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Abstract

Schelling’s classical segregation model gives a coherent explanation for the wide-
spread phenomenon of residential segregation. We introduce an agent-based
saturated open-city variant, the Flip Schelling Process (FSP), in which agents,
placed on a graph, have one out of two types and, based on the predominant
type in their neighborhood, decide whether to change their types; similar to a
new agent arriving as soon as another agent leaves the vertex.

We investigate the probability that an edge {u, v} is monochrome, i.e., that
both vertices u and v have the same type in the FSP, and we provide a gen-
eral framework for analyzing the influence of the underlying graph topology on
residential segregation. In particular, for two adjacent vertices, we show that
a highly decisive common neighborhood, i.e., a common neighborhood where
the absolute value of the difference between the number of vertices with dif-
ferent types is high, supports segregation and, moreover, that large common
neighborhoods are more decisive.

As an application, we study the expected behavior of the FSP on two com-
mon random graph models with and without geometry: (1) For random geomet-

ric graphs, we show that the existence of an edge {u, v} makes a highly decisive
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common neighborhood for u and v more likely. Based on this, we prove the
existence of a constant ¢ > 0 such that the expected fraction of monochrome
edges after the FSP is at least 1/2 + ¢. (2) For Erdés—Rényi graphs we show
that large common neighborhoods are unlikely and that the expected fraction
of monochrome edges after the FSP is at most 1/2+ 0 (1). Our results indicate
that the cluster structure of the underlying graph has a significant impact on
the obtained segregation strength.

Keywords: Agent-based Model, Schelling Segregation, Spin System

1. Introduction

Residential segregation is a well-known sociological phenomenon [I] where
different groups of people tend to separate into largely homogeneous neigh-
borhoods. Studies, e.g., [2], show that individual preferences are the driving
force behind present residential patterns and bear much to the explanatory
weight. Local choices therefore lead to a global phenomenon [3]. A simple
model for analyzing residential segregation was introduced by Schelling [4, 3] in
the 1970s. In his model, two types of agents, placed on a grid, act according
to the following threshold behavior, with 7 € (0,1) as the intolerance thresh-
old: agents are content with their current position on the grid if at least a
T-fraction of neighbors is of their own type. Otherwise they are discontent and
want to move, either via swapping with another random discontent agent or
via jumping to a vacant position. Schelling demonstrated via simulations that,
starting from a uniform random distribution, the described process drifts to-
wards strong segregation, even if agents are tolerant and agree to live in mixed
neighborhoods, i.e., if 7 < % Many empirical studies have been conducted
to investigate the influence of various parameters on the obtained segregation,
see [B 6L [7, 8, [@]. On the theoretical side, Schelling’s model started recently
gaining traction within the algorithmic game theory and artificial intelligence

communities [I0} 111, 12], 13| 14} 15} [16], with focus on core game theoretic ques-

tions, where agents strategically select locations. Henry et al. [I7] described a
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simple model of graph clustering motivated by Schelling where they showed that
segregated graphs always emerge. Variants of the random Schelling segregation
process were analyzed by a line of work that showed that residential segregation
occurs with high probability [I8] 19} 20} 2T, 22} 23].

We initiate the study of an agent-based model, called the Flip Schelling
Process (FSP), which can be understood as the Schelling model in a saturated
open city. In contrast to closed cities [19) 21, [22] 23], which require fixed pop-
ulations, open cities [24] [18] 20} 25] allow resident to move away. In saturated
city models, also known as voter models [26] 27, 28], vertices are not allowed
to be unoccupied, hence, a new agent enters as soon as one agent vacates a
vertex. In general, in voter models, two types of agents are placed on a graph.
Agents examine their neighbors and, if a certain threshold is of another type,
they change their types. Also in this model, segregation is visible. There is a line
of work, mainly in physics, that studies the voting dynamics on several types of
graphs [29, B0, 311 [32, [33]. Related to voter models, Granovetter [34] proposed
another threshold model treating binary decisions and spurred a number of re-
search, which studied and motivated variants of the model, see [35] [36], [37, 38].

In the FSP, agents have binary types. An agent is content if the fraction
of agents in its neighborhood with the same type is larger than % Otherwise,
if the fraction is smaller than %, an agent is discontent and is willing to flip
its type to become content. If the fraction of same type agents in its neigh-
borhood is exactly %, an agent flips its type with probability % Starting from
an initial configuration where the type of each agent is chosen uniformly at
random, we investigate a simultaneous-move, one-shot process and bound the
number of monochrome edges, which is a popular measurement for segregation
strength [39, [40].

Close to our model is the work by Omidvar and Franceschetti [41], 42], who
initiated an analysis of the size of monochrome regions in the so called Schelling
Spin Systems. Agents of two different types are placed on a grid [41] and a geo-
metric graph [42], respectively. Then independent and identical Poisson clocks

are assigned to all agents and, every time a clock rings, the state of the corre-
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Figure 1: The fraction of monochrome edges after the Flip Schelling Process (FSP) in Erdds—
Rényi graphs and random geometric graphs for different graph sizes (number of vertices n) and
different expected average degrees. Each data point shows the average over 1000 generated
graphs with one simulation of the FSP per graph. The error bars show the interquartile range,

i.e., 50 % of the measurements lie between the top and bottom end of the error bar.

sponding agent is flipped if and only if the agent is discontent w.r.t. a certain
intolerance threshold 7 regarding the neighborhood size. The model corresponds
to the Ising model with zero temperature with Glauber dynamics [43] [44].

The commonly used underlying topology for modeling the residential areas
are (toroidal) grid graphs [I1], 22} [41], regular graphs [111 [13 [14], paths [111 [16],
cycles [24] [45], [19] 2], 23] and trees [10} [IT], 15 16]. Considering the influence of

the given topology that models the residential area regarding, e.g., the existence
of stable states and convergence behavior leads to phenomena like non-existence
of stable states [14] [15], non-convergence to stable states [111, 13 4], and high-
mixing times in corresponding Markov chains [20}, 46].

To avoid such undesirable characteristics, we suggest to investigate random
geometric graphs [47], like in [42]. Random geometric graphs demonstrate,
in contrast to other random graphs without geometry, such as Erdds—Rényi
graphs [48][49], community structures, i.e., densely connected clusters of vertices.
An effect observed by simulating the FSP is that the fraction of monochrome
edges is significantly higher in random geometric graphs compared to Erd&s—

Rényi graphs, where the fraction stays almost stable around %, cf. Figure
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We set out for rigorously proving this phenomenon. In particular, we prove
for random geometric graphs with n vertices that if the expected average degree
is 0 (1/n), there exists a positive constant ¢ such that, given an edge {u,v}, the
probability that {u, v} is monochrome is lower-bounded by %—i—c, cf. Theorem
In contrast, we show for Erdés—Rényi graphs that segregation is not likely to
occur and that the probability that {u,v} is monochrome is upper-bounded by
1 +0(1), cf. Theorem

We introduce a general framework to deepen the understanding of the in-
fluence of the underlying topology on residential segregation. To this end, we
first show that a highly decisive common neighborhood supports segregation,
cf. Section In particular, we provide a lower bound on the probability
that an edge {u, v} is monochrome based on the probability that the difference
between the majority and the minority regarding both types in the common
neighborhood, i.e., the number of agents which are adjacent to u and v, is
larger than their exclusive neighborhoods, i.e., the number of agents which are
adjacent to either u or v. Next, we show that large sets of agents are more
decisive, cf. Section [3:2} This implies that a large common neighborhood, com-
pared to the exclusive neighborhood, is likely to be more decisive, i.e., makes
it more likely that the absolute value of the difference between the number of
different types in the common neighborhood is larger than in the exclusive ones.
These considerations hold for arbitrary graphs. Hence, we reduce the question
concerning a lower bound for the fraction of monochrome edges in the FSP to
the probability that, given {u, v}, the common neighborhood is larger than the
exclusive neighborhoods of u and v, respectively.

