T") € [d,D]. Let A =T &I, noting again that |A| < 2m. We choose

d> m1n{5'(y)} mln{ zy(];(-ilzvy)} and

D <2m max{5 ()} =2m max{ J) }
ye yeC |z, (1 +wy)
Applying Theorem 6 and observing that In(1 + ﬁ) > 41 concludes the proof. |

By combining Lemmas 8 and 9 and observing that 1/Zy.x <z, < mand 1 < 1+w, < Zya for
all polymers y € C, we obtain Theorem 2.
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3.1 Comparison to Conditions for Cluster Expansion

In order to set our clique dynamics condition in the context of existing conditions for absolute
convergence of the cluster expansion, we compare it to the condition of Fernandez and Procacci [15].
We choose it because it is, to the best of our knowledge, the least restrictive condition for absolute
convergence of the cluster expansion of abstract polymer models. As Fernandez and Procacci
show, their condition is an improvement over other known conditions, including the Dobrushin
condition [11] and the Kotecky—-Preiss condition [26].

» Definition 10 (From [15]). Let® = (C,w, +) be apolymer model, andlet N(y) = {y’ € C |y’ »y }.
We say that P satisfies the Fernandez—Procacci condition if and only if there is a function f: C —
R such that, for all y € C, it holds that

ST 6wy < F. 4
refin "<

Note that we state the condition slightly differently from the version of the original authors to
ease comparison. The original form is recovered by setting f: y + f(y)/w, for some function
f : C — R.. Further, the original version allows f (or f respectively) to take the value 0. However,
note that if f(y) = 0 for any y € C, then the condition is trivially void because 0 € 7:|1(\I¢8/)’ which

lower bounds the left hand side of the inequality by 1.
The following statement shows how our clique dynamics condition relates to the Fernandez-

Procacci condition as given in Definition 10.

» Proposition 11. If a polymer model £ = (C,w, +) satisfies the Fernandez-Procacci condition
for a function f, then it also satisfies the clique dynamics condition for the same function. <

Proof. Instead of directly working with the clique dynamics condition, we show that the Fernandez-
Procacci condition implies that

Dy < £,

veC:y +y

for all polymers y € C. Byw, > Plf—,f)y, we can immediately conclude that clique dynamics condition
is satisfied as well.

Note that 0 € ¢|1(\’72/) and, for all y’ € C with y’ » y, it holds that {y’} € 77552/) Thus,

D, fWwy <1+ Y f@wpe s Y [ F0wy < F),

y'eC:y +y y'eC:iy +y P) y'el
FegEI(N(y)

which proves the claim. |

Note that Proposition 11 implies that if a polymer model satisfies the Fernandez—Procacci
condition, then Theorem 2 bounds the mixing time of the polymer Markov chain for any given
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clique cover. Further, Proposition 11 and its implied mixing time bounds for the polymer Markov
chain carry over to all convergence conditions that are more restrictive than the Fernandez—
Procacci condition, such as the Dobrushin and the Kotecky—Preiss condition. We emphasize that,
even though the Proposition 11 in fact proves that the Fernandez—Procacci condition implies the
clique dynamics condition with a strict inequality, it does not necessarily lead to an improved
mixing time bound via a path coupling argument. The reason is that the actual contraction along
a path coupling might not be sufficiently strong.

4 Algorithmic Results

We now discuss how the polymer Markov chain M of a polymer model £ with a clique cover
of size m is used to approximate Z(%) in a randomized fashion. To this end, M is turned into
an approximate sampler for £ (Theorem 3). Then this sampler is applied in an algorithmic
framework (Algorithm 1) that yields an e-approximation of Z(#) (Theorem 4). Under certain
assumptions, such as that the restricted partition function of each polymer clique is in poly(m),
the approximation is computable in time poly(m/e).

In order to discuss the computation time of operations on a polymer model rigorously, we need
to make assumptions about the operations we consider and their computational cost.

» Definition 12 (Computationally Feasible). We say that a polymer model = (C,w, ) with
a polymer clique cover A of size m is computationally feasible if and only if all of the following
operations can be performed in time poly(m):

(1) foralli € [m] and all y € C, we can check whether y € A;,
(2) forally,y’ € C, we can check whether y » y’,
(3) for all y € C, we can compute w,. <
In addition to the operations above, we further assume for all y € C and all I" € ¥ that we can
compute I' \ {y} and I U {y} and that we can decide whether I" = @) in time poly(m).
4.1 Sampling From the Gibbs Distribution

We discuss under what assumptions one can approximately sample from the Gibbs distribution of
a computationally feasible polymer model in time polynomial in the size of the clique cover. Our
main result is the following theorem.

» Theorem 3. Let # = (C,w, *) be a polymer model with polymer clique cover A of size m, as-
sume P and A are computationally feasible as stated in Definition 12, and let Zax = max;em){Z|a, }-
Further assume that

(a) P satisfies the clique dynamics condition for a function f such that, for all y € C, it holds
that e PO (M) < f(y) < epoly(m)
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(b) Zmax € poly(m), and that,
(c) foralli € [m], we can sample from yj, in time poly(m).
Then, for all ¢ € (0, 1], we can e-approximately sample from p in time poly(m/e¢). <

Proof. In order to sample from p, we utilize the polymer Markov chain M(#) based on A. By
Theorem 2, it holds that

TMm(p)(€) €0

2
max 1
m3Z ax ln(mzZ2 f—) ln(—)).

max
f min £

Due to assumptions (a) and (b), it holds that () (¢) € poly(m/e). It remains to show that each
step of M(P), as laid out in Definition 7, can be computed in time poly(m). To this end, let X;
denote the current state of poly(m).

We first sample i € [m] uniformly at random. Because of assumption (c), we can then sample
I" € |, according to y,, in time poly(m). This covers lines 1 and 2.

Regarding Line 3, note that we can check whether I = 0 in time poly(m). Assume that I" = 0,
and note that |X;| < m € poly(m), as X; contains at most one polymer per polymer clique. In
order to compute X; \ A;, it suffices to iterate over every y € I" and check if y € A;, which can be
done in time poly(m), by assumption (1). Once we found y € A;, we remove it in time poly(m).

