The Cover Time of Deterministic Random Walks

Tobias Friedrich! and Thomas Sauerwald?

! Max-Planck-Institut fiir Informatik, Campus E1.4, 66123 Saarbriicken, Germany
2 Simon Fraser University, Burnaby B.C. V5A 156, Canada

Abstract. The rotor router model is a popular deterministic analogue
of a random walk on a graph. Instead of moving to a random neigh-
bor, the neighbors are served in a fixed order. We examine how fast
this “deterministic random walk” covers all vertices (or all edges). We
present general techniques to derive upper bounds for the vertex and edge
cover time and derive matching lower bounds for several important graph
classes. Depending on the topology, the deterministic random walk can
be asymptotically faster, slower or equally fast compared to the classical
random walk.

1 Introduction

We examine the cover time of a simple deterministic process known under vari-
ous names such as “rotor router model” or “Propp machine.” It can be viewed
as an attempt to derandomize random walks on graphs G = (V, E). In the model
each vertex x € V is equipped with a “rotor” together with a fixed sequence of
the neighbors of x called “rotor sequence.” While a particle (chip, coin, ...) per-
forming a random walk leaves a vertex in a random direction, the deterministic
random walk always goes in the direction the rotor is pointing. After a particle is
sent, the rotor is updated to the next position of its rotor sequence. We examine
how fast this model covers all vertices and/or edges, when one particle starts a
walk from an arbitrary vertex.

1.1 Deterministic Random Walks

The idea of rotor routing appeared independently several times in the literature.
First under the name “Eulerian walker” [28], then as “edge ant walk” [33] and
later as “whirling tour” [16]. Around the same time it was also popularized by
James Propp and analyzed by Cooper and Spencer [10] who called it the “Propp
machine.” Later the term “deterministic random walk” was established in Doerr
et al. |11, 114]. For brevity, we omit the “random” and just refer to “deterministic
walk.”

Cooper and Spencer |10] showed the following remarkable similarity between
the expectation of a random walk and a deterministic walk with cyclic rotor
sequences: If an (almost) arbitrary distribution of particles is placed on the
vertices of an infinite grid Z¢ and does a simultaneous walk in the deterministic
walk model, then at all times and on each vertex, the number of particles deviates
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from the expected number the standard random walk would have gotten there,
by at most a constant. This constant is precisely known for the cases d =1 [11]
and d = 2 [14]. It is further known that there is no such constant for infinite
trees [12]. Levine and Peres [24, [25] also extensively studied a related model
called internal diffusion-limited aggregation for deterministic walks.

As in these works, our aim is to understand random walk and their deter-
ministic counterpart from a theoretical viewpoint. However, we would like to
mention that the rotor router mechanism also led to improvements in applica-
tions. With a random initial rotor direction, the quasirandom rumor spreading
protocol broadcasts faster in some networks than its random counterpart [15],
A similar idea is used in quasirandom load balancing |20].

We consider our model of a deterministic walk based on rotor routing to be
a simple and canonic derandomization of a random walk which is not tailored
for search problems. On the other hand, there is a vast literature on local deter-
ministic agents/robots/ants patrolling or covering all vertices or edges of a graph
(e.g. 121),123,130,132,133]). For instance, Cooper et al. [9] studied a model where the
walk uses adjacent edges which have been traversed the smallest number of times.
However, all of these models are more specialized and require additional coun-
ters/identifiers/markers/pebbles on the vertices or edges of the explored graph.

1.2 Cover Time of Random Walks

In his survey, Lovdsz |[26] mentions three important measures of a random walk:
cover time, hitting time, and mixing time. These three (especially the first two)
are closely related. Here we will mainly concentrate on the cover time, which
is the expected number of steps to visit every node. The study of the cover
time of random walks on graphs was initiated in 1979. Motivated by the space-
complexity of the s—t-connectivity problem, Aleliunas et al. [2] showed that the
cover time is upper bounded by O(|V||E|) for any graph. For regular graphs,
Feige [18] gave an improved upper bound of O(|V|?) for the cover time. Broder
and Karlin [4] proved several bounds which rely on the spectral gap of the
transition matrix. Their bounds imply that the cover time on a regular expander
graph is ©(|V|log|V]). In addition, many papers are devoted to the study of the
cover time on special graphs such as hypercubes [1], random graphs [7], random
regular graphs [6], random geometric graphs [8] etc. A general lower bound of
(I =0(1))|V]In|V] for any graph was shown by Feige [11].