For random geometric graphs, we prove that a large geometric region, i.e.,
the intersecting region that is formed by intersecting disks, leads to a large
vertex set, cf. Section [3.3] and that random geometric graphs have enough
edges that have sufficiently large intersecting regions, cf. Section [3.4] such that
segregation is likely to occur. In contrast, for Erd6s—Rényi graphs, we show that
the common neighborhood between two vertices u and v is with high probability

empty and therefore segregation is not likely to occur, cf. Section [4
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In Section [5| we complement our theoretical results with empirical investi-
gations that consider multiple iterations of the FSP. We find that for random
geometric graphs, the segregation strength increases with every further iteration,
while Erdés—Rényi graphs become single-colored over time. However, our results
also show that random geometric graphs with n vertices become single-colored
with non-vanishing probability once their average degree is © (1/n), suggesting
that our theoretical results, which hold up to average degrees of o(y/n), are
close to tight.

Overall, we shed light on the influence of the structure of the underlying
graph and discovered the significant impact of the community structure as an
important factor on the obtained segregation strength. We reveal for random
geometric graphs that already after one round a provable tendency is apparent

and a strong segregation occurs.

2. Model and Preliminaries

Let G = (V, E) be an unweighted and undirected graph, with vertex set V
and edge set E. For any vertex v € V', we denote the neighborhood of v in G by
N, ={u € V:{u,v} € E} and the degree of v in G by §, = |N,|. We consider
random geometric graphs and Erdés—Rényi graphs with a total of n € NT
vertices and an expected average degree § > 0.

For a given r € RT, a random geometric graph G ~ G(n,r) is obtained by
distributing n vertices uniformly at random in some geometric ground space
and connecting vertices v and v if and only if dist(u,v) < r. We use a two-
dimensional toroidal Euclidean space with total area 1 as ground space. More

formally, each vertex v is assigned to a point (v, ve) € [0,1]? and the distance

between u = (u1,u2) and v is dist(u,v) = v/Jur — v1]2 + [uz — v2|2 for |u; —
vilo = min{|u; — v;|, 1 — |u; — v;|}. We note that using a torus instead of, e.g.,
a unit square, has the advantage that we do not have to consider edge cases,
for vertices that are close to the boundary. In fact, a disk of radius r around

any point has the same area 7r2. Since we consider a ground space with total
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area 1, r < % As every vertex v is connected to all vertices in the disk of
radius 7 around it, its expected average degree is § = (n — 1)7r2.

For a given p € [0,1], let G(n,p) denote an Erdés—Rényi graph. Each edge
{u, v} is included with probability p, independently from every other edge. It
holds that § = (n — 1)p.

Consider two different vertices u and v. Let Nyn, = |N, N N,| be the
number of vertices in the common neighborhood, let Ny, = |Ny \ N,| be the
number of vertices in the exclusive neighborhood of u, and let Ny, = [Ny \ Ny|
be the number of vertices in the exclusive neighborhood of v. Furthermore,
with Ny = |V \ (N, UN,)|, we denote the number of vertices that are neither
adjacent to u nor to v.

Let G be a graph where each vertex represents an agent of type t* or ¢~.
The type of each agent is chosen independently and uniformly at random. An
edge {u, v} is monochrome if and only if u and v are of the same type. The Flip
Schelling Process (FSP) is defined as follows: an agent v whose type is aligned
with the type of more than §,/2 of its neighbors keeps its type. If more than
0, /2 neighbors have a different type, then agent v changes its type. In case of
a tie, i.e., if exactly d,/2 neighbors have a different type, then v changes its
type with probability % FSP is a simultaneous-move, one-shot process, i.e., all
agents make their decision at the same time and, moreover, only once.

For x,y € N, we define [z..y] = [z,y] "N and for x € Nt we define
[x] = [1..z]. Last, we write X ~ Bin(n, p) to denote that X follows the binomial
distribution with n independent Bernoulli trials and success probability p for

each of these n trials.

2.1. Useful Technical Lemmas
In this section, we state several lemmas that we will use in order to prove

our results in the next sections.

Lemma 1. Let X ~ Bin(n,p) and Y ~ Bin(n,q) with p > q be independent.
Then Pr(X >Y] > %
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Proof. Let Y7,...,Y, betheindividual Bernoulli trials for Y, i.e., Y = Zie[n] Y;.
Define new random variables Y{,...,Y; such that ¥; = 1 implies Y/ = 1 and

if Y; = 0, then Y/ = 1 with probability (p — ¢q)/(1 — ¢) and Y/ = 0 other-
wise. Note that for each individual Y/, we have Y; = 1 with probability p, i.e.,
Y'=3 i Yi ~ Bin(n, p). Moreover, as Y’ > Y for every outcome, we have
Pr[X >Y]>Pr[X >Y’]. It remains to show that Pr[X >Y'] > 1.

As X and Y’ are equally distributed, we have Pr{X >Y’] = Pr[X <Y’].
Moreover, as one of the two inequalities holds in any event, we get Pr[X > Y']+

Pr(X <Y’] > 1, and thus equivalently 2Pr[X >Y’] > 1, which proves the

claim. O

Lemma 2 ([50]). Let n € N*, p € [0,1), and let X ~ Bin(n,p). Then, for all
i € [0..n], it holds that Pr[X =i <Pr[X = [p(n+1)]].

Proof. We interpret the distribution of X as a finite series and consider the sign
of the differences b: [0,n — 1] — R of two neighboring terms. That is, for all
d € [0,n — 1] NN, it holds that

b(d) =Pr[X =d+1] - Pr[X =d]

= (di 1)10‘“1(1 —p)" - (Z)pd(l —p)"

We are interested in the sign of b, as a local maximum of the distribution of X
is located at the position at which b switches from positive to negative. In more
detail, for any d € [0,n — 2] NN, if sgn (b(d)) > 0 and sgn (b(d + 1)) < 0, then
d+ 1 is a local maximum. If the sign is always negative, then there is a global
maximum in the distribution of X at position 0.