Regarding Line 4, assume now that I' = {y} for some y € A;. In order to decide if X; UT is a
valid polymer family, it is sufficient to iterate over all y* € X; and check whether any of them
is incompatible to y. By assumption (2) this can be done in time poly(m), which concludes the
proof. ]

By making a slightly stronger assumption about the polymer model, assumptions (a) and (b) of
Theorem 3 are easily satisfied.

» Observation 13. If P satisfies, for all y € C,

> fwy <), (8)

yeC:y +y

then the clique dynamics condition is satisfied for the same function f. Thus, if equation (8)
holds for a function f with e PY(™) < f(y) < ePY(™ for all y € C, assumption (a) also
holds. Further, by setting y to be the polymer in A; that minimizes f, equation (8) implies that
Zip, =1+ Xypep, Wy < 2, meaning that assumption (b) is trivially satisfied. <

Although the condition above is slightly more restrictive than the clique dynamics condition,
it is more convenient to use for algorithmic applications. It can be seen as a weaker and more
general version of the mixing condition by Chen et al. [8].
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4.2 Approximation of the Partition Function

By now, we mainly discussed conditions for approximately sampling from the Gibbs distribution.
We now discuss how to turn this into a randomized approximation for the partition function.
To this end, we apply self-reducibility [25]. However, note that the obvious way for applying
self-reducibility, namely based on single polymers, might take |C| reduction steps. This is not
feasible in many algorithmic applications of polymer models.

To circumvent this problem, we propose a self-reducibility argument based on polymer cliques.
By doing so, the number of reductions is bounded by the size of the clique cover that is used, thus
adding no major overhead to the runtime of our proposed approximate sampling scheme. Besides
this idea of applying self-reducibility based on cliques, most of our arguments are analogous to
known applications, like in [24, Chapter 3].

We proceed by formalizing clique-based self-reducibility. Let # = (C,w, +) be a polymer model,
and let A be a polymer clique cover of $ with size m. We define a sequence of subsets of polymers
(Ki)o<i<m with Ky = 0 and, for i € [m], with K; = K;—1 U A;.

Further, for all i € [m], let 0; = Z|,_, /Z|k,. Note that Z|g, = 1 and Z|g,, = Z. Thus,

2= [] 7= (1)

ic[m] </Ki-1 ic[m]

Hence, when approximating Z, it is sufficient to focus, for all i € [m], on approximating o;.
For all i € [m], a similar relation holds with respect to the probability that a random I" € Fig; is
already in Fk,_,. More formally, let i € [m], and let I" ~ i g,. Note that

Z\K:
E[]l{reﬁf(i—l}] = Z ﬂIKi(F)'ﬂ{FETlKi—l}: Z ru|Ki(F):ﬁ:O-i' 9)

Z\k.
TeFik; Iefix;_, IKs

We use these observations in order to obtain a randomized approximation of Z, as given in
Algorithm 1, by iteratively approximating o; via sampling from g, for all i € [m].

Algorithm 1: Randomized approximation of the partition function of a polymer model

Input: polymer model = (C,w, +), polymer clique cover of $ with size m, number of
samples s € IN., sampling error & € (0, 1]
Output: e-approximation of Z(#) according to Lemma 14
1 for i € [m] do
2 for j € [s] do
3 | I'Y) « g;-approximate sample from p;

4 i %Zje[s] ]l{r(j) € ﬁKi—l};

50 Hie[m] 0i;
6 return 1/0;
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The following result bounds, for all ¢ € (0, 1], the number of samples s and the sampling error &
that are required by Algorithm 1 to obtain an e-approximation of Z. Our main approximation
result, Theorem 4, is then implied by this bound.

» Lemma 14. Let # = (C,w, *) be a polymer model, let A be a polymer clique cover of $
with size m, let Zynax = max;e[m]{Z)s,}, and let ¢ € (0,1]. Consider Algorithm 1 for £ with
s =1+ 125Zpaxm/e? and e = €/ (5Zmaxm).

Then Algorithm 1 returns a randomized e-approximation of Z. <

Proof. Let i € [m]. We start by bounding o;. Note that Z|g, > Z|k, , and Z|k, < Z|,_,Z|4,. Thus,
1/ Zmax < 07 < 1.

The remaining proof is split into two parts. First, we bound E[o] with respect to 1/Z. Second,
we bound the absolute difference of ¢ and E[o]. Combining both errors concludes the proof.

Bounding E[c]. Note that, for all i € [m], it holds that o; — ¢, < E[0;] < 0; + &, since g; is the
mean of ¢;-approximate samples. By the bounds on o; and our choice of ¢, we get

€ ~ €
(1 - —)G,- <Elg;] < (1 + —)0,-.
5m sm
Recall that 1/Z = [];e[,,) 0i- Further, since {0;}ic[m] are mutually independent, we have
E[G] = [lietm] ElGi]l. Consequently, since, for all x € [0,1] and all k& € INs, it holds that

e™*/k < 1—x/(k +1) [24, Chapter 3], we obtain

el o (1 -~ i)ml <E[o] < (1 + i)ml <ol gl (10)
Z Z s5m) Z Z Z

Bounding the absolute difference of ¢ and E[c|. By Chebyshev’s inequality, we get

2 5] 25(E[0®

pe[j5 - E[5]] = ZEI5]] < 2varlo] _ %5 [A 1 4.
3 ¢ E[o] ¢ \E[o]

Again, by the mutual independence of {G;};c[m], we have E[c]* = [Ticrm) E[5;]? and E[EZ] =

Hie[m] E[az] Thus,

=2 ~
Pr[|E—E[E]| > gE[E]] < » ]_[ E[Gl 1 -1|= i—f ]_[ (1+Var£a’]) -1
]

2 2
€ \ierm ie[m E[ai]

For bounding the variance of d;, recall that 7; = % Y jels] ]l{F(j) € 7:|Ki—l}’ where {I'/) }iels]
are independently drawn from an &;-approximation of y,. By equation (9), we have

Var[5] = slz > var[t{ro) e 7, || = %E[a]a _E[5]).
[s]
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Noting that E[a;] > (1 —¢/(5m))0; > 4/(5Zmax), we bound

Var[o’:,-] _ 1 1 < 5Zmax
AR "~ sE[a;] s T 4s

Hence, using that, for all x € [0, 1] and all k € IN., it holds that eX/ (k1) < 1 4 x/k, we obtain

e _ 25 5Zmax | 25
e[ 5 - B[5]] = £E[5]| < ((1+—ma) —1) < B (ezmemite 1)

g2 4s T e

- 25 5ZmaxM
T2 45 -1

Due to our choice of s, and using the same approach as in bounding equation (10), with probability
at least 3/4, it holds that

eI*E[5] < (1 - g)E[E] <5< (1 + g)E[a] < B [5]. (11)

Combining the results. Combining equations (10) and (11) yields that

1
(1-eZ<e*Pz<=<elPZ<(1+e)Z
o
with probability at least 3/4, which concludes the proof. -

We can now prove our main approximation result.

