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A MINIMAL PRIKRY-TYPE FORCING
FOR SINGULARIZING A MEASURABLE CARDINAL

PETER KOEPKE, KAREN RASCH, AND PHILIPP SCHLICHT

Abstract. Recently, Gitik, Kanovei and the first author proved that for a classical Prikry forcing
extension the family of the intermediate models can be parametrized by P(w)/finite. By modifying the
standard Prikry tree forcing we define a Prikry-type forcing which also singularizes a measurable cardinal
but which is minimal, i.e.. there are no intermediate models properly between the ground model and the
generic extension. The proof relies on combining the rigidity of the tree structure with indiscernibility
arguments resulting from the normality of the associated measures.

81. Introduction. The classical Prikry forcing first appeared in Prikry’s disserta-
tion [9] in 1970. It gave a positive answer to the following question of Silver and
Solovay:

Is there a forcing preserving all cardinals while some cofinality changes?

In fact, the singularization of regular cardinals by some forcing is necessarily con-
nected with Prikry forcing. In such an extension there must be a Prikry generic filter
over an inner model with a measurable cardinal by the covering theorem of Dodd
and Jensen (see [1]).

Prikry forcing is equivalent to a Prikry tree forcing where conditions are trees
with trunks, where the splitting sets above the trunk are always large with respect to
the chosen normal measure. Many variants of Prikry forcings are known, see [2].

Let us give some examples for the analogous situation when a forcing adds a
subset of w instead of k. It is easily seen that Cohen forcing adds a perfect set of
mutually generic reals. On the other hand several forcings adding reals are minimal.
Here a generic extension is called minimal if it has only trivial intermediate models.
Furthermore, a forcing is said to be minimal if every generic extension by it is
minimal. The first known forcing with this property was Sacks forcing introduced
n [11]. Also plain Laver forcing is minimal, see [4]. Mathias forcing, the analog of
the classical Prikry forcing for w, is not minimal, as the subsequence of the Mathias
sequence formed by the elements with even indices generates a proper intermediate
model. This holds as well for plain Mathias forcing as for Mathias forcing with
an associated ultrafilter. In contrast to plain Laver forcing, the version with an
associated Ramsey ultrafilter is not minimal, because it is equivalent to Mathias
forcing with the same ultrafilter, see [6].
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Classical Prikry forcing is not minimal. The main result of Gitik, Kanovei and
the first author in [3] reads:

THEOREM 1.1. Let V[G] be a generic extension by classical Prikry forcing for some
normal measure on a measurable cardinal k. Then every intermediate model is a Prikry
extension by this forcing and is generated by some subsequence of the associated Prikry
sequence. Moreover, the intermediate models of V' and V[G] ordered by inclusion are
isomorphic to P(w) /finite ordered by almost inclusion.

Other Prikry-type forcings also have many intermediate models. Gitik showed
in [2] that for a 2#-supercompact cardinal x and a normal measure on P, (2#) every
<k-distributive forcing of size u is a subforcing of the associated supercompact
Prikry forcing. Thus all results in this context so far have shown that generic
extensions by Prikry-type forcings have many intermediate models.

In contrast with the above results, this paper provides a minimal Prikry-type
forcing preserving all cardinals while singularizing a measurable cardinal from the
ground model. Inspired by the classical Prikry tree forcing, we introduce the partial
order B,, where 7 is a sequence of k-complete nonprincipal ultrafilters over «. The
conditions of P, are %-trees whose splitting sets are large with respect to certain
ultrafilters in . In Section 3 we prove a Ramsey theorem for such trees and a
Prikry lemma for B,. which justifies calling it a Prikry-type forcing. Thereafter, in
Section 4, we are going to investigate the intermediate models of generic extensions
by B, if  is sequence of pairwise distinct normal measures. The minimality of B,
is a direct consequence of:

THEOREM 1.2. Let V[G] be a generic extension by B, where % is k-sequence of pair-
wise distinct normal measures on k. Then for every X € V[G] either X was already
in the ground model or X generates the whole generic extension, i.e., V[X] = V|[G].

Since the proof heavily uses the normality of the associated measures, we discuss
the situation in the more general setting without the requirement of normality in
Section 5. This may be helpful to gain information about generic extensions by the
classical Prikry tree forcing.

The results of this paper have grown out of the diploma project of the second
author under supervision of the first. In the diploma thesis [10] only a part of the
previous theorem was proved. For the remaining part the correspondence with the
third author was of indispensible importance.