In order to determine the sign of b, for all ¢ € [0..n — 1], we rewrite

N n! i n—i—1_P n!
4O Lt R S T

_ n! i n—i—1 p 1—p
e |

il(n—i—1) i+1 n—i

)n—i—11 —-p
n—1

P (L—p

n—i—1

Since the term n!p?(1 — p) is always non-negative, the sign of b(4) is deter-

mined by the sign of p/(i + 1) — (1 — p)/(n — 7).
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Solving for i, we get that

p l—p .
- >0&1:< 1) -1
ir1 aog 20eispntl)

Note that p(n + 1) — 1 is not necessarily an integer. Further note that the
distribution of X is unimodal, as the sign of b changes at most once. Thus, each
local maximum is also a global maximum. As discussed above, the largest value
d € [0,n — 2] NN such that sgn (b(d)) > 0 and sgn (b(d + 1)) < 0 then results
in a global maximum at position d + 1. Since d needs to be integer, the largest
value that satisfies this constraint is |p(n 4+ 1) — 1|. If the sign of b is always
negative (p < 1/(n+1)), then the distribution of X has a global maximum at 0,
which is also satisfied by |p(n 4+ 1) — 1] + 1, which concludes the proof. O

Theorem 1 (Stirling’s Formula [51} page 54]). For all n € N*, it holds that
V22 o7 o(Q20 )T ) o\ o ntl/2 g o(12) 7T

Corollary 1. For all n > 2 with n € N, it holds that

n! > V2"t /2 e and (1)
nl <en™tl/2em. (2)

Proof. For both inequalities, we aim at using Theorem

eq. : Note that e27+D™" > 1  since Wlﬂ > 0. Hence,
V22 e < o t/2 e (120D
eq. : We prove this case by showing that
Vame2m ™ < (3)

Note, that e12m)™ 4g strictly decreasing. Hence, we only have to check whether

eq. (3) holds for n = 2.
\/%8(127071 < \/27Tei <27<e. O

Lemma 3. Let A, B, and C be random variables such that Pr[A > C A B > C| >
0 and Prf[A>CAB<C] > 0. Then Pr[A>BAA>C] > Pr[A> B] -
Pr[A > C].



190

Proof. Using the definition of conditional probability, we obtain
Pr;/A>BAA>C]|=Pr[A>B |A>C]-Pr[A>C].

Hence, we are left with bounding Pr{A > B | A > C| > Pr[A > B|. Partition-
ing the sample space into the two events B > C' and B < C and using the law

of total probability, we obtain
Prf[A>B|A>C]=Pr[B>C |A>C]-Pr[A>B|A>CAB>C]
+Pr[B<C |A>C|-Pr[A>B|A>CAB<C(C].
Note that the condition A > C A B < C already implies A > B and thus

the last probability equals to 1. Moreover, using the definition of conditional

probability, we obtain

Pr[A>BAA>CAB>C)|
Pr[A>CAB>C]|

PriA>B|A>C]=Pr[B>C |A>C]-
+Pr[B<C |A>C].
Using that Pr(B>C | A>C] > Pr[A>CAB>C|, that A> BAB > C
already implies A > C, that Pr[B<C | A>C] > Pr[A> BA B < (], and
finally the law of total probability, we obtain
Pr[A>B|A>C]>Pr[A>BANA>CANB>C|+Pr[B<C | A>C]
=Pr[A>BAB>C]+Pr[B<C | A>C]
>Pr[A>BAB>C|+Pr[A>BAB<C(]|
=Pr[A> BJ. O

3. Monochrome Edges in Geometric Random Graphs

In this section, we prove the following main theorem.

Theorem 2. Let G ~ G(n,r) be a random geometric graph with expected av-
erage degree 6 = o (y/n). The expected fraction of monochrome edges after the

FSP is at least
2 p—
1 1 1 3
o (1) e (D) o
2m(4/2]

10
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Note that the bound in Theorem [2| is bounded away from % for all § > 2.

Moreover, the two factors depending on § go to % and 1, respectively, for a

growing 9.

Given an edge {u,v}, we prove the above lower bound on the probability

that {u, v} is monochrome in the following four steps.

(1)

For a vertex set, we introduce the concept of decisiveness that measures
how much the majority is ahead of the minority in the FSP. With this, we
give a lower bound on the probability that {u,v} is monochrome based on
the probability that the common neighborhood of v and v is more decisive

than their exclusive neighborhoods.

We show that large neighborhoods are likely to be more decisive than small
neighborhoods. To this end, we give bounds on the likelihood that two
similar random walks behave differently. This step reduces the question
of whether the common neighborhood is more decisive than the exclusive

neighborhoods to whether the former is larger than the latter.

Turning to geometric random graphs, we show that the common neigh-
borhood is sufficiently likely to be larger than the exclusive neighborhoods
if the geometric region corresponding to the former is sufficiently large.
We do this by first showing that the actual distribution of the neighbor-
hood sizes is well approximated by independent binomial random vari-

ables. Then, we give the desired bounds for these random variables.

We show that the existence of the edge {u,v} in the geometric random
graph makes it sufficiently likely that the geometric region hosting the

common neighborhood of uw and v is sufficiently large.

3.1. Monochrome Edges via Decisive Neighborhoods

Let {u,v} be an edge of a given graph. To formally define the above men-

tioned decisiveness, let N, and N, be the number of vertices in the common

11
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neighborhood of u and v that are occupied by agents of type tT and ¢, respec-
tively. Then Dyny = |Nyry — Nano| is the decisiveness of the common neigh-
borhood of v and v. Analogously, we define D\, and D,,, for the exclusive
neighborhoods of u and v, respectively.

The following theorem bounds the probability for {u,v} to be monochrome
based on the probability that the common neighborhood is more decisive than

each of the exclusive ones.

Theorem 3. In the FSP, let {u,v} € E be an edge and let D be the event
{Dunv > Do A Dunw > Dy }- Then {u,v} is monochrome with probability at
least 1/2 + Pr [D] /2.

Proof. If D occurs, then the types of u and v after the FSP coincide with the
predominant type before the FSP in the shared neighborhood. Thus, {u,v} is
monochrome.

Otherwise, assuming D, w.l.o.g., let Dyny < D\, and assume further the
type of v has already been determined. If Dy, = D\, then u chooses a type

N[

uniformly at random, which coincides with the type of v with probability

Otherwise, Dyny < Dy, and thus u takes the type that is predominant in u’s
exclusive neighborhood, which is tT and ¢t~ with probability %, each. Moreover,
this is independent from the type of v as v’s neighborhood is disjoint to u’s
exclusive neighborhood.

Thus, for the event M that {u,v} is monochrome, we get Pr[M | D] = 1
and Pr [M | D] = . Hence, we get Pr[M] > Pr[D] + 1 (1 —-Pr[D]) = 1 +
Pr[D] /2. O
3.2. Large Neighborhoods are More Decisive

The goal of this section is to reduce the question of how decisive a neighbor-
hood is to the question of how large it is. To be more precise, assume we have
a set of vertices of size a and give each vertex the type tT and ¢~, respectively,
each with probability % Let A; for i € [a] be the random variable that takes
the value +1 and —1 if the i-th vertex in this set has type ¢* and ¢~, respec-
tively. Then, for A = 37, A;, the decisiveness of the vertex set is [A]. In

12
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the following, we study the decisiveness |A| depending on the size a of the set.
Note that this can be viewed as a random walk on the integer line: Starting at
0, in each step, it moves one unit either to the left or to the right with equal
probabilities. We are interested in the distance from 0 after a steps.