» Theorem 4. Let # = (C,w, +) be a polymer model with polymer clique cover A of size m such
that  and A are computationally feasible as stated in Definition 12. Assume that ¥ satisfies the
conditions of Theorem 3. For all ¢ € (0, 1], there is a randomized e-approximation of Z computable
in time poly(m/¢). <

Proof. The statement follows from Lemma 14, choosing the parameters of Algorithm 1 accordingly.
Note that Theorem 3 assumes that Zy,.x € poly(m). This implies that s € poly(m/¢) and that we
can sample &;-approximately from p in time poly(m/¢). Note that, for all i € [m], the same holds
for yk,, as this only requires the Markov chain to ignore some of the polymer cliques in each
step. |

5 Truncation of Polymer Cliques

In Section 4, we discuss under which assumptions the partition function of a polymer model
with polymer clique cover A of size m can be approximated in time polynomial in m (Theorem 4).
One of the assumptions requires to be able to sample, for all i € [m], from 14, in time poly(m).
Unfortunately, for many algorithmic problems, the number of polymer families of each polymer
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clique is large, and efficient sampling from p,, is non-trivial. However, as we only require to
approximately sample from p,, it is sufficient to ignore polymer families with low probabilities,
that is, with low weight.

To this end, we define a size function for polymers. We aim to remove polymers of large size
(low weight), which still yields a sufficient approximation of 4, (Lemma 17). As a consequence,
we can still approximate Z(%) in time polynomial in m (Theorem 20) by truncating the polymer
model to polymers of small size.

» Definition 15 (Size Function). Given a polymer model (C,w, +), a size function is a function
|| : C = Rs¢. Given a polymer y € C, we call |y| the size of y. <

» Definition 16 (Truncation). Let (C,w, +) be a polymer model equipped with a size function |-|,
and let 8 C C. Forall k € R, we call 85K = {y € 8| |y| < k} the truncation of B to size k.
Further, we write 8% = 8 \ 8=k, <

Note that 8 C C and that 8%, 8>k is a partition of B, implying 8=F, 8>% C C. Thus, we
can apply our notions of restricted polymer families, partition function, and Gibbs distribution
as in Section 2.1 to B85k and B>k as well. The case B = C (i.e., we truncate the entire polymer
model) plays a special role, which is why we use the shorter notation F<x = o<k, Z<k = Zo<k,
and p<x = peo<k. Analogously, we define F- i, Z-k, and pio.

» Lemma 17. Let # = (C,w, +) be a polymer model, let A be a polymer clique cover of £ with
size m, and let |-| be a size function for . Assume that there is a k € R and an ¢ € (0, 1) such that,
for all i € [m], it holds that

IR £ (12)
A>k m
YEA;
Thene™ < Zo/Z < 1and drv (g, p<k) < € <

Proof. We start by proving e™* < Z.;/Z < 1. Since Z<, < Z, as removing polymers does not
increase the partition function, it remains to show that Z < e*Z.

We observe that Z < Z.Z. with equality if and only if, for all I" € F<; and all " € Fy, it
holds that I' U I'” € . We proceed by showing that Z.; < e®.

Note that C>* = Uierm) A7 k and that each polymer family in %< contains at most one polymer
from each A k Thus, we obtain

Zae< || Ze= [ ]|1+ D) vy

i€[m] ielm]\  yeark

Due to equation (12), we get Zsx < (1+¢/m)™ < e, which proves the first claim.
Observing that
Z - ng

<l-e“<c¢
Z

drv(m p<k) =
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proves the second claim. ]

Recall the clique truncation condition (Condition 5). If the clique truncation condition is satisfied,
by choosing a reasonable k for truncating a polymer model, little overall weight is removed. That
is, the truncated model represents a good approximation of the original.

» Lemma 18. Let # = (C,w, +) be a polymer model, let A be a polymer clique cover of  with
size m, let |-| be a size function for P, and let i € [m]. Assume that A; satisfies Condition 5 for a
function g and a bound B.

Then, for all ¢ € (0,1) and all k > g~ '(B/¢’), it holds that ZYGA;k wy < €. <

Proof. Let ¢ € (0,1) and k > g~ *(B/¢’). Due to the clique truncation condition and the mono-
tonicity of g, we observe that

gk > wys > glywy < Y glyhwy < B.

k k .
yeA; yeA; yeA;

As g is positive, dividing by g(k) yields 2 . s« wy < B/g(k). Substituting our bound for k and
noting that g is invertible, we conclude that l

which proves the claim. ]

As a direct consequence of Lemma 18, we get that the partition function of the truncated model
is a useful approximation of the original partition function. Combining Lemmas 17 and 18 and
choosing ¢’ = ¢/m directly implies the following result.

» Corollary 19. Let # = (C,w, +) be a polymer model, let A be a polymer clique cover of $ with
size m, and let |-| be a size function for . Assume that thereisa g: R — R~ and a B € R such
that, for i € [m], the polymer clique A; satisfies Condition 5 for g and B.

Then, for all ¢ € (0,1) and k > g~!(Bm/e), it holds that e ™* < Z_/Z < 1 and drv (y, p<k) <

E. <

Using the truncated polymer model, we achieve an e-approximation result of the partition
function of the original model that is computable in time poly(m/¢), similar to Theorem 4. Note
that Observation 13 applies to Theorem 20 as well.