A natural variant of the cover time is the so-called edge cover time, which
measures the expected number of steps to traverse all edges. Amongst other
results, Zuckerman |35, [36] proved that the edge cover time of general graphs is
at least 2(|E|log|E|) and at most O(|V| |E|).

1.3 Cover Time of Deterministic Walks (Our Results)

For the case of a cyclic rotor sequence the edge cover time is known to be
O(|E| diam(G)) (see Yanovski et al. [34] for the upper and Bampas et al. [3] for
the lower bound). It is further known that there are rotor sequences such that
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Table 1. Comparison of the vertex cover time of random and deterministic walk on
different graphs (n = |V|)

Graph class G Vertex cover time VC(G) Vertex cover time VC(G)
of the random walk of the deterministic walk
k-ary tree, k = O(1) O(nlog®n) [36, Cor. 9 O(nlogn) (Thm. and B13))
star O(nlogn) [36, Cor. 9] O(n)  (Thm.EI)
cycle O(n?) [26, Ex. 1] O6(n?) (Thm.E3 and BIT)
lollipop graph O(n?)  [26, Thm. 2.1] O(n?®)  (Thm.Ed and BI4)
expander O(nlogn) [4, Cor. 6], [31] O(nlogn) (Thm.HEH Cor. B1)
two-dim. torus O(nlog®n) [36, Thm. 4], [5, Thm. 6.1] O(n**) (Thm. and B1T))
d-dim. torus (d > 3) O(nlogn) [36, Cor. 12], [5, Thm. 6.1] O(n'*Y/) (Thm. BII)
hypercube O(nlogn) [1, p. 372], [27, Sec. 5.2]  O(nlog®n) (Thm. BT and BI2)
complete O(nlogn) [26, Ex. 1] O(n?)  (Thm.EI and BI0)

the edge cover time is precisely |E| |28]. We allow arbitrary rotor sequences and
present three techniques to upper bound the edge cover time based on the local
divergence (Thm. B3], expansion of the graph (Thm. [3.6), and a corresponding
flow problem (Thm. [30). With these general theorems it is easy to prove upper
bounds for expanders, complete graphs, torus graphs, hypercubes, k-ary trees
and lollipop graphs. In addition we show in Section [ that these bounds can be
matched by very canonical rotor sequences. Though a general lower bound of
N(|E| diam(G)) was shown in |3], we believe that the study of these canonical
rotor sequences is of independent interest. Unfortunately, all proofs had to be
omitted to meet the page limit. They will be given in the full version of the
paper.

It is not our aim to prove superiority of the deterministic walk, but it is
instructive to compare our results for the vertex and edge cover time with the
respective bounds of the random walk. Tables [Il and @ group the graphs in
three classes depending whether random or deterministic walk is faster. In spite
of the strong adversary (as the order of the rotors is completely arbitrary), the
deterministic walk is surprisingly efficient. It is known that the edge cover time of
random walks can be asymptotically larger than its vertex cover time. Somewhat
unexpectedly, this is not the case for the deterministic walk. To highlight this
issue, let us consider hypercubes and complete graph. For these graphs, the
vertex cover time of the deterministic walk is larger while the edge cover time is
smaller (complete graph) or equal (hypercube) compared to the random walk.

2 Models and Preliminaries

2.1 Random Walks

We consider weighted random walks on finite connected graphs G = (V| E).
For this, we assign every pair of vertices u,v € V a weight c¢(u,v) € Ny (ra-
tional weights can be handled by scaling) such that c(u,v) = c(v,u) > 0 if
{u,v} € E and c(u,v) = ¢(v,u) = 0 otherwise. This defines transition proba-
bilities Py o := c(u,v)/c(u) with c(u) := 3, oy c(u, w). So, whenever a random
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Table 2. Comparison of the edge cover time of random and deterministic walk on
different graphs (n = |V|)

