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ABSTRACT

between them. This implies that there is no ranking σ such that
switching to σ from π would benefit a majority of all voters.
According to the definition of popularity in [26], even in a situation where exactly half of the voters are indifferent between
rankings π and σ , whilst the other half of the voters prefer σ to π ,
σ is not more popular than π . This example demonstrates how hard
it is for the dissatisfied voters to find a ranking that overrules π —
the definition requires them to find a profiting set of voters who
build an absolute majority, that is, a majority of all voters for this
endeavour.
A straightforward option would be to require only a simple majority, this is, a majority of the non-abstaining voters, to profit from
switching to σ from π . Excluding the abstaining voters in a pairwise
majority voting rule is common practice [12]. It is also analogous to
the classical popularity notion in the matching literature [1, 9, 24].
In this paper, we propose an alternative definition of a popular
ranking. We define π to be a strongly popular ranking if for every
ranking σ , at least half of the non-abstaining voters prefer π to σ .
This means that switching from π to σ would harm at least as many
voters as it would benefit.

Van Zuylen et al. [26] introduced the notion of a popular ranking in
a voting context, where each voter submits a strictly-ordered list of
all candidates. A popular ranking π of the candidates is at least as
good as any other ranking σ in the following sense: if we compare π
to σ , at least half of all voters will always weakly prefer π . Whether
a voter prefers one ranking to another is calculated based on the
Kendall distance.
A more traditional definition of popularity—as applied to popular
matchings, a well-established topic in computational social choice—
is stricter, because it requires at least half of the voters who are not
indifferent between π and σ to prefer π . In this paper, we derive
structural and algorithmic results in both settings, also improving
upon the results in [26]. We also point out connections to the famous
open problem of finding a Kemeny consensus with 3 voters.
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Related literature. The most common approach to aggregating
voters’ preferences is to search for a ranking that minimises the
sum of the distances to the voters’ rankings. If the Kendall distance [21] is used as the metric on rankings, then this optimality
concept corresponds to the Kemeny consensus [20, 23]. Deciding
whether a given ranking is a Kemeny consensus is NP-complete,
and calculating a Kemeny consensus is NP-hard [6] even if there
are only 4 voters [7, 13], or at least 6 of them [2]. Interestingly, the
complexity of the problem is open for 3 and 5 voters [2, 7].
Majority voting rules offer another natural way of aggregating
voters’ preferences. The earliest reference for this might be from
Condorcet [8], who uses pairwise comparisons to calculate the
winning candidate, establishing his famous paradox on the smallest voting instance not admitting any majority winner. The absolute and simple majority voting rules have both been extensively
discussed in the setting where the goal is to choose the winning
candidate [4, 5].
The concept of majority voting readily translates to other scenarios, where voters submit preference lists. One such field is the area of
matchings under preferences, where popular matchings [17, 1, 24,
Chapter 7, 9] serve as a voting-based alternative concept to the
well-known notion of stable matchings [3, 16] in two-sided markets. Besides two-sided matchings, majority voting has also been
defined for the house allocation problem [1, 25], the roommates
problem [14, 18], spanning trees [10], permutations [26], the ordinal group activity selection problem [11], and very recently, to