» Theorem 20. Let P = (C,w, ») be a computationally feasible polymer model, let A be a polymer
clique cover of P with size m, and let |-| be a size function for P. Further, let Zp.x = maX;e[m]{Z|a, },
and let ¢(k) denote an upper bound, for all i € [m], on the time to enumerate Afk . Last, assume
that
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(@) Zmax € poly(m),

(b) P satisfies the clique dynamics condition for a function f such that, for all y € C, it holds
that e PY(™ < f(y) < ePY(™) and that

(c) there are g: R — R and B € R, with B € poly(m) and t(g~!(x)) € poly(x) (for all
x € Rsy) such that, for all i € [m], it holds that A; satisfies Condition 5.

Then, for all ¢ € (0, 1], we can ¢-approximately sample from y in time poly(m/¢), and there is a
randomized e-approximation of Z computable in time poly(m/e). <

Proof. As in the proof of Theorem 3, we consider the polymer Markov chain M(#). Further, let

k = g 1(2Bm/¢), let M. denote the polymer Markov chain on (C<k,w, +), and let P, denote its

transitions. We aim to run My for at least t* = 7((p)(£/2) iterations, starting from 0 € F.
We prove that drv (1, Plf (0,-)) < e. By the triangle inequality, we obtain

dry (1 Py (0,4)) < drv(p per) + drv (p<i P (0,)).

By our choice of k and by Corollary 19 together with assumption (c), we get that drv (u, p<k) < €/2.
Further, note that truncation preserves the clique dynamics condition for the same function f.
Thus, Theorem 2 applies to My, and we obtain dry (,us o P]i* (0, -)) < ¢/2 for our choice of t*.

It remains to show that the runtime is bounded by poly(m/¢). Analogously to the proof of
Theorem 3, due to assumptions (a) and (b), we know that 75((p)(£/2) € poly(m/e), which implies
Tzm, (€/2) € poly(m/e). Also analogously, it holds that each step can be done in poly(m), except
for sampling, for all i € [m], from y4,. However, note that, for all i € [m], we only need to sample
from y, Azk: We do so by enumerating Afk in time t(k). By our choice of k and by assumption (c),

t(k) = t(g_l(ZBTm)) € poly(%),

which proves that we can e-approximately sample from p in the desired runtime.

Showing that we can e-approximate Z in time poly(m/¢) is done analogously. By Corollary 19
and assumption (c), we know that for k = g~1(2Bm/e¢) it holds that e "¢/ < Z.;/Z < 1, which
implies e ¢/2Z < Z.} < Z. As argued above, the truncation of the polymer model % to this size k
satisfies the conditions of Theorem 3, where the sampling from each clique is done by ignoring
polymers larger than k. Thus, by Theorem 4, we obtain an ¢/2-approximation for Z.; in time
poly(2m/e) = poly(m/¢). Noting that, for ¢ < 1, it holds that

this takes time at most

£ €
1—¢< (1—5)e_€/2and(1+5) <1l+eg

which concludes the proof. ]

We apply Theorem 20 together with Observation 13 to obtain the results from Table 1. In
Section 6, we calculate the bound for the hard-core model on bipartite expanders, and we discuss
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how to obtain the other results and how to choose the function f for Condition 1.

5.1 Necessity of Clique Truncation

Before we showcase how our results are applied to improve algorithmic bounds for specific
problems, we briefly discuss the interplay between the clique dynamics condition and the clique
truncation condition. More specifically, we argue that, unless NP = RP, no polynomial running
time guarantees in terms of the size of a clique cover can be given for approximating the partition
function of an abstract polymer model if it only satisfies Definition 12 (i.e., being computationally
feasible) and the clique dynamics condition. To this end, we encode the UNAMBIGUOUS SAT problem
in such a polymer model. Note that this is not a polynomial time reduction in the usual sense.
Similarly to other applications of polymer models, the resulting model has size exponential in the
original problem instance.

UNAMBIGUOUS SAT is defined as the problem of deciding if a Boolean formula in conjunctive
normal form on n variables has a satisfying assignment, restricted to instances with at most one
such satisfying assignment. Due to Valiant and Vazirani [33], it is known that no (randomized)
polynomial time algorithm for UNAMBIGUOUS SAT exists unless NP = RP. By a standard fact from
complexity theory, this even holds when considering randomized algorithms with two-sided errors
(see [30, Problem 11.5.18]).

We encode an instance of UNAMBIGUOUS SAT by considering a polymer model = (C,w, +)
that contains one polymer y € C for each assignment. For a polymer y € C, define the weight
wy = é if the corresponding assignment is satisfying and w, = 2,1% otherwise. Moreover, we set
all polymers to be pairwise incompatible.

Note that the resulting polymer model consists of one giant clique. However, to ensure that the
weight w, can be computed in time polynomial in the size of the clique cover, we have to choose a
clique cover that is at most polynomial in n. One option to do so is to assume some ordering of
the variables vy, . ..,v, and assign each polymer to the clique A; if i € [n] is the first variable set
to true. If all variables are false, we may assign it to an arbitrary clique (say A,). This way, we
get a clique cover A of size n and the resulting polymer model together with the clique cover is
computationally feasible. We proceed by arguing that # satisfies the clique dynamics condition.*
To this end, set f(y) = 1 for all polymers y € C and observe that

) 2n 1
D fwy € S+ 2 < F).
vy
If there is no satisfying assignment, then it holds that
2" 1

Z(P)=1+Zwy=1+W:1+R.
veC

4In fact, it even satisfies the widely applied and much more restrictive Kotecky—Preiss condition [26].

23



On the other hand, if there is such a satisfying assignment, we have Z(P) > 1+ % Thus, assume
we can compute Z such that (1- HIS)Z(P) <Z< (1+ HIS)Z(P) with probability at least ;31 in
time polynomial in the size of the clique cover A then this gives us a randomized algorithm to
decide if there is a satisfying assignment in time poly(n) with two-sided error probability of at
most %. Assuming NP # RP, this should not be possible.