Edge cover time EC(G Edge cover time EC(G
Graph class G of the random wal(k ) of the deterministic \(Naik
k-ary tree, k = O(1) O(nlog®n) [36, Cor. 9] O(nlogn) (Thm. and B13))
star O(nlogn) [36, Cor. 9] O(n)  (Thm.EI)
complete O(n*logn) [35, 36] O(n?)  (Thm. EIl and BI0)
expander O(nlogn) [35, 36] O(nlogn) (Thm.HH Cor. B1)
cycle 6(n?) [26, Ex. 1] O(n*) (Thm.E3 and BIT)
lollipop graph O(n®) [26, Thm. 2.1], [35, Lem. 2] O(n®) (Thm.Ed and BI4)
hypercube O(nlog®n) 35, 36] O(nlog®n) (Thm. E7 and B12)
two-dim. torus O(nlog®n) 35, 36] 6(n'®) (Thm. and B1TI)
d-dim. torus (d > 3) O(nlogn) [35, 36] O(n*+1/4) (Thm. BIT)

walk is at a vertex u it moves to a vertex v in the next step with probability P, .
Moreover, note that for all u,v € V, ¢(u,v) = ¢(v,u) while P, , # Py, in gen-
eral. This defines a time-reversible, irreducible, finite Markov chain Xy, X, ...
with transition matrix P. The t-step probabilities of the walk can be obtained by
taking the t-th power of P?. In what follows, we prefer to use the term weighted
random walk instead of Markov chain to emphasize the limitation to rational
transition probabilities.

It is intuitively clear that a random walk with large weights c(u, v) is harder
to approximate deterministically with a simple rotor sequence. To measure this,
We US€ Cmax 1= MaxXy yey ¢(u,v). An important special case is the unweighted
random walk with c(u,v) € {0,1} for all u,v € V on a simple graph. In this
case, Py, = 1/deg(u) for all {u,v} € E, and ¢max = 1. Our general results hold
for weighted (random) walks. However, the derived bounds for specific graphs
are only stated for unweighted walks. With random walk we mean unweighted
random walk and if a random walk is allowed to be weighted we will emphasize
this. For weighted and unweighted random walks we define for a graph G,

e cover time: VC(G) = max,cv E [min {t >o0: UE:O{XZ} =V} |Xo= u},
e edge cover time:
EC(G) = maxyey E {min {t>0: Ul {X, 1, X} = B} | X = u}.

The (edge) cover time of a graph class G is the maximum of the (edge) cover
times of all graphs of the graph class. Observe that VC(G) < EC(G) for all
graphs G. For vertices u,v € V we further define

e (expected) hitting time: H(u,v) = E[min{t > 0: X; = v} | Xo = u],

e stationary distribution: m, = c(u)/ ¢y c(w).

2.2 Deterministic Random Walks

We define weighted deterministic random walks (or short: weighted determinis-
tic walks) based on rotor routers as introduced by Holroyd and Propp |22]. For
a weighted random walk, we define the corresponding weighted deterministic
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walk as follows. We use a tilde (7) to mark variables related to the deter-
ministic walk. To each vertex u we assign a rotor sequence $(u) = (5(u,1),

S(u,2), ..., 5(u, d( ))) € Vidw of arbitrary length d( ) such that the number
of timeb a nelghbor v occurs in the rotor sequence $(u) corresponds to the
transition probability to go from u to v in the weighted random walk, that
is, Py, = {7 € [d(u)]: $(u,?) = v}|/d(u) with [d(u)] := {1,. (u)} For a
weighted random walk, Elv(u) is a multiple of the lowest common denominator
of the transition probabilities from u to its neighbors. For the standard random
walk, a corresponding canonical deterministic walk would be d(u) = deg(u) and
a permutation of the neighbors of u as rotor sequence $(u). As the length of the
rotor sequences crucially influences the performance of a deterministic walk, we
set K := maxy,cv d(u)/ deg(u) (note that K > 1). The set V together with 5(u)
and d(u) for all u € V defines the deterministic walk, sometimes abbreviated D.
Note that every deterministic walk has a unique corresponding random walk
while there are many deterministic walks corresponding to one random walk.