82. Setting. The notation follows common conventions. We will typically think
of u,v € [k]<? as strictly increasing sequences of ordinals in k. By u < v we mean
that u is an initial segment of v. Moreover, we will use the typical operations on
sequences, namely concatenation denoted by the symbol ~ and the restriction of
the domain to some subset of w denoted by |[. In addition — corresponds to the
operation \, i.e., thinking of sequences remove the one range from the other and
enumerate the result increasingly. By a tree we understand a non-empty subset
of [k]<® which is closed under initial segments. If 7" is a tree and k € w, then
we denote by Levy (T') the k-th level of T, which consists of all elements of T of
length k. In this paper ultrafilters will be indexed by maxima of finite sequences in
trees. For convenience, we agree that max(2) = 0.
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2.1. Normal measures. For our construction we shall fix a measurable cardinal &,
and we shall assume that there is a sequence % = (U, : o < k) of pairwise distinct
normal measures on . By the following result of Kunen and Paris this assumption
has the consistency strength of ZFC + “there exists a measurable cardinal”.

THeOREM 2.1 (Kunen—Paris forcing, [7]). Assume that V' is a model of GCH and
let k be a measurable cardinal and /. > &+ a regular cardinal. Then in some generic
extension with the same cardinals and cofinalities there are . many pairwise distinct
normal measures on k.

In our minimality proof we will use a family (4, : o < &) of pairwise disjoint
subsets of k with 4, € U,. In the case of normal measures such a sequence always
exists:

LEMMA 2.2. Let k be a measurable cardinal carrying k-many pairwise distinct
normal measures (Uy: o < k). Then there is a family (Ao: o < k) of pairwise
disjoint subsets of k with A, € U,.

ProOF. For ordinals a.. f € k. a < f pick X, 5 C & such that X, 53 € U, \ Ug.
Moreover define X3, := & \ Xop and X, o := K. Let
Aa = ( AN Xa,/f) \ (O! + 1)
P<k
By the normality we have 4, € U,. Assume that there is £ € 4, N Ag. Then
¢ > max(a, f8) and therefore & € X, s N Xp,—a contradiction. -

2.2. Intermediate models of generic extensions. Every intermediate ZFC-model
of a generic extension V' [G] is generated by a single set, namely a Q-generic filter
H for some forcing Q over V', see [5, pp. 247-248]. We may further assume H C 4
for some cardinal 1. Hence, we restrict our attention to all sets of ordinals in V' [G]
in the minimality proof. The smallest inner model N of ZFC with ¥ C N C V[G]
and H € N for a set of ordinals H € V[G] can be defined without reference to
forcing as (J.cora. L[z, H] (such a model need not exist for arbitrary sets in V[G]).

zeV
It is easy to check that this is a model of ZFC for any H € V[G]. We say X is
V -constructibly equivalent to Y, in short X =y Y, if V[X] = V[Y].

83. Tree Prikry Forcing for Sequences of Ultrafilters. We now define and study
a Prikry-type forcing B, where = (U, : o < k) is a sequence of ultrafilters and
the conditions are trees whose branching sets are controlled by #. This generalizes
the classical situation where all branching sets are controlled by a single ultrafilter.
Nevertheless the forcing satisfies several properties of classical Prikry forcing, in
particular the Prikry lemma. In the next section we shall let  be a sequence of
pairwise distinct normal measures and obtain the desired minimality result.

For the rest of this section let # = (U, : o < k) denote some fixed sequence of
k-complete nonprincipal ultrafilters over the measurable cardinal .

3.1. %-trees and the partial order B,. The conditions in the forcing are trees of
the following type.

DEeFINITION 3.1. A set 7' C [k]<% is called Z-tree with trunk ¢ if

(T1) (T, <) is a tree.
(T2) t € T andforallu € T wehaveu <t or ¢ < u.
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(T3) Forallu € T if t < u then
Sucr(u) =={&<k:u" (&) € T} € Upay()-

Note that each such tree has a unique trunk.

FIGURE 1. An image of a %-tree.

DEFINITION 3.2. Let P, := {(¢, T): T is a Z-tree with trunk 7}. Furthermore for
(s.8), (t.T) € B, define
(,)<(t, Ty == SCT
(5.8) <" (1, Ty <= SCTands =t

In the latter case we call (s, S) a direct extension of (¢, T').

Note that (s..S) < (¢, T') implies s > 7.

The following lemma introduces several possibilities to alter a Z-tree to obtain a
new one, namely to restrict it, to remove an initial part or to attach the #-tree on
top of some finite strictly increasing sequence of ordinals in «.

LemMA 3.3 (and DEFINITION). Let T be a %-tree with trunk t.

(1) fueT,u>tthenT|u:={veT:u<LvVv u}isa¥-treewith trunk u

and (t, TY > (u, T u). The case u < t is not of interest since then Tl u =T.
(2) Foru € T let Ty == {v € [K]<?: u~v € T}. This is a %-tree with trunk
t —uifSucr(u) € Uport —u +# @.

(3) If u € [K]~” and max(u) = max(t) then u & Ty, = {u"v:t"v € T}isa
U-tree with trunk u.

ProoF. In every case all properties are evident from the respective definition.

What is essentially needed in (3) are the two properties Sucz (1) € Upax(,) and
max(u) < min(Sucr(z)).

LEMMA 3.4, Let (T:: & < ), 2 < K, be a sequence of -trees with the same
trunk t. Then (., T¢ is again a %-tree with trunk t.