In a sense, the above construction shows that, even if the clique dynamics of a polymer model
is rapidly mixing, the clique dynamics condition and the fact that the model is computationally
feasible might not be sufficient to argue that each step of the Markov chain runs efficiently. More
precisely, the sheer size of each polymer clique and a lack of structural knowledge makes it hard to
sample from each cliques distribution. The clique truncation condition is one way to circumvent
this problem by giving a sufficient condition to ignore most of the polymers in each clique. In
general, this shows that some additional condition or detailed structural knowledge is required.

6 Example Application: Hard-Core Model on Bipartite Expanders

In order to demonstrate how Theorem 20 improves known bounds for the algorithmic use of
polymer models, we investigate the hard-core model for high fugacity A € R.( on bipartite
a-expanders with bounded maximum degree A. For a graph (V,E) andan S C V, let Ng(S) denote
the set of all vertices that are adjacent to a vertex in S.

» Definition 21 (bipartite a-expander). Let G = (V, E) be a bipartite graph with partition
V=W UW.Foralli € {L,R}, we call S C V; small if and only if |S| < |V;|/2. For all & € (0, 1),
graph G is a bipartite a-expander if and only if, for all small sets of vertices S, it holds that
ING(S)| = (1+a)[S]. <

For any graph G, the hard-core partition function is a graph polynomial of some parameter
A € R, called fugacity. Let 7 be the set of all independent sets in G. The hard-core partition
function for fugacity A is now formally defined as

Z(G, M) = Z A

IEIG

We approximate Z(G, A) in terms of the partition function of two polymer models, constructed
as proposed by Jenssen et al. [22]. For a bipartite a-expander G with bounded degree A, we
consider the graph G?, which is the graph with vertices V and an edge between v,u € V ifv,u
have at most distance 2 in G. For all i € {L,R}, we define a polymer model ) = (C), () +)
as follows:

« each polymer y € C?) is defined by a non-empty set of vertices y C V; such that ¥ is small
and induces a connected subgraph in G?,

. fory e C, let w)(,i) =AM/ ((1+2)WNeWl) and
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« two polymers y,y’ € C¥) are incompatible if and only if there are verticesv € y,w € y’ with
graph distance at most 1 in G2.

To ease notation, for all i € {L,R}, we write '? and Z?) instead of ;I(Pm) and Z(P 1), respec-
tively.

We use P and P® for approximating the hard-core partition function of bipartite a-
expanders in the following sense.

» Lemma 22 ([22, Lemma 19]). Given a bipartite a-expander G = (V,UW, E) with |V}, U Wr| = n,
let Z(G, A) denote its hard-core partition function with fugacity A € R, and let the polymer
models P P ®R) be defined as above. For all A > e!1/¢ it holds that

(1-e™Z(G ) < (1+)MZM 4 1+ HMIZR) < (14+e7)Z(G, N). <

To apply Theorem 20, we have to fix a polymer clique cover A for each polymer model ) with
i € {L,R}. Based on the incompatibility relation, a natural choice is to define, for eachv € V;, a
clique A, such that y € A, if and only ifv € y. As we need to verify the clique dynamics condition,
it is useful to have a bound on the number of incompatible polymers, which the following lemma
provides.

» Lemma 23 ([3, Lemma 2.1]). For an undirected graph G = (V, E) with maximum degree A
and for all v € V, the number of vertex-induced connected subgraphs that contain v and have at
most k € IN, vertices is bounded from above by ekAk_l/(k3/2V2n). <

Commonly, the bound (eA)¥~1/2 is applied, as it is more convenient to work with. However,
this bound actually only holds for k > 2. Further, note that Jenssen et al. [22] used a weaker bound,
namely (eA)*. Although this bound holds for all k € IN-, it yields a much worse dependency on
A. For a fair comparison, we added the result of refined calculations for the approach by Jenssen
et al. [22] to Table 1.

In order to apply truncation, we further need a notion of size for polymers. An obvious choice
is to set |y| = |y|. The following lemma then bounds the time for enumerating polymers in a clique
up to some size k € IN..

» Lemma 24 ([31, Lemma 3.7]). Let G = (V, E) be an undirected graph with maximum degree A,
and letv € V. There is an algorithm that enumerates all connected, vertex-induced sugraphs of G
that contain v and have at most k € IN~ vertices in time e©(k108(4)) <

We now prove our bound on A for an efficient approximation of the hard-core partition function
on bipartite a-expanders. Most of the calculations are similar to those of Jenssen et al. [22], except
that we use our newly obtained conditions.

» Proposition 25. Let G(V, U W, E) be a bipartite a-expander with |Vi, U Vg| = n and with
maximum degree A € INo. For A > max{(eA?/0.8)/% e'/*} and for all ¢ € (0, 1], there is an
FPRAS for Z(G, ) with runtime (n/e)°(4)). <
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Proof. If ¢ € O(e™"), we compute Z(G, 1) by enumerating all independent sets. Since there are at
most 2" independent sets, which is polynomial in 1/e™", the statement then follows. It remains to
analyze the case ¢ € Q(e™"). To this end, assume that ¢ > 4e™".

By Lemma 22, Z(G, ) can be e "-approximated using Z®) and Z(®). We aim for an ¢/4-
approximation of Z(™ and Z™®, each with failure probability at most 1 — V3/2. Note that

1-¢< (1—e_")(1—2) and (1+e_")(1+2) <l+e.

Thus, with probability at least (V3/2)? = 3/4 the result is an e-approximation of Z(G, 1). We
can obtain the desired error probability of at most 1 — v/3/2 for the approximations of Z( and
Z® by taking the median of O(In(2/(2 — V3))) = O(1) independent approximations with failure
probability at most 1/4.

Let i € {L,R}. In order to approximate Z?), we aim to apply Theorem 20. To this end, for all
v € V;, we define a polymer clique A, containing all polymers y € C'?) withv € ¥. This results in a
polymer clique cover of size n.