We also assign to each vertex w an integer 7 (u) € [d(u)] corresponding to a
rotor at u pointing to 5(u,7¢(u)) at step t. A rotor configuration C' describes the
rotor sequences s(u) and initial rotor directions 7o(u) for all vertices u € V. At
every time step t the walk moves from Z; in the direction of the current rotor
of Z; and this rotor is incremented to the next position according to the rotor
sequence $(z;) of x;. More formally, for given Z; and 7:(-) at time ¢t > 0 we
set it_i'_l = S(.%t,?t(it)), ?t—i-l(it) = ?t(-%t) mod d(.%t) + 1, and ?t+1(u) = ?t(u)
for all u # Z;. Let C be the set of all possible rotor configurations (that is,
3(u), To(u) for u € V) of a corresponding deterministic walk for a fixed weighted
random walk (and fixed rotor sequence length d(w) for each u € V). Given a rotor
configuration C' € C and an initial location g € V, the vertices g, T1,... € V
visited by a deterministic walk are completely determined. For deterministic
walks we define for a graph G and vertices u,v € V,

e deterministic cover time:

VC(G) = maxz,cv maxcee min {¢ > 0: Uz AT} =V},
e deterministic edge cover time:
EC(G) = maxz,cy maxcec min {t > 0: Uzzl{@,l,@} = E},
e hitting time: ﬁ(u, v) = maxcec min{t > 0: Ty = u,To = v}.
Note that the definition of the deterministic cover time takes the mazimum over
all possible rotor configurations, while the cover time of a random walk takes the
expectation over the random decisions. Also, VC(G) < EC(G) for all graphs G.
We further define for fixed conﬁgurations C e, %0, and vertices u,v € V,

e number of visits to vertex u: Ny(u =[{0< <t T =u},

e number of traversals of a dlrected edge u — v: Ny(u — v) = |{1 </l <

t: (Tp_1,Tp) = (u,v)}|

! In this respect we slightly deviate from the model of Holroyd and Propp [22] who

first increment the rotor and then move the chip, but this change is insignificant
here.
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2.3 Graph-Theoretic Notation

We consider finite, connected graphs G = (V, E). Unless stated differently, n :=
|[V| is the number vertices and m := |E| the number of undirected edges. By ¢
and A we denote the minimum and maximum degree of the graph, respectively.
For a pair of vertices u,v € V| we denote by dist(u,v) their distance, i.e., the
length of a shortest path between them. For a vertex u € V, let I'(u) denote the
set of all neighbors of u. More generally, for any k > 1, I'*(u) denotes the set
of vertices v with dist(u,v) = k. For any subsets S,T7 C V, E(S) denotes the
set of edges with one endpoint in S and E(S,T) denotes the edges {u,v} with
u € S and v € T. As a walk is something directed, we also have to argue about
directed edges though our graph G is undirected. In slight abuse of notation,
for {u,v} € E we might also write (u,v) € E or (v,u) € E.

3 Upper Bounds on the Deterministic Cover Times

Very recently, Holroyd and Propp [22] proved that several natural quantities of
the weighted deterministic walk as defined in Section concentrate around the
respective expected values of the corresponding weighted random walk. To state
their result formally, we set for a vertex v € V,

K(v)—maXH(uv)+1( + ) d(i) Py [H(i,v) — H(j,v)—1|).

ucV
i,j€EV

Theorem 3.1 ([22, Thm. 4]) For all weighted deterministic walks, all ver-
(v)/t| < K(v) m/t.

Roughly speaking, Theorem [3] states that the proportion of time spent by the
weighted deterministic walk concentrates around the stationary distribution for
all configurations C' € C and all starting points Zo. To quantify the hitting or
cover time with Theorem Bl we choose t = K(v) + 1 to get N¢(v) > 0. To get
a bound for the edge cover time, we choose ¢ = 3K (v) and observe that then
N,(v) > 27, K (v) > d(v). This already shows the following corollary.

Corollary 3.2. For all weighted deterministic walks,
H(u,v) < K(v) + 1 for allu,v eV,
VC(G) < max K (v) + 1,

EC(G) <3 max K(v).
One obvious question that arises from Theorem [31] and Corollary is how to
bound the value K (v). While it is clear that K (v) is polynomial in n (provided
that ¢pmax and K are polynomially bounded), it is not clear how to get more pre-
cise upper bounds. A key tool to tackle the difference of hitting times in K (v) is
the following elementary lemma, where in case of a periodic walk the sum is taken
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as a Cesdro summation. The proof of this lemma and the proofs of all following
results is omitted due to space limitations.