Assume for the vertices v and v that we know that b vertices lie in the
common neighborhood and a vertices lie in the exclusive neighborhood of .
Moreover, let A and B be the positions of the above random walk after a and b
steps, respectively. Then the event Dyn, > D\, is equivalent to |B| > [A|.
Motivated by this, we study the probability of |B| > |A|, assuming b > a. The
core difficulty here comes from the fact that we require |B| to be strictly larger
than |A]. Also note that a+b corresponds to the degree of w in the graph. Thus,
we have to study the random walks also for small numbers of a and b. We note
that all results in this section are independent from the specific application to
the FSP, and thus might be of independent interest.

Before we give a lower bound on the probability that |B| > | A|, we need the
following technical lemma. It states that doing more steps in the random walk

only makes it more likely to deviate further from the starting position.

Lemma 4. Fori € [a] and j € [b] with 0 < a < b, let A; and B; be independent
random variables that are —1 and 1 each with probability % Let A= Zie[a] A;
and B =3} .y Bj. Then Pr{|A[ <|B|] = Pr[|A| > |B|].

Proof. Let Ay, be the event that |B| — |A| = k. First note that

Pr|A|<|B|]= Y Pr[A] and Pr[A|>[B[]= ) Pr[A_
ke(b] k€[a]

To prove the statement of the lemma, it thus suffices to prove the following

claim.
Claim 1. For k >0, Pr[A] > Pr[A_g].

We prove this claim via induction on b— a. For the base case a = b, A and B

are equally distributed and thus Claim [1] clearly holds.

13
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For the induction step, let BT be the random variable that takes the values
B + 1 and B — 1 with probability % each. Note that BT represents the same
type of random walk as A and B but with b+ 1 steps. Moreover B is coupled
with B to make the same decisions in the first b steps. Let AZ be the event
that |[BT| — |A| = k. It remains to show that Claim [1| holds for these A} For
this, first note that the claim trivially holds for £ = 0. For k > 1, we can use

the definition of A: and the induction hypothesis to obtain

Pr [Ak—l] Pr [Ak+1]
Pr [AZ‘] = 5 + 5
> Pr [A2—k+1] + Pr [AQ_k_l] =Pr[AT,]. O

Using Lemmal[d] we now prove the following general bound for the probability
that |A| < |BJ, depending on certain probabilities for binomially distributed

variables.

Lemma 5. Fori € [a] and j € [b] with 0 < a <b, let A; and B; be independent
random variables that are —1 and 1 each with probability 5. Let A = Zie[a] A;
and B = >y B;j. Moreover, let X ~ Bin(a,1), Y ~ Bin(b, 1), and Z ~
Bin(a + b, 3). Then

—a]. )
Pr[|A|<|B|]2;Pr{Za+b]+Pr[X_2] Prlv =3]

2
Proof. Using that Pr[|A| < |B|] > Pr[|A| > |B|] (see Lemma[d), we obtain

Pr{|A| <|B|| +Pr[|4] > B[] + Pr[|4] = |B] = 1

= 2Pr[|A] < Bl + Pr{|A] = |B[] =

1
1 Pr[4]=|B]
2

& Pr[|A| < |B|] > 5 . (4)

Thus, it remains to give an upper bound for Pr[|A| = | B]].
Using the inclusion—exclusion principle and the fact that B is symmetric
around 0, i.e., Pr[B = z] = Pr[B = —z] for any z, we obtain
Pr[|A = |B||]=Pr[A=BV A= —-B]
=Pr[A=B|+Pr[A=—-B]-Pr[A=B =]
=2Pr[A=-B]-Pr[A=B=0]. (5)

14
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We estimate Pr[A = —B] and Pr[A = B = 0] using bounds for binomially dis-
tributed variables. To this end, define new random variables X; = % for
i € [a] and let X =}, Xi. Note that the X; are independent and take
values 0 and 1, each with probability % Thus, X ~ Bin(a,%). Moreover,
A = 2X — a. Analogously, we define Y with Y ~ Bin(b, 1) and B = 2Y — b.
Note that X and Y are independent and thus Z = X +Y ~ Bin(a+b, 1). With
this, we get

a+b

2

Pr[A——B}—Pr[2X—a——2Y—|—b}—Pr[Z— ],and

Pr[A:B:O}:Pr[A:O}-Pr[B:O]:Pr[X:g}-Pr[Y:g].

This, together with Equations and yield the claim. O

The bound in Lemma [B] becomes worse for smaller values of ¢ and b. Con-

sidering this worst case, we obtain the following specific bound.

Theorem 4. Fori € [a] and j € [b] with0 < a <, let A; and B; be independent
random vartables that are —1 and 1 each with probability % Let A= Zie[a] A;
and B = 3 ey Bj. Ifa=0=0o0ra=2>b=1, then Pr[[A| <[B|] = 0.
Otherwise Pr[|A| < |B|] > &.

Proof. Clearly, if a = b = 0, then A = B = 0 and thus Pr[|4| < |B|] = 0.
Similarly, if @ = b = 1, then |A| = |B| = 1 and thus Pr[|A| < |B|] = 0. For
the remainder, assume that neither ¢ = b = O nor a = b = 1, and let X,
Y, and Z be defined as in Lemma [5] i.e., X ~ Bin(a,1), Y ~ Bin(b, 1), and
Z ~Bin(a+b, 1).

If a + b is odd, then Pr [Z = “T“] = 0. Thus, by Lemma we have
Pr[|A| < B >

%. If a +bis even and a + b > 6, then

f=-() 0O -4

— 3

Hence, by Lemma we have Pr[|4] < |B|] > T=%

1
2
If a4+b < 6 (and a4+ is even), there are four cases: a = 0,b = 2; a = 0,b = 4;

a=1,b=3;,a=2b=2. If a=0and b =2, then A = 0 with probability 1

15
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Figure 2: The geometric regions corresponding to the common and exclusive neighborhoods,

respectively, with yellow illustrating Runy and blue illustrating Ry, and Ry,
and |B| = 2 with probability 2. Thus, Pr{|A| < |B|] = 1. If a = 0 and
b = 4, then |A| < |B| unless B = 0. As Pr[B=0] = (;l) () =3, we
get PrijA|<|B] =1—-2 =32 Ifa =1and b = 3, then |[A| = 1 with
probability 1 and |B| = 3 with probability  (either By = B, = By = 1 or
By = By = By = —1). Thus, Pr[|A| < [B|] = 3. Tfa =b=2, then [4] = 0
with probability 1 and |B| = 2 with probability 2. Thus Pr[|4| < |B|] = 1.

We note that the bound of Pr[|A| < |B|] = & is tight for a = b = 3. O

8.8. Large Common Regions Yield Large Common Neighborhoods

To be able to apply Theoremto an edge {u, v}, we need to make sure that
the size of their common neighborhood (corresponding to b in the theorem) is at
least the size of the exclusive neighborhoods (corresponding to a in the theorem).
In the following, we give bounds for the probability that this happens. Note
that this is the first time we actually take the graph into account. Thus, all
above considerations hold for arbitrary graphs.

