Downloaded 06/25/24 to 141.89.221.178 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

SIAM J. DISCRETE MATH. © 2024 Society for Industrial and Applied Mathematics
Vol. 38, No. 2, pp. 1943-2000

CLIQUES IN HIGH-DIMENSIONAL GEOMETRIC
INHOMOGENEOUS RANDOM GRAPHS*

TOBIAS FRIEDRICHT, ANDREAS GOBEL, MAXIMILIAN KATZMANN}, AND
LEON SCHILLERS

Abstract. A recent trend in the context of graph theory is to bring theoretical analyses closer
to empirical observations by focusing the studies on random graph models that are used to represent
practical instances. There, it was observed that geometric inhomogeneous random graphs (GIRGs)
yield good representations of complex real-world networks by expressing edge probabilities as a
function that depends on (heterogeneous) vertex weights and distances in some underlying geometric
space that the vertices are distributed in. While most of the parameters of the model are understood
well, it was unclear how the dimensionality of the ground space affects the structure of the graphs. In
this paper, we complement existing research into the dimension of geometric random graph models
and the ongoing study of determining the dimensionality of real-world networks by studying how
the structure of GIRGs changes as the number of dimensions increases. We prove that, in the limit,
GIRGs approach nongeometric inhomogeneous random graphs and present insights on how quickly
the decay of the geometry impacts important graph structures. In particular, we study the expected
number of cliques of a given size as well as the clique number and characterize phase transitions
at which their behavior changes fundamentally. Finally, our insights help in better understanding
previous results about the impact of the dimensionality on geometric random graphs.
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1. Introduction. Networks are a powerful tool to model all kinds of processes
that we interact with in our day-to-day lives. From connections between people in
social networks, to the exchange of information on the internet, and on to how our
brains are wired, networks are everywhere. Consequently, they have been in the focus
of computer science for decades. There, one of the most fundamental techniques
used to model and study networks is random graph models. Such a model defines a
probability distribution over graphs, which is typically done by specifying a random
experiment on how to construct the graph. By analyzing the rules of the experiment,
we can then derive structural and algorithmic properties of the resulting graphs. If the
results match what we observe on real-world networks, i.e., if the model represents the
graphs we encounter in practice well, then we can use it to make further predictions
that help us understand real graphs and utilize them more efficiently.

The quest to find a good model started several decades ago, with the famous
Erdés—Rényi (ER) random graphs [19, 24]. There, all edges in the graph exist inde-
pendently with the same probability. Due to its simplicity, this model has been stud-
ied extensively. However, because the degree distribution of the resulting graphs is
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rather homogeneous and they lack clustering (due to the independence of the edges),
the model is not considered to yield good representations of real graphs. In fact,
many networks we encounter in practice feature a degree distribution that resembles
a power-law [3, 39, 40], and the clustering coefficient (the probability for two neigh-
bors of a vertex to be adjacent) is rather high [36, 41]. To overcome these drawbacks,
the initial random graph model has been adjusted in several ways.

In inhomogeneous random graphs (IRGs), often referred to as Chung—Lu random
graphs, each vertex is assigned a weight, and the probability for two vertices to be
connected by an edge is proportional to the product of the weights [1, 11, 12]. As a
result, the expected degrees of the vertices in the resulting graphs match their weight.
While assigning weights that follow a power-law distribution yields graphs that are
closer to the complex real-world networks, the edges are still drawn independently,
leading to vanishing clustering coeflicients.

A very natural approach to facilitate clustering in a graph model is to introduce
an underlying geometry. This was done first in random geometric graphs (RGGs),
where vertices are distributed uniformly at random in the Euclidean unit square and
any two are connected by an edge if their distance lies below a certain threshold; i.e.,
the neighborhood of a vertex lives in a disk centered at that vertex [37]. Intuitively,
two vertices that connect to a common neighbor cannot be too far away from each
other, increasing the probability that they are connected by an edge themselves.
In fact, random geometric graphs feature a nonvanishing clustering coefficient [13].
However, since all neighborhood disks have the same size, they all have roughly the
same expected degree, again leading to a homogeneous degree distribution.