Proor. This is obvious as U, is k-complete for every o < . -

Let us now characterize compatibility.
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LemMma 3.5. Let (s,S), (t. T) € P,. Then (s.S) || (¢, T) iff (s € T andt € S). In
particular (s, S)|| (¢t. T) implies s <t ort <s.

Proor. Clearly (r,R) < (s5,8),(t,T) implies s,¢ < r and therefore we have
s,t ERCS.T. IfseT,teSands <1, then (¢,(S] )N T) € P, is a common
extension of (s, S) and (¢, T'). 4

3.2. Ramsey properties of 7Z-trees. In this subsection we are going to prove that
for every coloring of some %-tree one can find a sub-Z-tree which is homogeneous
in the sense that all elements on the same level have the same color. This is a version
of the Rowbottom-Theorem for colorings of [«]<“. We will use this to prove a
slightly more involved property of this sort, namely that every graph on a %-tree
can be restricted to a sub-Z-tree such that whether two nodes are connected only
depends on the order configuration of the ordinals in the two nodes.

LEMMA 3.6. Let T be a %-tree and ¢: T — A with 2 < k. Then there is a %-tree
T C T with the same trunk homogeneous for c. i.e., every two elements of T on the
same level have the same color.

ProoF. We show by induction on # that for every coloring of a #-tree 7' with
trunk 7 with less than £ many colors there is a Z-tree 7, C T with the same trunk
such that the coloring is constant on all Levels of 7, up to |¢| + n. By letting
T = (<o, Tn Where for all n we know that ¢ is constant on Levy (T,) for all
k < |t] + n we obtain a #-tree homogeneous for c.

The assertion is obvious for n = 0. Thus let ¢: T — A with 4 < & be a coloring
of a Z-tree T. Consider for every & € Sucy(z) the coloring ¢| (7] t~(£)). By the
induction hypothesis there are Z-trees S; C T'[ ¢t~ (&) such that ¢ is constant on
Levi (S¢) forallk < |[t[+n+1. Further. S := ;cgye, () S¢ is @ %-tree and for every
& € Sucs(7) = Sucr(7)and allu, v € S| 17 (&) = Se with |u]|—|t| = |v]|—|t] <n+1
we obtain ¢(u) = c(v). Denote this value of ¢ by yg|,—|. Then by the -
completeness of Upyy(,) there is H C Sucs(7) in Uy, such that all ¢ € H have
the same sequence (yzx: k < n+ 1) and hence ¢ is constant up to Level |¢t| +n + 1
on Tn+1 = Ug’eHsf' B

Now we establish partition results for colorings of 7. The colors of a pair (u, v)
in 7% may depend on the type of u. v. i.e.. the way in which the sequences u and v are
interlaced. We shall prove that on a sub-Z-tree the color of each pair only depends
on its type.

DEerFINITION 3.7. Let u, v be finite strictly increasing sequences of ordinals. Then
type(u, v) € 3lran@uran()l denotes the order configuration of w and v, i.e., enumerate
u U v strictly increasing as {&;: i < n} and define

0 if& eu\w
type(u.v)(i) =<1 ifé& cv\u
2 ifé& eunw

For example (0,2,0,0, 1) tells us that # has four and v has two elements, that
the first element of v is the same as the second element of u, and that the second
element of v is bigger than all elements of u. This is depicted in Figure 2.
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FIGURE 2. The type (0,2,0.0, 1).

THEOREM 3.8. Let T be a %-tree and ¢: T? — /lfor some A < k where all the U,
are normal measures on k. Then there is a %-tree T C T with the same trunk such
that for all u,v € T the value of ¢ only depends on the type of u, v.

This is an immediate consequence of the following.

LemMmA 3.9. Let S, T be %-trees and c: S x T — A for some A < k where all the
U, are normal measures on k. Then there are %-trees S C S and T C T with the
same trunks, respectively, such that for all u € S.v € T the value of ¢ only depends
on the type of u,v.

PROOF. In order to show this, we conclude by induction on (m, n):

Let S, T be %-trees with trunks s and ¢, respectively. Further let
¢: S x T — Jforsome A < k. Then there are Z-trees S,, C S with
trunk s and 7,, C T with trunk ¢ such that forallu € S,,, v € T, with
lu| — |s| < m. |v|] — |t| < n the value of ¢ only depends on the type
of u,v.

We prove this by induction along the order on w x w defined by (k, /) < (m,n)
iff k <mand! <n,andk <morl < n.

Since the cases where m = 0 or n = 0 follow from the previous lemma, let us
assume m,n # 0. We may first apply the induction hypothesis and hence assume
that ¢ on S x T behaves as required for u, v with (Ju| — [s|, |v| — |7]) < (m, n).
Now we will successively thin out both trees in three ways to cover the different
arrangements of the largest elements of « and v.