Recall that we consider random geometric graphs G(n,r) and u and v are
each connected to all vertices that lie within a disk of radius r around them.
As u and v are adjacent, their disks intersect, which separates the ground space
into four regions; cf. Figure 2] Let R,n, be the intersection of the two disks.
Let R\, be the set of points that lie in the disk of u but not in the disk of v,
and analogously, let R,\, be the disk of v minus the disk of u. Finally, let
Ry be the set of points outside both disks. Then, each of the n — 2 remaining

vertices ends up in exactly one of these regions with a probability equal to
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the corresponding measure. Let p(-) be the area of the respective region and
p = p(Runy) and ¢ = p(Ry\y) = p(Ry\,) be the probabilities for a vertex to lie
in the common and exclusive regions, respectively. The probability for Ry is
then 1 —p — 2q.

We are now interested in the sizes Nyny, Ny\o, and Ny, of the common
and the exclusive neighborhoods, respectively. As each of the n — 2 remaining
vertices ends up in Nyn, with probability p, we have Ny, ~ Bin(n — 2,p). For
N\ and Ny, we already know that v is a neighbor of v and vice versa. Thus,
(Nuyw — 1) ~ Bin(n — 2, q) and (N, — 1) ~ Bin(n — 2, q). Moreover, the three
random variables are not independent, as each vertex lies in only exactly one
of the four neighborhoods, i.e., Nuyny, (Ny\y — 1), (N — 1), and the number
of vertices in neither neighborhood together follow a multinomial distribution
Multi(n — 2, p) with p = (p, ¢, 4,1 — p — 2q).

The following lemma shows that these dependencies are small if p and ¢ are
sufficiently small. This lets us assume that Nyny, (Ny\o — 1), (N, — 1) are
independent random variables following binomial distributions if the expected

average degree is not too large.

Lemma 6. Let X = (X3, Xo, X3, X4) ~ Multi (n, p) withp = (p,q,q,1 —p — 2q).
Then there exist independent random variables Y1 ~ Bin (n,p), Yo ~ Bin (n, q),

and Y3 ~ Bin (n, q) such that Pr [(X1, Xa, X3) = (Y1, Y2, Y3)] > 1-3n-max(p, q)2.

Proof. Let Y1 ~ Bin(n,p), and Y3,Y3 ~ Bin(n,q) be independent random
variables. We define the event B to hold, if each of the n individual trials
increments at most one of the random variables Y7, Y5, or Y3. More formally,
for i € [3] and j € [n], let Y;; be the individual Bernoulli trials of Y;, i.e.,
Yi =3 e Yi;- For j € [n], we define the event B; to be Y1,;+Y2,;4+Y3; <1,
and the event B = ;¢ B;-

Based on this, we now define the random variables X7, X5, X3, and X, as
follows. If B holds, we set X; = Y; for i € [3] and Xy = n — X; — X5 — Xj3.
Otherwise, if B, we draw X = (X1, Xa, X3, X4) ~ Multi (n, p) independently
from Y1, Ys, and Y3 with p = (p,q,q,1 — p — 2¢). Note that X clearly follows

17



us  Multi (n, p) if B. Moreover, conditioned on B, each individual trial increments
exactly one of the variables X1, X5, X3, or X4 with probabilities p, ¢, ¢, and
1 — p — 2q, respectively, i.e., X ~ Multi (n,p).

Thus, we end up with X ~ Multi (n, p). Additionally, we have three indepen-
dent random variables Y7 ~ Bin (n, p), and Y2, Y3 ~ Bin (n, ¢) with (X1, X2, X3) =
(Y1,Y5,Y3) if B holds. Thus, to prove the lemma, it remains to show that
Pr[B] > 1 — 3nmax(p, ¢)%. For j € [n], the probability that the jth trial goes

wrong is
Pr[B;] =1—((1-p)1—q)%) - (p(1 — @)%) —2(q(1 = p)(1 — q))
=2pq — 2pg® + ¢* < 2pq + ¢* < 3- max(p, q)*.

Using the union bound it follows that Pr [B] < 3° | Pr [B;] < 3n-max(p,q)>.

O

j€ln

s As mentioned before, we are interested in the event Ny, > N\, (and likewise
Nurw = Nv\u), in order to apply Theorem Moreover, due to Lemma |§|, we
know that Ny, and (N,\,—1) almost behave like independent random variables
that follow Bin(n — 2,p) and Bin(n — 2, q), respectively. The following lemma
helps to bound the probability for Nyq, > N,\,. Note that it gives a bound for

35 the probability of achieving strict inequality (instead of just >), which accounts

for the fact that (N,\, — 1) and not N, itself follows a binomial distribution.

Lemma 7. Letn € N withn > 2, and let p > q > 0. Further, let X ~ Bin(n,p)
and Y ~ Bin(n, q) be independent, let d = |p(n + 1)], and assume d = o (\/n),
then Pr[X > Y] > (3 —1/v2nd) (1 —o(1)).

Proof. By Lemma we get Pr[X >Y] > 1, and we bound

Pr[X>Y]=Pr[X>Y]-Pr[X=Y]>-—Pr[X =Y],

[N

leaving us to bound Pr[X = Y] from above. By independence of X and Y, we
get

Pr(X =Y]=> Pr[X =4d-Pr[y =i. (6)

1€[n]

18



360

365

370

Note that, by Lemma [2} for all i € [0..n], it holds that Pr[X =] < Pr[X =d].
Assume that we have a bound B such that Pr[X = d] < B. Substituting this
into Equation @ yields

Pr(X =Y]<B)» Pr[Y =i]=B8,
i€[n]

resulting in Pr[X > Y] > % — B. Thus, we now derive such a bound for B,
noting that Pr[X = d] is increasing as long as d — np > 0, and by applying the
inequality that for all x € R, it holds that 1 + = < e”, as well as Equation .
We get

—d
< Le—d 1— g
~ \/2mtddt+1/2e—d n
1 1 (7)
= Vamd (L d/n)

By Bernoulli’s inequality, we bound (1 —d/n)¢ > 1 —d?/n =1 —o(1) by the

assumption d = o (y/n). Substituting this back into Equation @ concludes the
proof. O

Finally, in order to apply Theorem [4] we have to make sure not to end up in
the special case where a = b < 1, i.e., we have to make sure that the common
neighborhood includes at least two vertices. The probability for this to happen

is given by the following lemma.

Lemma 8. Let X ~ Bin(n,p) and let ¢ = np € o(n). Then it holds that
PriX>1>(1—-e“°(1+¢)(1—-0(1)).