To get a random graph model that features a heterogeneous degree distribution
and clustering, the two mentioned adjustments were recently combined to obtain
geometric inhomogeneous random graphs (GIRGs) [29]. There, vertices are assigned
a weight and a position in some underlying geometric space and the probability for
two vertices to connected increases with the product of the weights but decreases with
increasing geometric distance between them. As a result, the generated graphs have
a nonvanishing clustering coefficient, and, with the appropriate choice of the weight
sequence, they feature a power-law degree distribution. Additionally, recent empirical
observations indicate that GIRGs represent real-world networks well with respect to
certain structural and algorithmic properties [5].

We note that GIRGs are not the first model that exhibits a heterogeneous de-
gree distribution and clustering. In fact, hyperbolic random graphs (HRGs) [31] feature
these properties as well and have been studied extensively (see, e.g., [7, 20, 21, 23, 26]).
However, in the pursuit of finding good models to represent real-world networks,
GIRGs introduce a parameter that sets them apart from prior models: the choice
of the underlying geometric space and, more importantly, the dimensionality of that
space.

Unfortunately, this additional parameter that sets GIRGs apart from previous
models has not gained much attention at all. In fact, it comes as a surprise that,
while the underlying dimensionality of real-world networks is actively researched
[2, 8, 15, 25, 32] and there is a large body of research examining the impact of the
dimensionality on different homogeneous graph models [13, 17, 18] with some advance-
ments being made on hyperbolic random graphs [42], the effects of the dimension on
the structure of GIRGs have only been studied sparsely. For example, while it is
known that GIRGs exhibit a clustering coeflicient of ©(1) for any fixed dimension
[29], it is not known how the hidden constants scale with the dimension.
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In this paper, we initiate the study of the impact of the dimensionality on GIRGs.
In particular, we investigate the influence of the underlying geometry as the dimen-
sionality increases, proving that GIRGs converge to their nongeometric counterpart
(IRGs) in the limit. With our results we are able to explain seemingly disagreeing
insights from prior research on the impact of dimensionality on geometric graph mod-
els. Moreover, by studying the clique structure of GIRGs and its dependence on the
dimension d, we are able to quantify how quickly the underlying geometry vanishes.
In the following, we discuss our results in greater detail. We note that, while we give
general proof sketches for our results, the complete proofs are deferred to the full
version [22].

1.1. (Geometric) inhomogeneous random graphs. Before stating our re-
sults in greater detail, let us recall the definitions of the two graph models we mainly
work with throughout the paper.

Inhomogeneous random graphs (IRGs). The model of inhomogeneous random
graphs was introduced by Chung and Lu [1, 11, 12] and is a natural generalization
of the Erd6s—Rényi model. Starting with a vertex set V' of n vertices, each v € V
is assigned a weight w,. Each edge {u,v} € (‘2/) is then independently present with
probability

Priu~v] = min{l, AWuy }
n

for some constant A > 0 controlling the average degree of the resulting graph. Note
that assigning the same weight to all vertices yields the same connection probabil-
ity as in Erdés—Rényi random graphs. For the sake of simplicity, we define Kk, =
min{Aw,w,,n} such that Pr[u~v] = kyy/n. Additionally, for a set of vertices
Up = {v1,...,v;} with weights wi,...,wg, we introduce the shorthand notation
Kij = Ku,v; and write (kIR ={g;; |1 <i<j<k}.

Throughout the paper, we mainly focus on inhomogeneous random graphs that
feature a power-law degree distribution in expectation, which is obtained by sampling
the weights accordingly. More precisely, for each v € V', we sample a weight w, from
the Pareto distribution P with parameters 1 — 5, wy and distribution function

Pr[wv<x]:1—<x)lﬂ.

Wo

Then the density of w, is py, (x) = (5 — 1)x_5/wéfﬁ. Here, wp > 0 is a constant that
represents a lower bound on the weights in the graph and 8 denotes the power-law
exponent of the resulting degree distribution. Throughout the paper, we assume g > 2
such that a single weight has finite expectation (and thus the average degree in the
graph is constant) but possibly infinite variance. We denote a graph obtained by uti-
lizing the above weight distribution and connection probabilities with IRG(n, 8, wyp).
For a fixed weight sequence {w}}, we denote the corresponding graph by IRG({w}7).