We proceed by proving that the polymer model satisfies the clique dynamics condition for
f(y) = |yl.- We use Observation 13 to simplify this step. This also implies that assumption (a) of
Theorem 20 is satisfied. For any y € C¥) we start by bounding the set of polymers y’ + y by

D w3 3wl = > 3 3 i w.
y'eC@:y 4y VEN2(Y) V' €Ay VENG2 (¥) k€N~ y' €A,
i

Because G is a bipartite a-expander, for all y € C¥), we have w}, < 1/A%Wl, Further, note that
the degree of G? is bounded by A%. By Lemma 23 and our definition of f, we obtain

k(a2\k-1 - o\ k

; _ e"(A 1 A 1

SO S sl xS —(/v)— ko= Y (] =

veN2(7) keNsg ¥/ €A, keNo, k 2r 27 LEN., k
[y"|=k

For A > (eAz/O.S)l/a, we get

7l en?\* vl K vl
mk%( )\FW—,CE% 08" 72 < VB = )

It remains to show, for all v € V;, that A, satisfies the clique truncation condition forag: R —
R~ and a B € R.. To this end, for all y € C?, let |y| = [y], let g(|y]) = *?I and let B = 1.
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Analogously to our verification of the clique dynamics condition, we see, for allv € V;, that

N 1.2 A2\ k
o1 g) 1 oom_ 1 (ﬂ) 1
Zg(l)/|)wy = AZ@ kz (Aa k?>/2e AZ\/EICZ A% K32

YEA, elN., €Ny

For A > (eAz/O.S)l/a, we get

2.2 <B.

1 el2A2\* 1 1 ook 1 1
—_ | — < e\t
A2r k§>o( @ ) K32 = pArar k§>0(0.86 ) T < RENGT

Last, we bound the runtime of the FPRAS. By Lemma 24, we can enumerate each polymer clique
up to size k in time t(k) € e84 Ag g7l x s 5In(x), we have t 0 g~ 1: x s xO(n(A)
which is polynomial for A € ©(1). For the runtime bound, note that we truncate to size k =
g 1(n/e). Thus, the time for computing each step of the polymer Markov chain is bounded by
t(k) = (n/e)°™A) \which dominates the runtime. |

Choice of f and Calculation of Table 1 Note that the choice of the function f used in the
clique dynamics condition is very sensitive to the bound on the number of subgraphs. For the
bound stated in Lemma 23, it turns out that using f(y) = |y| yields the best bounds on A (see
the proof of Proposition 25 for details). With this choice of f, the condition that we identified in
Observation 13 is similar to the mixing condition of [8, Definition 1], except that we do not require
a strict inequality. Further, note that such a choice of f is not possible for the Kotecky—Preiss
condition [26]. If purely exponential bounds on the number of subgraphs are used, the best results
are usually obtained by setting f to take an exponential form. A detailed understanding of how to
choose f might be of interest for applications to specific graph classes and other combinatorial
structures.

The results for the remaining applications in Table 1 are derived via similar calculations. For
the Potts model on expander graphs and the hard-core model on unbalanced bipartite graphs,
we use Lemmas 23 and 24 together with the same function f for the clique dynamics condition
as in the proof of Proposition 25. For the perfect matching polynomial, we use the bounds for
the number of polymers and for polymer enumeration that are stated by Casel et al. [7], and we
choose f(y) = el fora ~ 0.2.
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A Appendix: Coupling Theorem

We closely follow the proof of Greenberg et al. [19]. Central to this is the following theorem, which
we present in a slightly different fashion than Greenberg et al. [19, Lemma 3.5].

» Theorem 26. Letd, D € Rwithd < D, let (S;);c be a stochastic process adapted to a filtration
(7#)ten, and let T be a stopping time with respect to . Assume that, for all t € IN, it holds that
Smin{t,T} € [d, D], that

E(Si1 | 7] - 1{t < T} < S, - 1{t < T}, (13)
and that there is a Q € R+ ¢ such that
E[(Su1—S)? | F| - 1{t < T} > Q- 1{t < T}. (14)
Then

E[(D-S1)% | Fo] — (D = Sp)?
5 .

Before we prove the theorem, we discuss the changes we made in the phrasing of the theorem.
Different to the original theorem by Greenberg et al. [19, Lemma 3.5], we include a filtration and
we use indicator functions. Our reasons are as follows. The proof of Theorem 26 aims to apply
the optional-stopping theorem for submartingales. A submartingale is, by definition, a stochastic
process (Z;);ew adapted to a filtration (77);ew such that, for all t € IN, the expectation of Z; is
finite and E[Z;41 | 7] = Z;. It is important to note that the expectation E[Z;,1 | 7] is itself a
random variable and that the inequality E[Z;,1 | ;] > Z, is stronger than E[Z,,1] > E[Z;] (which
follows by the law of total expectation). Hence, we require a filtration.

Second, the indicator functions make sure that equations (13) and (14) (and the boundedness
of S) only have to hold as long as S did not stop. Afterward, they are trivially satisfied. This is
important, as S is bounded from below by d and its conditional expectation does not increase.
Assume that we did not use indicator functions. If there is a t € IN such that S; = d, then S;;; =d
holds as well, as otherwise the inequality E[S;41 | ;] < S; does not hold. However, this implies
that E[(St+1 - 5;)? | ﬂ] = 0 (since the process is now almost surely deterministic), which violates
equation (14) if not for the indicator functions.

Note that our additional assumptions in Theorem 26 only fix issues in the proof of Greenberg
et al. [19, Lemma 3.5]. The proof itself remains mostly unchanged.

E[T | Fo] < <

Proof of Theorem 26. Let M € R such that, for all t € IN, it holds that M > (D — S;)? - 1{t < T}.
Note that such an M exists, as, for all t € IN, by assumption, Syin(; 7} is bounded. For all ¢ € IN, let
Z = ((D=S:)* = Qt — M) - 1{t < T}. Note that, for all ¢t € IN, due to the definition of M and due
to 1{t < T} < 1{t < T}, it holds that

(D=8)*-Qt-M) -1{t<T} > ((D-S)*-Qt—-M) -1{t < T} = Z,. (15)
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We show that Z is a submartingale with respect to 7. Let t € IN. By noting that 1{t+1 < T} =
1{t < T}, since T is integer, and by applying equations (13) to (15), we get

E[Zes1 | 2] =E[(D = St)* = Q(t+1) = M) - L{t +1 < T} | 77|
=E[((D~Si1)* = Q(t+1) = M) - 1{t < T} | 7]
= (D* = 2DE[Spi | o] + B[Sy | 2] - Q- Qt = M) - 1{t < T}