To deal with the case max(«) = max(v), we define another coloring ¢’ on S x T by
(u,w) = c(u,w™(€)) if max(u) = ¢ and w™ (&) € T, and ¢’ (u, w) = 0 otherwise.
By the induction hypothesis we can thin out S, T so that ¢/(u, w) depends only on
type(u, w) for u, w with (Ju| — |s|.|w| — |¢|) < (m.n). Then ¢(u,v) is constant for
all u, v with |u| — |s| < m, |v| — |t| < n and the same type t if the last entry of t is 2
since then ¢(u, v) = ¢/(u, v — (max(v))).

Now we handle the case max(u) > max(v). For each pair (w,v) € S x T let

Xw,v = {é S Sucs(w): C(wm<é>=v) = yw,v}

where y,, < A is chosen so that X, € U,.y()- Let us define a coloring ¢”
onS x T by ¢”(w,v) = yu,.». We can assume that S, T are thinned out so that
¢"(w, v) depends only on type(w, v) for w, v with {jw|—|s|. |[v| —|¢]) < (m, n) by the
induction hypothesis. Let X, = Ayer Xy, forw € S, 1., & € X, iff & € X, for
allv € T with max(v) < £. Then X, € Upax(,) by normality. We restrict Sucs(w)

s
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to X,, for each w € S with |w| — |s| = m — 1. To see that ¢(u, v) is constant for all
u,v with |u| — |s| < m, |v] — |t|] < n and the same type t if the last entry of t is 0,
note that in this case max(u) € Xy~ (max(u)).» and hence

c(u,v) =" (u — (max(u)),v).
The procedure for the remaining case max(u) < max(v) is similar. -

It is possible to generalize Theorem 3.8 to arbitrary colorings of n-products of
?%-trees.

3.3. Forcing with B,. Now we investigate whether several properties of Prikry
forcings also apply to P,. For example we discuss a Prikry lemma to show the
preservation of all cofinalities but x’s and the reconstruction of the generic filter
from the Prikry sequence.

LemMa 3.10. Let G be generic on B, , then
fo = J{t:3T (1. T) € G}
is an w-sequence cofinal in k. Hence in V[G] we have cf(k) = No. We call f¢ a

Prikry sequence for .

Proor. For every a < k the set
D, ={(t.T) € P: o < max(¢)}
is dense and hence we know that f¢ is cofinal in k. By Lemma 3.5 all trunks of
elements of G are totally ordered by <. Accordingly, f is an w-sequence. -

LemMma 3.11. B, satisfies the kt-cc. Thus it preserves cofinalities and cardinals
greater than k.

Further, (B,, <*) is k-closed.

PrOOF. The first claim is an immediate conclusion from the fact that there are
only x many possible trunks and Lemma 3.4. The second statement is a direct
consequence of the same lemma. -

For the next result we convey the proof of the Prikry lemma for the classical
Prikry forcing but use Lemma 3.6 as the analog of Rowbottom’s Theorem. Itis also
possible to copy the proof given in [2] for the classical Prikry tree forcing.

LeMMA 3.12 (Prikry lemma). Let (t.T) € P, and ¢ a statement in the forcing
language. Then there is a direct extension (s.S) € B, of (t. T') deciding .

PRrROOF. Let (z, T') and ¢ as stated above. We apply Proposition 3.6 to the coloring
on 7 defined by

0 if there exists a % -tree X with trunk u such that (u, X') IF ¢
u +—
1 otherwise

and obtain a #-tree T C T with trunk  homogeneous for this coloring. Then (¢, T
decides ¢. -

COROLLARY 3.13. The forcing B, does not add bounded subsets of . In fact,
V[G]
V.=V """ holds.
Proor. This follows from the previous two lemmas by standard methods. -

COROLLARY 3.14. The forcing B, preserves cofinalities of ordinals less than k.
Hence it also preserves all cardinals less or equal to k.
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The following theorem sums up the preceding results.
THEOREM 3.15. Let G be a generic filter onB,. Then in V[G]

(1) & is singular with cf (k) = R,
(2) all cardinals are preserved and also all cofinalities but k.

FurthermoreV,, = VNV[G

As for the classical Prikry forcing it is possible to reconstruct the generic filter
from the Prikry sequence.

LemMaA 3.16. Let G be a generic filter on B, and f = f¢ the associated Prikry
sequence. Then G = Gy where

Gy ={(t.T)eP:Vn<owfl neT}.

Also the other direction works: If f is an w-sequence of ordinals in k and Gy is
genericonlP, . then f6, = f.

PROOF. It is enough to show G C Gy and that every two elements in G, are
compatible. Let (+,T) € G. For every n < w there is some (s,S) € G with
ST n < s and we can assume (s, S) < (¢, T') which yields /[ n € S C T and hence
(t.T) € Gy. For the second requirement let (s, S). (t. T) € Gy. According to the
definition of Gy we have s = f'[ |s|.# = f| |t/ and thus s € T and ¢ € S. Hence
we finally obtain (s, S) || (¢, T) by Lemma 3.5. The second assertion is easily seen
as (t,[k]<“[ t) € Gy forevery t < f. .