Lemma 3.3. For all weighted random walks and all vertices i,j,v € V,
o (Ph, —Ph,) =m0 (H(j,v) — H(i,v)).

To analyze weighted random walks, we use the notion of local divergence which
is an important quantity in the analysis of load balancing algorithms [19, [29].

Definition 3.4. The local divergence of a weighted random walk is W(P) :=
max,cy (P, v), where W(P,v) is the local divergence w.r.t. to a vertexr v € V

defined as ¥(P,v) :== > =, Y lijrer |Pf,v — P§,U|.

Using Corollary and Lemma [3.3] we can prove the following bound on the
hitting time of a deterministic walk.

Theorem 3.5. For all deterministic walks and all vertices v € V,

K(v) < maxH(u,v) + KCmaXW(P, v) + 2m K Cmax-
ucV Ty

Note that Theorem is more general than just giving an upper bound for
hitting and cover times via Corollary B2l It can be useful in the other directions,
too. To give a specific example, we can apply the result of Theorem E.7] that
EC(G) = R(nlog®n) for hypercubes and max, , H(u,v) = O(n) (cf. [26]) to
Theorem [33 and obtain a lower bound of £2(nlog®n) on the local divergence of
hypercubes.

3.1 Upper Bound Depending on the Expansion

We now derive an upper bound for ENC(G) that depends on the expansion prop-
erties of G. Let A2(P) be the second-largest eigenvalue in absolute value of P.

Theorem 3.6. For all graphs G, ENC(G) = (9(? 17)\7;(13) + nE? 16;\?(12))'

Here, we call a graph with constant maximum degree an expander graph, if 1/(1—
X2(P)) = O(1) (equivalently, we have for all subsets X C V,1 < |X| < n/2,
|E(X,X)| = 2(|X]|) (cf. [13, Prop. 6])). Using Theorem B.6] we immediately
get the following upper bound on EC(G) for expanders.

Corollary 3.7. For all expander graphs, ﬁ(G) = O(kn logn).

3.2 Upper Bound by Flows

We relate the edge cover time of the unweighted random walk to the optimal
solution of the following flow problem.
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Definition 3.8. Consider the flow problem where a distinguished source node s
sends a flow amount of 1 to each other node in the graph. Then fs(i,j) de-
notes the load transferred along edge {i,j} (note fs(i,j) = —fs(j,i)) such that

do{ijleE fs(i, 5)? is minimized.

Theorem 3.9. For all graphs G,

EC(G)Z(’)(A max H(u,v)—i—An%—l—%ArSnea{;( Z |fs(l,j)|)

1) u,veV -
{i.j}eE

where fq is the flow with source s according to Definition [3.8.

3.3 Upper Bounds for Common Graphs

We now demonstrate how to apply above general results to obtain upper bounds
for the edge cover time of the deterministic walk for many common graphs. As
the general bounds Theorems [3.5], and [3.9 all have a linear dependency on &,
the following upper bounds can be also stated depending on k. However, for
clarity we assume % = O(1) here.

Theorem 3.10. For complete graphs, EC(G) = O(n?).

Theorem 3.11. For d-dimensional torus graphs (d > 1 constant), ENC(G) =
O(n't1/4),

Theorem 3.12. For hypercubes, ENC(G) = O(nlog®n).
Theorem 3.13. For k-ary trees (k > 2 constant), ENC(G) = O(nlogn).
Theorem 3.14. For lollipop graphs, EE(G) = 0(n?).

4 Lower Bounds on the Deterministic Cover Time

We first give a general lower bound of §2(m) on the deterministic cover time
for all graphs. Afterwards, for all graphs examined in Section for which this
general bound is not tight we present stronger lower bounds which match their
respective upper bounds.

Theorem 4.1. For all graphs, VNC(G) >m—4.

Theorem 4.2. For k-ary trees (k > 2 constant), \7VC(G) = 2(nlogn).
Theorem 4.3. For cycles, VC(G) = 2(n?).

Theorem 4.4. For lollipop graphs, VC(G) = 2(n?).

Theorem 4.5. There are expander graphs with VNC(G) = 2(nlogn).
Theorem 4.6. For two-dimensional torus graphs, VNC(G) = N(n3/?).
Theorem 4.7. For hypercubes, VC(G) = 2(nlog?n).
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