Proof. As X > 1 holds if and only if X # 0 and X # 1, we get

Pr(X>1]=1-Pr[X=0-Pr[X=1=1-(1-p)"—n-p-(1—p)" .
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Using that for all z € R it holds that 1 —x < e™%, we get

PrX>1]>1—e ™ —n.p-e?n=D

(& —C

=1l—e“—c-e/".¢

=1—-¢e° <1+c~ec/").
As e/ goes to 1 for n — 0o, we get the claimed bound. O

3.4. Many Edges Have Large Common Regions

In Section we derived a lower bound on the probability that Nyn, >
N\ provided that the probability for a vertex to end up in the shared region
Runy is sufficiently large compared to R,\,. In the following, we estimate the
measures of these regions depending on the distance between u and v. Then,

we give a lower bound on the probability that pu(Runs) > u(Ru\y)-

Lemma 9. Let G ~ G(n,r) be a random geometric graph with expected average

degree 8, let {u,v} € E be an edge, and let T := dist(u,0) Then,

r

w(Runw) = (71—51)71 (2 arccos (%) — sin (2 arccos (g))) (8)

and

0

n—1

p(Buw) = p(Rov) = — (Rurw)- 9)

Proof. We start with proving Equation . Let ¢ and j be the two intersection
points of the disks of w and v, let o be the central angle enclosed by i and 7,
and let x be the corresponding circular sector, cf. Figure Moreover, let the
triangle y be a subarea of x determined by « and the radical axis ¢, cf. Figure[3b]
Let h denote the height of the triangle y, cf. Figure For our calculations,
we restrict the length of ¢ by the intersection points i and j. Since we consider
the intersection between disks and thus ¢ divides the area u(Ryn,) into two
subareas of equal sizes, it holds that pu(Ryn,) = 2 (u(x) — u(y)). Considering
the two areas u(x) and u(y), it holds that

plz) = %Tz and  p(y) =h- g = cos (%) 7 - sin (%) r= sin2(a)r2. (10)
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® @ 4

(a) Let o« be the
central angle deter-
mined by the intersec-
tion points ¢ and 7,
and let « be the corre-
sponding circular sec-
tor (illustrated in yel-

low).

(b) Let y be a triangle
in the intersection (il-
lustrated in green) de-
termined by the radi-
cal axis £ and the cen-

tral angle «, cf. Fig-

e

(¢) The height h di-
vides the area pu(y)
(illustrated in green)
of the triangle y, cf.
Figure BB into two
subareas of equal size,
since adjacent and op-

posite legs have the

same length r.

Figure 3: The neighborhood of two adjacent vertices u and v in a random geometric graph.

For the central angle o we know cos(a/2) = h/r = 7/2 and therefore o =

2 arccos (%) Together with eq. , we obtain

~—

(Rurw) = 2 (u(x) — p(y)

5 ZarCC;)s (5) 2 sin (2 ar(2:cos (5)) 2 (11)

The area of a general circle is equal to 72, Since we consider a ground space
with total area 1, the area of one disk in the random geometric graph equals
%, ie., r? = ﬁ. Together with eq. , we obtain eq. .

Equation @: We get the claimed equality by noting that j(Runy)+u(Ru\y) =

2,

O

Lemma 10. Let G ~ G(n,r) be a random geometric graph, and let {u,v} € E
be an edge. Then Pr [p(Runy) > p(Ruw)] > (%)2.

Proof. Let 7 = w By Lemma@with p(Runw) > p(Ro\u), wWe get
(2 arccos (%) — sin (2 arccos (%))) > g,
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which is true for 7 > 1. The area of a disk of radius 1r is (n(2r)?) / (mr?) =
(%)2 times the area of a disk of radius r. Hence, the fraction of edges with

distance at most %r is at least (%)2, concluding the proof. O

3.5. Proof of Theorem
By Theorem |3} the probability that a random edge {u, v} is monochrome is
at least 1 +Pr[D] /2, where D is the event that the common neighborhood of u

and v is more decisive than each exclusive neighborhood. It remains to bound

Pr[D].

Existence of an edge yields a large shared region. Let R be the
event that p(Runy) > p1(Ry\y). Note that this also implies p(Runy) > p(Ry\u)

as (R ) = p(Ry\y). Due to the law of total probability, we have
Pr[D] > Pr[R]-Pr[D | R].

Due to Lemma we have Pr[R] > (%)2. Recall that the area of one disk
%, where § is the expected average
degree. By conditioning on R in the following, since p(Rynw) + p(Ry\y) = 2

n—1’
it holds that H(Ruﬁv) > % > M(Ru\v) = M(Rv\u)

in the random geometric graph equals

Neighborhood sizes are roughly binomially distributed. The next
step is to go from the size of the regions to the number of vertices in these
regions. Each of the remaining n’ = n — 2 vertices is sampled independently to
lie in one of the regions Ryny, Ry\vs Bo\us OF Rygg. Denote the resulting num-
bers of vertices with X7, X5, X3, and X}, respectively. Then (X7, Xo, X3, X4)
follows a multinomial distribution with parameter p = (p,q,q,1 —p — 2q) for
p = p(Rury) and ¢ = p(Ry\ o) = p(Ry\u)- Note that Nun, = X1, Ny = Xo+1,
and N\, = X3 + 1 holds for the sizes of the common and exclusive neighbor-
hoods, where the +1 comes from the fact that v is always a neighbor of u and
vice versa.

We apply Lemma [6] to obtain independent binomially distributed random
variables Y1, Y5, and Y3 that are likely to coincide with X1 = Nyny, Xo = Ny —
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1, and X3 = N,\, — 1, respectively. Let B denote the event that (Nuny, Ny\y» —
1, Now — 1) = (Y1,Y5,Y3). Again, using the law of total probabilities and due
to the fact that R and B are independent, we get

Pr[D|R]>Pr[B|R]-Pr[D|RNB]=Pr[B]-Pr[D|RNB.

Note that p,q < g, for the expected average degree §. Thus, Lemma |§| implies
that Pr[B] > (1 — 33 /n ) Conditioning on B makes it correct to assume
that Nyn, ~ Bin(n/,p), (Nu\v — 1) ~ Bin(n/, q), (Nv\u — 1) ~ Bin(n/,q) are

independently distributed. Additionally conditioning on R gives us p > 2%, > q.

A large shared region yields a large shared neighborhood. In the
next step, we consider an event that makes sure that the number N,n, of
vertices in the shared neighborhood is sufficiently large. Let N1, N2, and N3 be
the events that Nyny > Nyvys Nunw = Ny\wus and Nyn, > 1, respectively. Let N
be the intersection of N1, Ny, and N3. We obtain

Pr[D | RN B]
>Pr[N|RNB|-Pr[D| RNBNN]
>Pr[Ny|RNB]-Pr[Ns | RNB]-Pr[Ns | RNB]-Pr[D| RNBNNJ,
where the last step follows from Lemma [3] as the inequalities in Ny, N3, and
N3 all go in the same direction. Note that Ny, > N\, is equivalent to
Nuyrw > Nyyw—1. Due to the condition on B, Nyn, and Ny, —1 are independent

random variables following Bin(n’, p) and Bin(n’, q), respectively, with p > ¢ due

to the condition on R. Thus, we can apply Lemma (7] to obtain

Pr[Ni | RNB|=Pr[Ns |RNB] > |+ — —2 | (1—0(1)),

V2r[3/2)

and Lemma [§| gives the bound

Pr[Ns | RN B] > (1 — 0/ (1+ g)) (1—0(1)).

Note that both of these probabilities are bounded away from 0 for § > 2.

Conditioning on N lets us assume that the shared neighborhood of u and v
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contains at least two vertices and that it is at least as big as each of the exclusive

neighborhoods.