It would be nice to have a characterization of Prikry sequences for B, as there is
of Prikry sequences for the classical Prikry forcing in form of the Mathias criterion
(see[8]). Although we do not know of such a characterization, we have the following
proposition:

PrOPOSITION 3.17. Let f = fg for some generic filter G on B, and let f be a
strictly increasing w-sequence equal to [ on all but finitely many natural numbers.
Then f also is a Prikry sequence for % .

Proor. We will show that G; is a generic filter on (F,. <) because Gy is. From
the proof of Lemma 3.16 we already know that every two conditions in G; are
compatible. Further, from (7. T') < (s.S) and (¢.T) € Gy it directly follows that
(s.5) € G;.

Suppose [ (i) = f(i)foralli > mandlett = f| (m+1).7=f] (m+1).s
max(7) = max(7). Let p := (¢,[s]<?| ¢) and p := (N,[ =1 7). Further, define

hi{geP:q<pt—{qel:q<p}. ("uT)— " ui"udTy-,).

It is easy to see that 4 is an isomorphism. Since p € Gy = G, we observe that

G is P -generic below p. Thus, h[Gr N {q € B,: ¢ < p}]is B,-generic below p

and moreover h[Gy N {qg € B,: ¢ < p}] = Gy N {q € B,: ¢ < p} by the definition

of G;. -
S

§4. Intermediate Models of Generic Extensions by P,. In this section, we show
that the Prikry tree forcing for a sequence of pairwise distinct normal measures is
minimal. Let us consider the relation =y introduced in the first section. The result
can be stated as follows:
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THEOREM 4.1. Let V[G] be a generic extension by P, where % is sequence of
pairwise distinct normal measures on k. Then for every set X € V[G] of ordinals
either X € V or X =y fg.

For the rest of this section we will refer to % as a sequence of pairwise distinct
normal measures on « and as we have seen in the first section in Lemma 2.2 with this
comes a sequence (4, : o < k) of pairwise disjoint subsets of x such that 4, € U,.
Fix such a sequence (4, : a < ).

The proof is split into two parts where the first one only handles new subsets of
x and the second part uses this to obtain a general result for all sets of ordinals in
the generic extension. We prove both results in separate subsections dedicated to
the particular step in the proof.

4.1. Subsets of « in the generic extension. This subsection shows how to deal with
P(k)"161. More precisely, we are going to prove the following theorem.

THEOREM 4.2. Let V[G] be a generic extension by P, where % is sequence of
pairwise distinct normal measures on k. Then for every X € P(k)V1 either X € V
or X =y f¢.

Before we start to prove the theorem we provide a helpful lemma.

LeMMA 4.3. Let T be a %-tree. Then there is a %-tree T C T with the same trunk
such that for all u,v € T with u(n) # v(n) for some n < min{|u|, [v|}, we have
u(m) # v(m) for all m > n below min{|ul, |v|}.

PrROOE. Let T be a %-tree with trunk ¢ and shrink 7" to a %-tree T in which all
sets of successors have been restricted to the appropriate A4, as follows

To:={uecT:udt}
Tpit = {lueT: ¢ <kIve T,
(vt AE e Sucr(v) N Apax) A =07 (&)}

s

T=|JT.
n<w

Note that Lev|,(T) = T, for all n > 0. Obviously T is as required. .

Since we have proved that the set of all Z-trees with the property from the lemma
is dense, we also have the following proposition which introduces a proof idea for
Theorem 4.2.

In our terminology, a subsequence of a sequence f is simply a subset of f.

PrOPOSITION 4.4. Let [ = f¢ for some generic filter G onP, and let d € V[G] be
a subsequence of . Then either d is finite or d =y f .

PrOOF. Let d be a subsequence of some Prikry sequence f, i.e., d C f, and
suppose d is infinite. Let & be the function mapping every & < « to the unique «
with & € 4, if & € |,_,. Ao and to 0 otherwise. As we have seen in the previous
lemma, the set

D:={(t.T)eP,:VueTut— Sucr(u) C Apuw)}

a<k

is dense in ,. The density yields some condition (¢, T) € D N G.
We will now reconstruct f from d. This construction works recursively although
the idea is quite simple since from knowing d(n + 1) = f(n + 1) we also know
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f(n) = h(f(n+1)). The latter is true because | m € T for all m, hence it makes
sense to consider Sucy(f'| (n + 1)) which is a subset of 4 ;(,) for n + 1 > dom(z)
and therefore 4(¢) = f(n) forall ¢ € Sucr(f] (n+ 1)), in particular for £ (n + 1).
We define

fo:=d
S = fuU{lk,a) ew xK: k+1edom(f,) Nh(fulk +1)) =a}

and conclude f =t~ (U,,, fxl (@ \ dom(z))).

The inclusion from left to right follows by showing f,| (@ \ dom(¢)) C f — ¢ for
all n < w. Clearly this is true for fy = d and the argument for the induction step
has been explained already.