INTRODUCTION

A fundamental question in preference aggregation is the following: given a number of voters who rank candidates, can we construct a ranking that expresses the preferences of the entire set of
voters as a whole? A common way of evaluating how close the
constructed ranking is to a voter’s preferences is the Kendall distance, which measures the pairwise disagreements between two
rankings. Among others, a well-known rank aggregation method
is the Kemeny ranking method [20], in which the winning ranking
minimises the sum of its Kendall distances to the voters’ rankings.
For the preference aggregation problem, van Zuylen et al. [26]
introduce a new rank aggregation method called popular ranking,
which is also based on the Kendall distance. Each voter can compare
two given rankings π and σ , and prefers the one that is closer to
her submitted ranking in terms of the Kendall distance. Van Zuylen
et al. define π to be a winning ranking in an instance if for any
ranking σ , at least half of the voters prefer π to σ or are indifferent
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branchings [19]. The notion of popularity is aligned with simple
majority in all these papers, with one exception, namely [26], which
defines popularity based on the absolute majority rule.
A part of this work revisits the paper from van Zuylen et al. [26].
They show that a popular ranking—according to their definition of
popularity—need not necessarily exist. More precisely, they show
that the acyclicity of a structure known as the majority graph is a
necessary, but not sufficient condition for the existence of a popular
ranking. They also prove that if the majority graph is acyclic, then
one can efficiently compute a ranking, which may or may not be
popular, but for which the voters have to solve an NP-hard problem
to compute a ranking that a majority of them prefer.

πv1 = [1, 2, 3], [6, 4, 5], [8, 9, 7]
πv2 = [2, 3, 1], [4, 5, 6], [9, 7, 8]
πv3 = [3, 1, 2], [5, 6, 4], [7, 8, 9]
πv4 = [1, 2, 3], [4, 5, 6], [7, 8, 9]
πv5 = [1, 2, 3], [5, 4, 6], [9, 7, 8]
πv6 = [1, 2, 3], [5, 6, 4], [7, 9, 8]
Figure 1: A voting instance with 6 voters v 1 , v 2 , . . . v 6 and 9
candidates 1, 2, . . . , 9.

Our contribution. We study both the weaker notion of popularity
from [26] and the stronger notion of popularity analogous to the
one in the matching literature, which excludes abstaining voters. In
the full version of the paper [22], we present the following results.

Definition 2.1. Ranking σ is more popular than ranking π in
the weak sense if K(σ , πv ) < K(π , πv ) for an absolute majority of all
voters. Ranking π is weakly popular if no ranking σ is more popular
than π in the weak sense.

(1) For at most 5 voters, the two notions are equivalent, but with
6 voters this does not hold anymore.
(2) We give a sufficient condition for the two notions to be
equivalent for a given ranking π .
(3) In the case of 2 or 3 voters, one can find a popular ranking
of either kind and verify the weak or strong popularity of a
given ranking in polynomial time.
(4) The problem of verifying the weak or strong popularity of
a given ranking for 4 voters is polynomial-time solvable if
and only if it is polynomial-time solvable for 5 voters.
(5) If finding a ranking that is more popular in either sense than
a given ranking in an instance with 4 (or 5) voters were
polynomial-time solvable, then the famously open Kemeny
consensus problem for 3 voters would also be polynomialtime solvable.

2

If we consider σ3 = [2, 1, 3], [4, 5, 6], [7, 8, 9], then in the instance
in Figure 1, σ2 = [1, 2, 3], [4, 5, 6], [7, 8, 9] is more popular than σ3 in
the weak sense. Notice that σ3 and σ2 only differ in their ordering
of the pair of candidates {1, 2}. So since five out of six voters prefer
candidate 1 to candidate 2, they form an absolute majority of all
voters who prefer σ2 to σ3 .
This definition requires more than half of the n voters to prefer
σ to π in order to declare σ to be more popular than π . Abstaining voters make it hard to beat π in such a pairwise comparison.
However, if σ only needs to receive more votes than π among
the voters not abstaining between these two rankings, then it can
beat π . This leads to the notion of strong popularity. Let Vabs (π , σ )
be the set of voters who abstain in the vote between π and σ , that
is, v ∈ Vabs (π , σ ) if and only if K(πv , π ) = K(πv , σ ). In Figure 1,
Vabs (σ1 , σ2 ) = {v 1 , v 2 , v 3 } with σ1 and σ2 as before.