Geometric inhomogeneous random graphs (GIRGs). Geometric inhomogeneous
random graphs are an extension of IRGs, where in addition to the weight, each vertex
v is also equipped with a position x, in some geometric space and the probability for
edges to form depends on their weights and the distance in the underlying space [29].
While, in its raw form, the GIRG framework is rather general, we align our paper
with existing analysis on GIRGs [6, 30, 35] and consider the d-dimensional torus T¢
equipped with L..-norm as the geometric ground space, whereby T¢ can be described
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as the d-dimensional hypercube [0, 1]d with opposite boundaries identified with each
other. More precisely, in what we call the standard GIRG model, the positions x of the
vertices are drawn independently and uniformly at random from T¢, according to the
standard Lebesgue measure. We denote the ith component of x,, by x,;. Additionally,
the geometric distance between two points x, and x,, is given by

d(Xu, Xy) = [|Xu — Xoloc = lrggécd{lxui — Xuilc},
where |- | denotes the distance on the circle, i.e.,
[Xui — Xvilc =min{[xui — Xul, 1 = [Xus — X0}

In a standard GIRG, two vertices u # v are adjacent if and only if their distance
d(xy,%,) in the torus is less than or equal to a connection threshold t,,, which is

given by
b= 1 AWy W,y 1/d o (wuwv ) 1/d
w9 n “\ m ’

where 7 = 29/\. Using Lo, is motivated by the fact that it is the most widely used
metric in the literature because it is arguably the most natural metric on the torus.
In particular, it has the “nice” property that the ball of radius r is a cube and “fits”
entirely into T for all 0 <r < 1.

Note that, as a consequence of the above choice, the marginal connection prob-
ability Pr[u~ o] is the same as in the IRG model, i.e., Pr[u~ v] = Ky, /n. However,
while the probability that any given edge is present is the same as in the IRG model,
the edges in the GIRG model are not drawn independently. We denote a graph ob-
tained by the procedure described above with GIRG(n,3,wg,d). As for IRGs, we
write GIRG({w}},d) when considering standard GIRGs with a fixed weight sequence
{uw}.

As mentioned above, the standard GIRG model is a commonly used instance
of the more general GIRG framework [29]. There, different geometries and distance
functions may be used. For example, instead of Lo.-norm, any Ly,-norm for 1 <p < oo
may be used. Then, the distance between two vertices u, v is measured as

1/p
<Zf:1 |Xui — Xm'|p) if p < oo,

l[xu — Xu|lp =
maxi<;<d{|Xu; — Xypi|} otherwise.

With this choice, the volume (Lebesgue measure) of the ball B,(r) of radius r under
L,-norm is equal to the probability that a vertex u falls within distance at most r of
v (if r = 0(1)). We denote this volume by v(r). We call the corresponding graphs
standard GIRGs with any L,-norm and note that some of our results extend to this
more general model. Finally, whenever our insights consider an even broader variant
of the model (e.g., variable ground spaces, distances functions, weight distributions),
we say that they hold for any GIRG and mention the constraints explicitly.

1.2. Asymptotic equivalence. Our first main observations is that large values
of d diminish the influence of the underlying geometry until, at some point, our model
becomes strongly equivalent to its nongeometric counterpart, where edges are sampled
independently of each other. We prove that the total variation distance between the
distribution over all graphs of the two models tends to zero as n is kept fixed and
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d — 00. We define the total variation distance of two probability measures P and @
on the measurable space (2, F) as

1
1P, Qllrv = iggIP(A) —P(B)l=5 u;l |P(w) = Q(w)l,

where the second equality holds if © is countable. In our case, 2 is the set G(n) of all
possible graphs on n vertices, and P, (@ are distributions over these graphs. If G, G2
are two random variables mapping to 2, we refer to ||G1, Gz|Tv as the total variation
distance of the induced probability measures by G; and Gs, respectively. Informally,
this measures the maximum difference in the probability that any graph G is sampled
by G; and Gs.

THEOREM 1.1. Let G(n) be the set of all graphs with n vertices, let {w}} be
a weight sequence, and consider Gire = IRG({w}}) € G(n) and a standard GIRG
Gairg = GIRG({w}?,d) € G(n) with any L,-norm. Then,

lim |G arra, Girall7v =0.
d—o0

We note that this theorem holds for arbitrary weight sequences that do not nec-
essarily follow a power-law and for arbitrary L,-norms used to define distances in the
ground space. For p € [1,00), the proof is based on the application of a multivariate
central limit theorem [38], in a similar way as used to prove a related statement for
spherical random geometric graphs (SRGGs), i.e., random geometric graphs with a
hypersphere as ground space [17]. Our proof generalizes this argument to arbitrary
L,-norms and arbitrary weight sequences. For the case of L.,-norm, we present a
proof based on the inclusion-exclusion principle and the bounds we develop in the full
version [22, section 4].