Let us finally check '\ 7 C ,,, /4. Since d is infinite dom(d ) is unbounded in
@ and hence for every k < w there is [, € dom(d) greater than or equal to k. Now
it is easy to prove (k. f(k)) € fi,_i by induction on /;, — k for k > dom(z).

Since f war recursively defined from d, using 4 € V', we have f € V[d]. -

PrROOF OF THEOREM 4.2. Let (1. T) € B, and X be a name for some subset of .
We will show that there is p < (¢, T') such that

p(XeVvX=y/f)

where f denotes the obvious name for the associated Prikry sequence.
By the Prikry lemma, we may assume that for every u € T the condition (u, T'| u)
already decides X up to max(u). For u € T define

X, = {&<max(u): w.Tlu)lFEe X}
Moreover, consider the following coloring

1 if X, Nmax(v) = X, N max(u)

c:TxT—2 (uv)— .
0 otherwise

By Theorem 3.8 there is 7 C T with trunk ¢ such that the values of c on 7 x T
only depend on the type of the arguments.

Further, we may also assume by employing Lemma 4.3 that for all u, v € T with
u(n) # v(n) for some n < min{|u|. |v|}, we have u(m) # v(m) for all m > n below
min{|u|. |v|}. Note that we have not changed the coloring by thinning out 7.

Claim. Forevery s € T and n < w the coloring ¢ is constant on the set
{{s"u, s v): u,v € Lev,(Tsy) with u(0) # v(0)}.

Assume there are u, v € Lev,(Ty,) with u(0) # v(0) and ¢(s"u, s"v) = 1. We
may further assume that max(u) < max(v).

To begin with, we show that all u’,v’ € Lev,(Tys,) with type(u’,v') = tu;
satisfy ¢(s~u’,s7v') = 1, where t,, := (0,1,....0,1) denotes the alternating
type of two sequences of length n. By our assumptions the type of u and v
only consists of 0’s and 1’s and hence is of length 2n. Furthermore, it ends
with 1. We succeed by constructing three sequences wo, wi, ws € Lev,(Tsy) with
type(wo. wi) = type(ws, wi) = type(u, v) and type(wo. wa) = ta.

To understand the procedure look at Figure 3. There n = 3 and the exemplary
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stand for u and the dots for v. The right side shows what we are going to construct.

|
°® =
0 O
°® [
0 |
0 O
|
O
u v °

Wo w1 w2

We proceed by recursion on i < 2n. Let £(i) = |{j < i: type(u,v)(j) = 0}]
denote the number of 0’s in type(u, v) up to component i. If type(u, v)(i) = 0. then
let us pick 559(1') > max(fl.lfé(i)fl, ét%(i)fl) in Sucz (sEY- - -”égmfl) and éz%(i) > 620.)
in Sucy(s~&5 -”ff(i)il). If type(u.v)(i) = 1, then we pick él.lfm) > ff(i)ﬂ in
Sucs(s7Ef-- 0 i]—é(i)—l)' Of courseif £(i) = 0 ori — £(i) = 0, then there are less
requirements on the choice of él?(i)’ éfm org! o)

Clearly wy := )7+ 7E0 | wy = &0 -0E) [ and wy == &7 7¢E2 | are as
required. Therefore c¢(s " wo, s"w,) = 1 because

Xy = Xy N max(wo)

= X;~,, Nmax(w;) Nmax(wo) = X;~,, N max(wp).

Now we continue by showing c(s~u’, s~v’) = 1 for all u’, v’ € Lev,(Ty,) with
type(u’,v') = ttge, Where g, = (0,...,0,1,...,1) denotes the successive type of
two sequences of length 7, i.e., the case in which all values of the first sequence are
smaller than all values of the second sequence. Similar to what we did so far, we
construct sequences wo. wy. . . ., w, € Lev,(Ts,) with type(w;, w; 1) = t,; for all
j < n and type(wg, w,) = tge.

Again we first look at the special case n = 3 and Figure 4 illustrates how we are
going to proceed.

We proceed by recursion on the Cantorian well-ordering of « x @ restricted to
n x (n+1). Pick & € Sucz(s). For (i.j) € n x (n+ 1) with (0.0) < (i, j). we
distinguish two cases. If i = 0, then pick éé € Sucy(s) with éé > éjo;l. Ifi #0,
then pick &/ € Sucy(s™&]~---~&/ ) with &/ > &/t

i—1
As before it is easy to see that wy. . .., w, withw; 1= &)~ --~&)_| are as required

and hence the above argument shows ¢ (s wp. s w,) = 1.
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///
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—
@
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@
///
O

FIGURE 4. t,; ~ tg,. forn = 3.

Finally, we obtain c(sfu’, s~v') = 1forallu’,v' € Lev,(Ty,), because for such
u', v’ there is w € Lev,(T,) with type(u’, w) = type(v’, w) = tg,.. For n = 3 and

o
[
o
|
|
O
O
O
|
u ow v

FIGURE 5.ty ~ (1.0,0,0,1,1).