DEFINITIONS AND EXAMPLE

We are given a set of candidates and a set of voters, each of whom
submits a ranking. A ranking π is a permutation of all candidates.
The rank of candidate a in ranking π is the position it appears at
in π , and it is denoted by rankπ [a]. The Kendall distance K(π , σ )
between two rankings π and σ is defined as the number of pairwise
disagreements between π and σ , or, formally as

Definition 2.2. Ranking σ is more popular than ranking π in
the strong sense if K(σ , πv ) < K(π , πv ) for a majority of the nonabstaining voters V \ Vabs (π , σ ). Ranking π is strongly popular if no
ranking σ is more popular than π in the strong sense.
It follows directly from the two definitions above that strongly
popular rankings are weakly popular as well, but weakly popular
rankings are not necessarily strongly popular. In the instance in
Figure 1, σ1 = [1, 2, 3], [5, 6, 4], [9, 7, 8] is more popular than σ2 =
[1, 2, 3], [4, 5, 6], [7, 8, 9] in the strong sense, since v 5 and v 6 prefer
σ1 to σ2 , while v 1 , v 2 , and v 3 abstain. Notice that σ1 is not more
popular than σ2 in the weak sense, because two voters do not
constitute an absolute majority of all 6 voters, only a majority of
the non-abstaining 3 voters.

K (π, σ ) = | {(a, b) : rankπ [a] > rankπ [b] and rankσ [a] < rankσ [b]} |
+ | {(a, b) : rankπ [a] < rankπ [b] and rankσ [a] > rankσ [b]} |.

The Kendall distance is equivalent to the number of swaps that
the bubble sort algorithm [15] executes when converting ranking
π to ranking σ . Voters prefer rankings that are similar to their
submitted ranking. More precisely, voter v prefers ranking σ to
ranking π if K(σ , πv ) < K(π , πv ). Analogously, voter v abstains
between π and σ if K(σ , πv ) = K(π , πv ).
In the instance depicted by Figure 1, let σ1 = [1, 2, 3], [5, 6, 4],
[9, 7, 8] and σ2 = [1, 2, 3], [4, 5, 6], [7, 8, 9]. Clearly v 4 prefers σ2
to σ1 , since πv4 = σ2 and πv4 , σ1 , that is, K(πv4 , σ2 ) = 0 <
K(πv4 , σ1 ). In the same instance, v 1 is an abstaining voter since
K(πv1 , σ2 ) = 4 = K(πv1 , σ1 ).
We now define the two different notions of popularity. The first
notion of an weakly popular ranking corresponds to the popular
ranking as defined in [26].

Acknowledgement. We thank Markus Brill for fruitful discussions. Sonja Kraiczy was supported by Undergraduate Research
Bursary 19-20-66 from the London Mathematical Society, and by the
School of Computing Science, University of Glasgow. Ágnes Cseh
was supported by the Federal Ministry of Education and Research
of Germany in the framework of KI-LAB-ITSE (project number
01IS19066). David Manlove was supported by grant EP/P028306/1
from the Engineering and Physical Sciences Research Council.