A large shared neighborhood yields high decisiveness. The last
step is to actually bound the remaining probability Pr[D | RN BN N]. Note
that, once we know the number of vertices in the shared and exclusive neigh-
borhoods, the decisiveness no longer depends on R or B, i.e., we can bound
Pr[D | N] instead. For this, let Dy and Do be the events that Dyny > Dy,
and Dyny > Do\, respectively. Note that D is their intersection. Moreover,
due to Lemma [3] we have Pr[D | N] > Pr[D; | N] - Pr[Dz | N]. To bound
Pr[D; | N] = Pr[Dy | N], we use Theorem [4 Note that the b and a in Theo-
remcorrespond to Nuny and N\, +1 (the +1 coming from the fact that N,
does not count the vertex v). Moreover conditioning on N implies that a < b

and b > 1. Thus, Theorem implies Pr[D; | N] > &.

Conclusion. The above arguments give us that the fraction of monochrome

edges is

1
+=-Pr[R]-Pr[B]-(Pr[N, | RN B])*-Pr[Ns | RN B]-(Pr[D; | N])?,
2 s
2(2)° 10 2t 21-e 2 (14) 2%

where we omitted the o(1) terms for Pr[N; | RN B] and Pr[N3 | RN B], as
they are already covered by the 1 — o (1) coming from Pr[B]. This yields the
bound stated in Theorem [

i () (D) e

4. Monochrome Edges in Erd6s—Rényi Graphs

In the following, we are interested in the probability that an edge {u, v} is

monochrome after the FSP on Erdés—Rényi graphs. In contrast to geometric
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random graphs, we prove an upper bound. To this end, we show that it is likely
that the common neighborhood is empty and therefore v and v choose their
types to be the predominant type in their exclusive neighborhood, which is ¢+

and ¢t~ with probability %, each.

Theorem 5. Let G ~ G(n,p) be an Erdés—Rényi graph with expected average
degree § = o (\/n). The expected fraction of monochrome edges after the FSP is
at most 5 + o (1).

Proof. Given an edge {u,v}, let M be the event that {u, v} is monochrome. We
first split M into disjoint sets with respect to the size of the common neighbor-

hood and apply the law of total probability and get Pr[M]

=Pr[M | Nynw =0] - Pr[Nyny = 0] + Pr[M | Nyny > 0] - Pr[Nyny > 0]

SPI‘[M |NumU:O]1+1Pr[Numv>0}

We bound each of the summands separately. For estimating Pr [M | Nyn, = 0],
we note that the types of u and v are determined by the predominant type in
disjoint vertex sets. By definition of the FSP this implies that the probability
of a monochrome edge is equal to %

We are left with bounding Pr [N,q, > 0]. Let n’ = n — 2 be the number
of the remaining vertices. Note that N,n, ~ Bin (n’,pg). Thus, by Bernoulli’s
inequality we get Pr[Nyq, > 0] = 1= Pr[Nyqn, =0 =1 — (1 —p2)n/ < n'p?.
Noting that n'p? = o(1) holds due to our assumption on J, concludes the

proof. O

5. Empirical Comparison for more Iterations

Our theoretical analyses in the previous sections focused on the segregation
strength after the first iteration. In this section, we complement these results
with empirical results for multiple iterations. That is, agents make their decision
whether to change their color several times, based on the state after the previous

iteration.
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In Section we analyze by how much the fraction of monochrome edges
changes in each iteration. On the one hand, for random geometric graphs,
we observe that the fraction of monochrome edges converges to a value larger
than 1/2, with the first iteration contributing considerably to this change. On
the other hand, for Erdés—Rényi graphs, the fraction of monochrome edges first
stays close to 1/2 before reaching 1, depending on the average degree and the
number of iterations.

The behavior of Erd6s—Rényi graphs reaching fully monochrome edge sets
leads to the question about how evenly the two colors are distributed among
the agents, which we consider in Section [5.3] We find that the average degree
of Erdés—Rényi graphs plays an important role in whether the two colors are
roughly equally distributed or whether one color takes over the entire graph.
In contrast, for random geometric graphs, the two colors are basically equally
distributed over multiple iterations. This shows that random geometric graphs
evince a more stable behavior while Erdés—Rényi graphs show a more degener-
ated one.

Last, based on the observations of the behavior of Erd6s—Rényi graphs, we
investigate in Section if and at which average degree the FSP on random
geometric graphs results in a single color taking over all agents. We find that
this is the case for some average degree in © (y/n), suggesting that our regime
for the average degree of o (y/n) in Theorem [2|is close to tight.

In the following, we explain our experimental setup in Section [5.1] and then

go into detail about the observations mentioned above.

5.1. Experimental Setup

We consider random geometric and Erdos—Rényi graphs. Recall that we use
for the random geometric graphs a two-dimensional toroidal Euclidean space as
the ground space. We note that we ran our experiments, in addition to what we
present here, also on the (non-toroidal) unit square as ground space but could
not notice any qualitative difference in our observations. For the Erdés—Rényi

graphs, we used the G(n,p) model. We consider graph sizes from 5000 up
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Figure 4: The fraction of monochrome edges for the first six iterations of the FSP on a
random geometric graph with 500 vertices and average degree 16 on the torus. The top part
of the figure depicts the state of the FSP after each iteration. The blue and orange edges are
monochrome edges between two adjacent blue and orange agents, respectively, while a gray

edge depicts an edge between an orange and blue agent.

to 25000 nodes, expected average degrees between 2 and 32 as well as 0.5y/n
and 3.5./n, respectively. Moreover, we consider up to 200 iterations and run
our experiments 1000 times to measure the fraction of monochrome edges, the
fraction of vertices changing their color, and the fraction of vertices belonging

to the minority. For reproducibility purposes, our code is publicly available on

GitHub [52].

5.2. Changes to the colors of agents

We are interested in how often agents change their color. To this end, we
look at only the number of monochrome edges (Section [5.2.1)) as well as the
number of agents that change color (Section [5.2.2)).

5.2.1. Changes to the fraction of monochrome edges
Figure [] shows exemplary the first six iterations of the FSP for a random

geometric graph. As seen in Figure [5] we observe that in random geometric

graphs, the fraction of monochrome edges increases with every iteration. How-
ever, while in the first iterations the fraction of monochrome edges is strongly

rising, in particular the strongest increase happens in the first iteration, it sta-
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Figure 5: The fraction of monochrome edges over the first 30 iterations of the FSP on Erd&s—
Rényi graphs and random geometric graphs with 25000 vertices for different average degrees.
Each point denotes the mean of 1000 runs. The lines around each point depict the standard
deviation. In general, the segregation strength increases with the number of iterations. Please

refer to Section for more details.

bilizes quickly, and, from then on, only small changes are visible. Hence, this
shows that the first iteration plays a large role since we see a clear difference
in the fraction of monochrome edges which is not the case after 30 iterations,
where only very small changes can be observed. Moreover, note that Figure
shows only a very low variance so the overall behavior does not depend on the
specific graph.