Claim. The condition (¢, T') forces XeVvX=yf.
Let G be generic over B, with (¢, T) € G. We first prove that for all &
Xporkeny = X0 fo k).

Let k < . Since (fg| (k+1).T] (fg! '(k +1))) € G holds, we obviously obtain
Xieen) © X900 fo(k). Nowlet o € X9 fg(k). Then there is a #-tree S with

trunk v < fg of length greater than k such that (v, S) I- & € X and (v, S) € G.
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Since the conditions (v. S) and p := (fs| (k+1). T| (fs| (k+1))) are compatible
and p decides X up to fg(k) > . also p - & € X. Thus a € X, 441

An even easier observation is that X;, = X, N max(u) for all u < v in T. This
holds because (u, T'| u) decides X up to max(«) and will be useful in the end.

The rest of the proof describes a way to construct fg from X ¢ if X9 ¢ V. Of
course 4 fg.

Now assume we already have constructed s := fg| m for some m < w. Starting
from s we now obtain fg| (m -+ 1). Assume there is #n > 0 such that the only value
of ¢ on {{s”u,s"v): u,v € Lev,(Ti,) with u(0) # v(0)} is 0. Then the sequence
u:= fgl (m+n) —s € Lev,(Ty,) satisfies

X~y :XfGF(m+n) :XGﬂfg(m-l—l’l— 1):XGﬁmax(u)

and therefore X;~, # X N'max(v) holds for all v € Lev,(T;) with u(0) # v(0).
It is clear that this uniquely determines fg(m).

By the previous claim the other case is that for all » > 0 the only value of ¢
on {(s”u,s”v): u,v € Lev,(Ti;) with u(0) # v(0)} is 1. In this case X¢ equals
Usesuep(s) Xs~¢) € V- In order to see this, we show X~ = XN ¢ for all
& € Sucs(s). Let & € Sucs(s). Then there is k such that fg(k) > ¢ and by letting
n:=k+1—mwecan find u € Lev,(Tys,) with u(m) = & and max(u) > fg(k).
By our assumption X;~, N fg(k) = Xy, 1(k+1) and hence

Xsnie) = Xymu N €= X N €.
By the preliminary observation this is all we had to show.

This completes the proof of Theorem 4.2. -

4.2. Arbitrary sets in the generic extension. Now we will apply the above to obtain
a result about arbitrary sets in generic extensions by B, following [3].

THEOREM 4.5. Let V[G] be a generic extension by P, where % is a sequence of
pairwise distinct normal measures on k. Then for every set X € V[G] of ordinals
there exists Y C k in V[G] such that X =y Y.

PRrROOF. Let G be a B, -generic filter over V' and X € V[G] a set of ordinals. We
proceed by induction on the least ordinal y having X as a subset. Since the case
y < K obviously holds, we may assume y > .

Because of Theorem 3.15, in the following case distinction there is no need to
specify where to compute y’s cofinality.

Case I: cf(y) < k.

If y is the successor of some ordinal «, then by the assumption X N « is
constructibly equivalent over ¥ to some subset of k. But since X is equal to
(X Na) U {a} the same subset of x works for X.

Let us assume that y is a limit ordinal. In V'[X] fix an increasing cofinal sequence
(ye: & < cf(y)) of ordinals in y. For every ¢ < cf(y) consider the set X Ny, for
which there is Y: C & such that X Ny: =y Y by our assumption. Therefore we
may also assume (Y:: & < cf(y)) € V[X]. Then X Ny: € V[Y¢] and thus there
is a set of ordinals z; € V such that X Ny: € L[z¢, Ye]. Moreover, let o be an
ordinal such that X M y¢ is the ag-th element in L[z¢, Y¢] regarding <y, y.}. Since
P, has the k"-cc and cf (y) < k* we can find sets Z, A € V which have size  in
V' and approximate (z; : ¢ < cf(y)) and {a;: & < cf(y)), respectively, i.e., for every
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& < cf(y) the pair (z¢, a¢) is in Z x A. But then there is a bijection h: k — Z x A
in V. Furthermore, we denote by ¥y (&) the least ordinal ¥ such that the pair
(z, @) := h(¥) has the property thatin V' [X]

X Nye is the a-th element in L[z, Y¢] regarding <yp..v. .

The pair (zz,a¢) € Z x A has the required property and hence the function
¥y: cf(y) — &k is well-defined and clearly an element of V[X]. Additionally,
think of our sequence (Y;:: & < cf(y))as ¥ := {(&.5): 7 € Ye} Ccf(y) x k. Now
code 9y and Y into a subset Y of x which lies in '[X] then.

Eventually, 9x. /4 and (Y:: & < cf(y)) are elements of V'[Y] and hence so is the
sequence (X Ny:: ¢ < cf(y)) and its union X .

Note that we used nothing more but the fact that P, satisfies the x™-ccin V.

Case 2: cf(y) > k.