1564

Extended Abstract

AAMAS 2021, May 3-7, 2021, Online

REFERENCES

[13] Cynthia Dwork, Ravi Kumar, Moni Naor, and Dandapani Sivakumar. 2001. Rank
aggregation methods for the web. In Proceedings of the 10th International Conference on World Wide Web. 613–622.
[14] Yuri Faenza, Telikepalli Kavitha, Vladlena Powers, and Xingyu Zhang. 2019.
Popular matchings and limits to tractability. In Proceedings of the Thirtieth Annual
ACM-SIAM Symposium on Discrete Algorithms. SIAM, 2790–2809.
[15] Edward H Friend. 1956. Sorting on electronic computer systems. J. ACM 3, 3
(1956), 134–168.
[16] David Gale and Lloyd S. Shapley. 1962. College admissions and the stability of
marriage. Amer. Math. Monthly 69 (1962), 9–15.
[17] Peter Gärdenfors. 1975. Match making: assignments based on bilateral preferences. Behavioural Science 20 (1975), 166–173.
[18] Sushmita Gupta, Pranabendu Misra, Saket Saurabh, and Meirav Zehavi. 2019.
Popular matching in roommates setting is NP-hard. In Proceedings of the Thirtieth
Annual ACM-SIAM Symposium on Discrete Algorithms. SIAM, 2810–2822.
[19] Telikepalli Kavitha, Tamás Király, Jannik Matuschke, Ildikó Schlotter, and Ulrike
Schmidt-Kraepelin. 2020. Popular branchings and their dual certificates. In
International Conference on Integer Programming and Combinatorial Optimization.
Springer, 223–237.
[20] John Kemeny. 1959. Mathematics without numbers. Daedalus 88 (1959), 571–591.
[21] Maurice G Kendall. 1938. A new measure of rank correlation. Biometrika 30, 1/2
(1938), 81–93.
[22] Sonja Kraiczy, Agnes Cseh, and David Manlove. 2021. On absolutely and simply
popular rankings. arXiv:2102.01361 [cs.GT]
[23] Arthur Levenglick. 1975. Fair and reasonable election systems. Behavioral Science
20, 1 (1975), 34–46.
[24] David F. Manlove. 2013. Algorithmics of Matching Under Preferences. World
Scientific.
[25] Colin T.S. Sng and David F. Manlove. 2010. Popular matchings in the weighted
capacitated house allocation problem. Journal of Discrete Algorithms 8 (2010),
102–116.
[26] Anke van Zuylen, Frans Schalekamp, and David P. Williamson. 2014. Popular
ranking. Discrete Applied Mathematics 165 (2014), 312–316.

[1] David J. Abraham, Robert W. Irving, Telikepalli Kavitha, and Kurt Mehlhorn.
2007. Popular Matchings. SIAM J. Comput. 37 (2007), 1030–1045.
[2] Georg Bachmeier, Felix Brandt, Christian Geist, Paul Harrenstein, Keyvan Kardel,
Dominik Peters, and Hans Georg Seedig. 2019. k -Majority Digraphs and the
Hardness of Voting with a Constant Number of Voters. J. Comput. System Sci.
105 (2019), 130–157.
[3] Mourad Baïou and Michel Balinski. 2002. The stable allocation (or ordinal transportation) problem. Mathematics of Operations Research 27, 3 (2002), 485–503.
[4] Michel Balinski and Rida Laraki. 2014. Judge: Don’t Vote! Operations Research
62, 3 (2014), 483–511.
[5] Michel Balinski and Rida Laraki. 2014. What should ‘majority decision’ mean? J.
Elster et S. Novak (eds.), Majority Decisions (2014), 103–131.
[6] John Bartholdi, Craig A Tovey, and Michael A Trick. 1989. Voting schemes for
which it can be difficult to tell who won the election. Social Choice and Welfare 6,
2 (1989), 157–165.
[7] Therese Biedl, Franz J Brandenburg, and Xiaotie Deng. 2009. On the complexity
of crossings in permutations. Discrete Mathematics 309, 7 (2009), 1813–1823.
[8] Jean Antoine Nicolas de Caritat de Condorcet. 1785. Essai sur l’application de
l’analyse à la probabilité des décisions rendues à la pluralité des voix. L’Imprimerie
Royale.
[9] Ágnes Cseh. 2017. Popular matchings. Trends in Computational Social Choice
105, 3 (2017).
[10] Andreas Darmann. 2013. Popular spanning trees. International Journal of Foundations of Computer Science 24, 05 (2013), 655–677.
[11] Andreas Darmann. 2018. A social choice approach to ordinal group activity
selection. Mathematical Social Sciences 93 (2018), 57–66.
[12] Keith L Dougherty and Julian Edward. 2010. The properties of simple vs. absolute
majority rule: cases where absences and abstentions are important. Journal of
Theoretical Politics 22, 1 (2010), 85–122.

1565