(14)
> (D* = 2DE[Sps1 | F2] + 2SE[Star | F2] = S; — Qt = M) - 1{r < T}
= (D? = 2E[Ss1 | 71 1(D = ) = §; = Qt = M) - 1{t < T}

(D* - 2S,(D-S;) =S —Qt = M) - 1{t < T}
=((D-S)*-Qt-M)-1{t < T}

Since Z is bounded, it is uniformly integrable [12, Theorems 4.2.11 and 4.6.4]. By applying
the optional-stopping theorem for uniformly integrable submartingales [12, Theorem 4.8.3], we
get that E[Z7 | o] = E[Zy | Fo]- Solving this inequality for E[T | ] and noting that Z; is
Fo-measurable concludes the proof. ]

While we state Theorem 26 in an elaborate fashion, we use it in a different way in the following
proof of Theorem 6. Instead of considering expected values conditional on a c-algebra, we consider
expected values conditional on each of the outcomes of the random process before it stops. We
formalize this statement in the following remark.

» Remark 27. Let (X;);cn denote a random process over R, defined over a probability space
with sample space Q, let (7;):ew denote the natural filtration of X, and let T be a stopping time
with respect to . If X is discrete and Markovian, then, for all t € IN and all § € R, the following
equivalence holds:

Vxe{fyeR|JweQ: Xj(w)=yAt <T(w)}:E[X; —Xp11 | Xe=x] <8 (16)
E[(Xt = Xes1) - Wt < T} | F] <6-1{t < T}. (17)
<

Informally, on the one hand, proposition (17) considers all instantiations w € 2 of X where X did
not stop up to time ¢. On the other hand, proposition (16) partitions 2 with respect to X; and shows
the relevant inequality for the sets X; ! (x) (for the values of x as specified in the proposition).
Since for all w € X; !(x) the value E[X; — X;+1 | X; ](w) is the same (since X is Markovian), it
suffices to consider their average, which is E[X; — X1 | X = x].

More formally, first note that the indicator functions in proposition (17) relate to the predicate
“t < T(w)” in the set of values for x in proposition (16), which makes sure to consider only such
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values x for which the process did not stop yet, as these are the only instantiations of X for which
proposition (17) is not trivially satisfied.
By definition of the conditional expectation for discrete random variables, it holds that

E[X, = Xprt | X; =x] = ) E[X; = Xpa1 | X 1(0) - Pr[{o} | X7 (%) ]

wWEeN
_Pri{e}]
Pr[X;1(x)]

DT EX - X | X, )(0)

weN:
Xt (w)=x

Since X is Markovian, for all o € Q where X;(w) = x, the random variable E[X; — X;,; | X; ] has the
same valuev € R, as the distribution of X1 only depends on X; = x. Thatis,E[X; — X1 | X; = x] =
E[X; — Xi41 | Xi ] (w) =v. Since X is Markovian and thus conditioning on X; is the same as condi-
tioning on ¥, this shows that E[X; — X141 | X; = x] = E[X} — X441 | T2 | (w).

Proof of Theorem 6 We now start with the stating the proof of the coupling theorem, which
we restate here for convenience.

» Theorem 6. Let M be an ergodic Markov chain with state space (2 and with transition matrix P
such that, for all x € Q, it holds that P(x,x) > 0. Ford,D € R-¢,d < D, let §: Q% — {0} U [d, D]
be such that §(x, y) = 0if and only if x = y. Assume that there is a coupling between the transitions
of two copies (X;)rew and (Y;);ew of M such that, for all t € IN and all x,y € Q, it holds that

E[6(Xps1, Vi) | Xe =%, Y =y] < 6(x,p). (3)

Furthermore, assume that there are x,n € (0, 1) such that, for the same coupling and all ¢+ € IN and
all x,y € Q with x # y, it holds that

Pr(|6(Xs+1, Yir1) = 8(x,9)| 2 nd(x,y) | Xp = x, YV, =y] > «. (4)

Then, for all ¢ € (0, 1], it holds that

Tm(e) <

(In(D/d) + 21n(2))” (1)
In

In(1+n)%k e

If In(D/d) € Q(1), then this bound simplifies to

o) .

@)
™M) € In(1+n)%k \&

Proof. We aim to bound the expected time until § hits 0 for the coupled copies (X;);ew and (Y;);eN
of M and for all pairs of starting states x, y € Q. This results in a bound on the expected coupling
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time, and, because M is ergodic, also bounds 74 (see, for example, Chapter 11 by Mitzenmacher
and Upfal [28] for a detailed discussion).

We start by defining a scaled potential §” such that, for all x,y € €, it holds that §’(x,y) =
d(x,y)/d. Note that §’ takes values in {0} U [1, D/d], and, for all ¢ € IN, it holds that

Xt = Yt d 5(Xt, Yt) =0 5’(Xt, Yt) =0.

Further, for all x, y € , by the linearity of expectation and by equation (3), it holds that

E[5/(Xt+1, Yt+1) | Xi=xY = y] = E[(S(Xtﬂ, Yt+1) | Xe=xY = y]

Ul

< =6(xy) =8 (xy)

SH R

and, by equation (4), that

Pr[|6" (Xps1, Yer1) =8 (x,y)| 2 08 (x,y) | Xy = x, Y = y]
= Pr[|6(Xes1, Yea1) = 6(x,y)| 2 né(x,y) | Xy =x, Y, =y]
> K.

We define the stochastic processes whose expected hitting time we bound by ¢ = (¢;);en,
where ¢, = 8’ (X}, Y;). Further, for all x € [0,D/d], let

() = 2In(2)x —2In(2) ifx € [0,1),
Xy = In(x) if x € [1,D/d],

and let = (4);ew with ¥ = In(¢;) for all r € IN. Note that
Yr=-2In(2) © ¢ =0 X; =Y.

Let T = inf;en{ys < —2In(2)}. To obtain the desired bound on the mixing time, we bound
E[T | Xo = x,Yy = y] for every pair x,y € Q.