Turning to Erdés—Rényi graphs in the first iterations the process acts in an
expected manner: approximately half of the edges are monochrome, cf. Figure[5]
However, there is a turning point from which on the number of monochrome
edges increases until (almost) all edges are monochrome. This is a surprising
behavior since the FSP behaves differently in the subsequent iterations com-
pared to the first ones. In Section[5.3] we see that this is due to one color taking
over the entire graph. The turning point where the graph becomes monocol-
ored depends on the specific graph, which leads to the high variance in the plot.
Furthermore, the plot suggests that the turning point appears earlier for higher

average degrees.
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Figure 6: The fraction of vertices changing their color over the first 30 iterations of the FSP on
Erd6s—Rényi graphs and random geometric graphs with 25000 vertices for different average
degrees. Each point denotes the mean of 1000 runs. The lines around each point depict the
standard deviation. In general, except for very small average degrees, the process reaches a

stable state. Please refer to Section for more details.

5.2.2. Number of agents changing color

For random geometric graphs, Figure[6]shows that for small average degrees,
a substantial fraction of the agents keeps on changing their color although Fig-
ure [5| indicates convergence in the number of monochrome edges. For higher
average degrees only a very small number of agents changes their color after
30 iterations, which suggest almost stable states. Thus, while the number of
monochrome edges seems to always converge, the convergence of the FSP itself
with respect to the colors of the agents is more dependent on the average degree.
In particular, this shows that a big part of the graph is stable while there are
areas in which the agents switch between strongly segregated configurations.
We note that such oscillating behavior has been observed before in the litera-
ture. This happens heavily in regular structures commonly used for modeling
residential areas, like grid graphs, regular graphs, paths, cycles, and trees. In
contrast, random geometric graphs exhibit irregularities, which leads to stronger
local minima with respect to the number of monochrome edges and, hence, to

a more stable behavior. This effect is not as strong for low expected average
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Figure 7: The fraction of vertices belonging to the minority over the first 30 iterations of the
FSP on Erdés—Rényi graphs and random geometric graphs with 25000 vertices for different
average degrees. Each point is based on 1000 runs. The lines around each point depict
the standard deviation. In general, Erdés—Rényi graphs end up single-colored while random

geometric graphs stay bi-colored. Please refer to Section for more details.

degrees as it is for large ones. We believe this to be an indicator for the benefit
of using random geometric graphs instead of completely random structures as

underlying topology.

5.83. The size of the minority

We consider the number of agents of the color that has fewer agents (the
minority), shedding light on whether the FSP results in a graph that consists
of agents of only a single color.

In Figure [7] we see that for random geometric graphs, the fraction of the
minority is very close to 1/2 and stays there over many iterations. Thus, both
colors contribute roughly equally to the number of monochrome edges. However,
for Erd6s—Rényi graphs, the behavior is quite different. While the fraction of
the minority stays close to 1/2 for low average degrees (at least for the first 30
iterations), it goes to 0 for higher average degrees, and it does so more quickly the
higher the average degree. Note that we see in Figure[7]that also for low average
degrees the fraction of the minority starts to move away from 1/2 towards 0.

The high variance indicates that the graph structure has some impact on when
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Figure 8: The probability that one color takes completely over after 200 iterations in the
FSP on a random geometric graph depending on the average degree for different numbers of
vertices n. For each value of n, the average degrees range from 0.5y/n to 3.54/n in steps of
0.3y/n. Each point is based on 1000 runs. In general, the higher the expected average degree
the more likely the FSP ends up in a single-colored graph. Please refer to Section [5.3|for more

details.

this change takes place, but all agents eventually have the same color for higher
average degrees. Hence, although the probability of each color remains 1/2
for each node, there are dependencies and the FSP has a reinforcing effect on
an already slight imbalance. This also explains the increase of the fraction of
monochrome edges, as discussed in Section and the convergence of agents

changing color, as discussed in Section [5.2.2]

5.4. Degeneracies in random geometric graphs for higher average degrees

The behavior of the Erdés—Rényi graphs discussed in Section [5.3] raises the
question for random geometric graphs if and, if so, at which average degree the
FSP ends in a graph where all agents have the same color.

Figure [§| depicts the fractions of FSPs that resulted in all agents having the
same color after 200 iterations with respect to the average degree, for multiple

graph sizes. We see that increasing the average degree leads to a drastically
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increased probability of the FSP converging to a single color of agents, although
its probability seems to be a constant bounded away from 1. For all graph sizes
considered, the transition from a probability of almost 0 to a positive probability
happens for average degrees of © (y/n). This is in line with our main theoretical
result, Theorem [2] which states that the FSP on random geometric graphs, after
the first iteration, has a fraction of monochrome edges that is higher than 1/2
by a constant as long as the average degree is in o (y/n), suggesting that the
behavior of the FSP is rather different for higher average degrees. Hence, both
our theoretical result as well as our empirical studies indicate that something
changes decisively for average degrees of © (y/n). This calls for a theoretical
investigation of this threshold behavior. Moreover, we suspect that there is
another threshold where the probability for becoming monochromatic switches

from a constant bounded away from 1 to 1.

6. Conclusion

We introduced the Flip Schelling Process (FSP), a version of Schelling’s
segregation model where agents choose their type based on the majority in their
neighborhood. We analyzed it theoretically for a single iteration and empirically
for multiple iterations. This leaves the theoretical analysis of multiple iterations
open. Note that our empirical analysis shows that one should expect oscillating
behavior in the FSP for low average degrees (Figure @ Thus, beyond studying
the number of monochromatic edges in an equilibrium, one additionally has to
understand this oscillating behavior, e.g., by showing that there is an average
degree beyond which the FSP reaches a stable state.

In this article, we assumed that agents choose their type based on their
neighborhood, regardless of their own type. However, a natural behavior of the
agents is that the type of the considered agent itself affects the agent’s choice.
Preliminary experiments show that the behavior of the FSP is different if we
do not break ties fairly—i.e., if exactly half of the agents in the neighborhood
have a different type, they choose each type with probability %—but agents
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keep their type instead. This tie-breaking rule increases the likelihood that
agents have monochromatic edges since each agent influences their neighbors
with their own type, which they keep (instead of choosing a random type for
the next iteration). This introduces an imbalance of colors with respect to an
agents own type in case of a draw in the neighborhood. Hence, we observe higher
fractions of monochrome edges after the FSP in both, random geometric and
Erdés—Rényi graphs. The smaller the average degree, the greater the impact of
this effect seems to be, as this increases the likelihood of ties in a neighborhood.

Last, our results are based on the assumption that the type of each agent
is chosen independently and uniformly at random. Hence, roughly half of the
agents are of type tT and the other half are of type ¢t~. It remains open to
investigate a more general model where agents are of type T with an arbitrary
probability p* and of type ¢t~ with probability p~ = 1 —p™. Since we saw in our
empirical results that the FSP has a reinforcing effect on even slight imbalances,
we conjecture that for Erdés—Rényi graphs, already in the first iterations, the
number of monochrome edges increases until one color takes over completely.
For random geometric graphs, we conjecture that if the average degree is low
enough and if pT is constant, the fraction of vertices of type ¢t remains roughly

around its initial value.
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