By the induction hypothesis for every & < y we have a subset of x constructibly
equivalent to X N¢ over V' and we may assume thateither XNE € Vor XNé =y fg
by Theorem 4.2.

Ifthereis ¢ < y such that XN& =y f¢. then obviously X' =y f;. The remainder
of the proof handles thecase X N ¢ € V forall & < y.

Claim. Suppose X N¢ € V forall{ <y. Then X € V.
Let X be a name for X. For every &£ < y we define

P.i={peB:plXné=(XNé)}

which is non-empty and in V. Note that & < { implies Pz O P,. We distinguish
two cases in order to prove X € V.

If e, Pe # @.let p € (., Pe. Then for every o < y let & < y be an ordinal
greater than « and obtain

plraeXiffplrae Xné
iffplkae(Xné) iffac X.

Hence X is definable in V.

If N, P: = @. then construct a sequence (p¢: & < 7) which has an antichain
as subsequence of length greater than « in V'[X]. This contradicts the x-cc of B,
in V'[X] and hence this case cannot arise.

The definition of the sequence makes use of the whole sequence (P:: ¢ < y) and
therefore the construction takes place in V' [X]. In case we have P:y; C Pg, pick
p € P\ Py and let pe < p such that

pelFXN(EF1)# (XNE+1)

Otherwise, we choose pe to be an arbitrary element of I, . Since the unbounded set
E:={&<y: Peyy C P:lisin V[X], also (ps: & € E) € V[X]. The factcf(y) > s
tells us that |Z| > « and therefore it remains to prove that for distinct &, { € E the
conditions p¢ and p, are incompatible in B, .

Fortunately, this is an immediate consequence of the construction. If £ < { are
in Z, then p; € P; € Py which implies pIF XN (¢ +1) = (X N (E+1)) and on
the other hand we have p:IF XN (E+1)# (X N(E+1)) .
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This part of the proof used only that P, satisfies the x™-cc in V'[X]. We have
completed the proof of Theorem 4.5. -

§5. Further Remarks. Let us return to the general setting, where the U, are just
k-complete non-principal ultrafilters over k. We explain why this is not sufficient
for the minimality and state partial results in this setting.

5.1. Why we require normality. We will now look at a situation in which a generic
extension by P, (without normality), or more generally by any forcing which singu-
larizes a regular cardinal, has many proper intermediate models. For this we force
over LY, where LY denotes the Silver model for the normal measure U. With our
definition in Section 2 we have LY = L[U]. Note that in LY there is a sequence
(Uy: a < k) of k-complete non-principal ultrafilters over x such that there is as
sequence of pairwise disjoint sets (4, : a < k) with 4, € U,, i.e., we only dropped
the normality. To see the existence of such a sequence in LV simply partition &
into k-many parts of size x such that the first one is in U. Then use appropriate
bijections of k onto itself to obtain the other ultrafilters as images of U.

On the other hand the Dodd—Jensen Covering Theorem for LY tells us the fol-
lowing.

THEOREM 5.1 (Covering for set-generic extensions of LY, [1]). Let LY[G] be a
set-generic extension of the Silver model LV and let k be the measurable cardinal
in LY. Then exactly one of following holds

(1) LY[G] is covered by LV, i.e., for every set X € LY[G] there is a set Y in LY

such that X C Y and |Y| = max{|X|.N,} in LY[G].

(2) There exists an w-sequence f € LY[G] cofinal in k which is a Prikry sequence

for the classical Prikry forcing in LV and LY[G] is covered by LU[f].

Now, let G be P,-generic over LY. Then the first alternative of the Covering
Theorem is false. To see this, note that x is regular in LY and moreover x has
cofinality w in LY[G].

However, the above theorem now yields an w-sequence f € LY[G] cofinal in
which is a Prikry sequence for the classical Prikry forcing in LY. By the Theorem
about the intermediate models of generic extensions by the classical Prikry forc-
ing, which was cited in the introduction, LY[f] € LY[G] has a great variety of
intermediate models and therefore LY[G] cannot be minimal.

But this means that the forcing P, for the above sequence % adds a subset of
which does not correspond to a subsequence of the Prikry sequence. In this sense
the behavior of this forcing is much worse than for B, with  consisting of normal
measures or the classical Prikry forcing.

5.2. Partial results without normality. Even without normality it is possible to
prove that every subsequence of the Prikry sequence constructs the whole Prikry
sequence (see Proposition 4.4) and moreover it is possible to reduce the question
about intermediate models to subsets of k. This may be helpful for investigating
the classical Prikry tree forcing.

If one shows that every subset of k reduces to a subsequence of the Prikry
sequence, then the proof in [3] for showing that under this assumption every set
in the generic extension by the classical Prikry forcing reduces to a subsequence
of the Prikry sequence can be adapted. In comparison to the original proof we
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lack a characterization in the sense of the Mathias criterion for Prikry sequences
coming from P,. However, it is possible to prove some weak analog and together
with Proposition 3.17 the proof works. For more details consult [10].
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