Remarkably, while similar behavior was previously established for SRGGs, there
exist works indicating that RGGs on the hypercube do not converge to their nongeo-
metric counterpart [13, 18] as d — co. We show that this apparent disagreement is due
to the fact that the torus is a homogeneous space while the hypercube is not. In fact,
our proof shows that GIRGs on the hypercube do converge to a nongeometric model
in which edges are, however, not sampled independently. This lack of independence
is because, on the hypercube, there is a positive correlation between the distances
from two vertices to a given vertex, leading to a higher tendency to form clusters, as
was observed experimentally [18]. Due to the homogeneous nature of the torus, the
same is not true for GIRGs, and the model converges to the plain IRG model with
independent edges.

1.3. Clique structure. To quantify for which dimensions d the graphs in the
GIRG model start to behave similarly to IRGs, we investigate the number and size
of cliques. Previous results on SRGGs indicate that the dimension of the underlying
space heavily influences the clique structure of the model [4, 17]. However, it was
not known how the size and the number of cliques depends on d if we use the torus
as our ground space, and how the clique structure in high dimensions behaves for
inhomogeneous weights.

We give explicit bounds on the expected number of cliques of a given size k, which
we afterwards turn into bounds on the clique number w(G), i.e., the size of the largest
clique in the graph G. While the expected number of cliques in the GIRG model was
previously studied by Michielan and Stegehuis [35] when the power-law exponent of
the degree distribution satisfies 8 € (2,3), to the best of our knowledge, the clique

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/25/24 to 141.89.221.178 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1948 FRIEDRICH, GOBEL, KATZMANN, AND SCHILLER

number of GIRGs remains unstudied even in the case of constant (but arbitrary)
dimensionality. We close this gap, reproduce the existing results, and extend them
to the case f > 3 and the case where d can grow as a function of the number of
vertices n in the graph. Furthermore, our bounds for the case 8 € (2,3) are more
explicit and complement the work of Michielan and Stegehuis, who expressed the
(rescaled) asymptotic number of cliques as converging to a nonanalytically solvable
integral. Furthermore, we show that the clique structure in our model eventually
behaves asymptotically like that of an IRG if the dimension is sufficiently large. In
summary, our main contributions are outlined in Tables 1, 2, and 3.

We observe that the structure of the cliques undergoes three phase transitions in
the size of the cliques k, the dimension d, and the power-law exponent 3.

Transition in k. When 8 € (2,3) and d € o(log(n)), the first transition is at
k= ﬁ, as was previously observed for hyperbolic random graphs [7] and for GIRGs
of constant dimensionality [35]. The latter work explains this behavior by showing
that for k < 3= 5, the number of cliques is strongly dominated by “geometric” cliques

forming among vertices whose distance is of order n=!/? regardless of their weight. For
k> 5= 5, on the other hand, the number of cliques is dominated by “nongeometric”
cliques forming among vertices with weights on the order of y/n. This behavior is in
contrast to the behavior of cliques in the IRG model, where this phase transition does
not exist and where the expected number of k cliques is ©(n*3=A)) for all k > 3 (if

pe(2,3)) [14].

TABLE 1
Asymptotic behavior of the expected number of k-cliques. Results marked with * were previously
known for constant k. For all depicted regimes, K}, concentrates well around its expectation, i.e.,
Ky /E[K)] converges in probability to 1 if k is sufficiently small: for cells marked in light-gray, this
holds for k= o(nB=P)/4); for cells marked in dark-gray, it holds for k = o(log(n)/(loglog(n) + d));
for white cells, it holds for all k (cf. Theorem 1.4).

E [Ky] for k >4

d=0(1) d = o(log(n)) d = w(log(n))
2<B<3k>z2  nilPOk) T piG-Pe(k) " 5B-RQ(k)~*
‘ nO(k)~k* ne~®Mdkg (k)= n2(3 Poe(k)=F
8>3 nO(k)~* ne=OMWdkQ(f)~k o(1)
equivalent to equivalent to
HRGs [7] IRGs [28]
TABLE 2

Asymptotic behavior of the expected number of triangles. The case B = oo refers to the case of
constant weights. While in the case B < 3, the number of triangles already behaves like that of the
IRG model if d = w(log(n)), in the case B > 3, the number of triangles remains superconstant as
long as d = o (log®/?(n)).