To this end, we aim to apply Theorem 26 to ¢ (with the natural filtration of (X}, Y;);eN) together
with Remark 27, which requires showing, for all t € IN, all x € rng(X;), and all y € rng(Y;)
such that there is an instantiation w from the sample space with X;(w) = x, Y;(w) = y, and
t < T(w), that E[Ys41 | X; =x,Y; =y] < ¢ (equation (13)) and obtaining a lower bound on
E[(¢t+1 —)? |Xt =x,Y; = y] (equation (14)).

Lett € IN, x € rng(X;), and y € rng(Y;), all as described above. Note that this implies
yr € [0,In(D/d)] and X; # Y,. Further note that In is a concave function and that ¢, > 1. Applying

Jensen’s inequality to the conditional expectation, we obtain

E[(is1 | Xe =x, Y =y] < B(E[(Pﬁl | X =x,Y,=y]) < E((/7t) =,
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which shows equation (13).

We proceed by bounding E [(¢t+1 —U)? | Xy =xY = y] from below. Let A be the event that ¢/
jumps from ¢, > 0 directly to ;41 = —21In(2) (i.e., ¢; > 1 and ¢;+; = 0). The positive self-loop
probability of M implies that Pr[A | X; =x,Y; =y] < 1 and Pr [Z | Xi=x,Y = y] > 0. By the
law of total expectation, we obtain

E[(l//t+1 - ¢t)2 |Xt =x,Y = y]
=E[(Yrs1 - V) | Xe =x, Y =y, A|Pr[A | X; = x, V; = y]
+E[(¢t+1 - %)2 |Xt =xY = y,Z](l -Pr[A|X; =x Y =y]).

We lower-bound each term in the sum separately. Because of i/; > 0, we have

E[(Yer1 —¥)? | Xe =x, Y, =y, A|Pr[A| X; = x, Y, = y]
(-2In(2) —l//t)z ‘PrlA|X; =x,Y; =y]
> 4In(2)*-Pr[A | X; =x,Y; = y]. (18)

Furthermore, because n > 0, by conditional Markov’s inequality, we get
B[ - ) | X, = .Y, = 3. 4]

> In(1+7)%Pr| (Yo = 90)° 2 In(149)? | X =Y, = 5. 4|

=In(1+7)%Pr[ [ = ] 2 (1) [ X =¥, =4, A
We decompose the probability as

Pr[Wiws — vl 2 In(14 ) | X, =%, = 34|
= Pr[¢t+1 - >In(1+n) |Xt =x,Y = y,Z]
+Pr[¢t+1 -y < —In(1+n) |Xt =xY = y,Z].

We rewrite the first of these probabilities as

Pr[l//t+1 - 2 1In(1+n) |Xt =xY = y,;l]

=Pr ln(q)tﬂ) >1In(1+pn) ‘Xt =x,Y = y,Z]
| Pt
>(Pt+1 3

=Pr —21+I]‘Xt=x,Yt=y,A}
| ¢t

=Pr Pr+1 — Q¢ > no: Xt =X, Yt = y,Z] (19)
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Since, for all z € (0, 1), it holds that —In(1 + z) > In(1 — z), we bound the other probability by

Pr[%ﬂ - < —1In(1+n) |Xt =xY = y,Z]

>Pr|Yp — ¥ <In(1-1n) |Xt =x,Y =y,71]

=Pr ln((le) <In(1-pn)

23

Xt =X, Yt = y,Z]

[ Pr+1
| ¢

=Pr|@m1 — ¢r £ —1¢;

=Pr

Sl—q‘Xt:x,Yt:y,Z]

Xt =X, Yt :y,Z:l. (20)

Combining equations (19) and (20), we obtain

Pr[lgbm — Y| > In(1+n) ‘Xt =x,Y = y,Z]

thx,Ytzy,Z]. (21)

> Pr[l(pm — ¢l = ne:

For bounding the right-hand side of equation (21), recall that we consider an instantiation of
the process such that ¢; > 1. Consider the probability that ¢ takes steps of at least size n¢;. By
the law of total probability,

Prll@mi — @il 2 ne: | Xe = x,Y; = y]
=Prllom — @il 2o | Xy =x, Y, =y, A|Pr[A | X; = x,Y; = y]

+Pr(|@s1 — @il 2 ne | Xy =%, Y = y,Z](l -Pr[A| X; =x,Y; =vy]).
Since A is the event to go from ¢; > 1to @41 = 0, for all 5 € (0, 1), it holds that
Prll@mi — @il 2 ne: | Xe =x,Y; =y, A] = 1.

Thus, and by equation (4), we obtain

Pr(lora — ¢l 2 noe | Xe =%, Yy =y,71]
_ Prllomi — il 2 nor | X =%, Y =y] —Pr[A| X; =x,Y; = y]
1-Pr[A|X; =x,Y; =y]
S k—Pr[A|X; =x,Y; =y]
T 1-Pr[A| X;=x, Y =y]
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By combining equations (21) and (22) and observing that for ¢, > 1 it holds that ¢, = ¥, we get

E[(‘//Hl - %)2 ’Xt =x,Y = y,Z]
> In(1+7)°Pr|[gns = Y1l 2 In(147) | X, =Y, =9, 4

-Pr[A|X; =x,Y =y]
-Prl[A| X, =x,Y, =y]’

> In(1+ )7)2’; (23)

Last, we use equations (18) and (23) and that 5 < 1 implies In(1 + 1) < In(2) to obtain

E[(Ye1 —¥0)* | Xe =x, Y, =y

> 4In(2)*Pr[A | X; = x,Y; = y]
-Pr[A|X; =x,Y; =y]
-PrlA| X, =xY =y]
=4In(2)*Pr[A | X; =x,Y; = y] +In(1 + 1)’k —In(1+n)*Pr[A | X; = x, Y; = y]
> 31In(2)°Pr[A | X; = x,Y; = y] +In(1 + )%k
> In(1+ 1)K,

+(1-Pr[A| X, =x,Y, =y]) In(1 +,7)2’;

which shows equation (14).
By Theorem 26 and ¢/ < In(D/d), we get for all x,y € Q2 that

(In(D/d) +2In(2))*
In(1+n)%k

E[T|Xo=xYy=y] <

This results in the desired mixing time bound of

Tpm(e) <

(In(D/d) +21n(2))” (1)
In

In(1+n)%k B
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