Expected number of triangles E [K3]

d=o(log(n)) __d=uw(log(n) __d=w(iog’(n))

2<8<I n2B-Me() n2(3 e (1) n3B3-Mg (1)

T<B<3 ne®Wdg(l)  n3G-Me() n2G3-e (1)
8>3 ne~®Mdg (1) <exp <1n (n) )) o(1)
=00 ne~Md@ (1) (exp (ln (n) )) o(1)
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TABLE 3
Asymptotic behavior of the clique number of G for different values of d in the GIRG model.
The behavior of the first column is the same as in hyperbolic random graphs established in [7], and
the behavior in the third column is the same as that of IRG graphs established in [28]. All results
hold a.a.s. and under Loo-norm.

w(Q)
d= O(loglog(n)) d=o(log(n)) d =w(log(n))
8<3 €] (n(Sfﬁ)/2) e (n(Sfﬂ)/2) e (n(376)/2)
— log(n) log(n)
p= eglogégn)g QEOgd( ; o(1)
log(n) log(n)
B >3 e loglog(n) e —d <3
equivalent to HRGs [7] equivalent to IRGs [28]

Transition in d. Still assuming § € (2,3), the second phase transition occurs as
d becomes superlogarithmic. More precisely, we show that in the high-dimensional
regime, where d = w(log(n)), the phase transition in k vanishes, as the expected
number of cliques of size k > 4 behaves asymptotically like its counterpart in the
IRG model. Nevertheless, we can still differentiate the two models as long as d =
0(10g3/ %(n)) by counting triangles among low degree vertices as can be seen in Table 2.

The reason for this behavior is that the number of cliques in the case d = w(log(n))
is already dominated by cliques forming among vertices of weight close to y/n. For
those, the probability that a clique is formed already behaves like in an IRG, although,
for vertices of small weight, said probability it is still significantly larger as long as
d = o(log(n)3/?).

Regarding the clique number, in the case S > 3, we observe a similar phase transi-
tion in d. For constant d, the clique number of a GIRG is ©(log(n)/loglog(n)) = w(1).
We find that this asymptotic behavior remains unchanged if d = O(loglog(n)). How-
ever, if d =w(loglog(n)) but d = o(log(n)), the clique number scales as O(log(n)/d),
which is still superconstant. Additionally, if d =w(log(n)), we see that, again, GIRGs
show the same behavior as IRGs. That is, there are asymptotically no cliques of size
larger than 3.

Transition in 8. The third phase transition in the high-dimensional case occurs
at f = 3, which is in line with the fact that networks with a power-law exponent
B € (2,3) contain with high probability (w.h.p., meaning with probability 1-O(1/n)) a
densely connected “heavy core” of @(n%(S’B )) vertices with weight /n or above, which
vanishes if 3 is larger than 3. This heavy core strongly dominates the number of cliques
of sufficient size and explains why the clique number is ©(nz(3-9)) regardless of d if
B €(2,3). As 8 grows beyond 3, the core disappears and leaves only very small cliques.
Accordingly for 5 > 3 IRGs contain asymptotically almost surely (a.a.s., meaning with
probability 1 — o(1)) no cliques of size greater than 3. In contrast to that, for GIRGs
of dimension d = o(log(n)) (and HRGs), the clique number remains superconstant
and so does the number of k-cliques for any constant k > 3. If d = w(log(n)), there
are no cliques of size greater than 3 like in an IRG. However, as noted before, GIRGs
feature many more triangles than IRGs as long as d = o(log®?(n)).

Characterizing the typical clique. Our analysis also yields insights into where
cliques typically form within the graph. Previously known in this regard was that, for
constant d, 3 € (2,3) and constant k, cliques of size k > ﬁ form dominantly among
vertices of weight on the order of 1/n, whereas for k < ﬁ, they form among vertices
of pairwise distance on the order of n='/¢ as shown in [35]. We extend these results to
the case where k and d are allowed to be superconstant, where 5 > 3, and we provide
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a characterization in terms of the weights of the vertices associated to a clique that
extend the known results even for the previously studied parameter regimes.

To be more precise, we denote by wpmin, Wmax the minimal and maximal vertex
weights associated to a randomly chosen clique and study for which weights w, wmin
and wpay are arbitrarily likely to be on the order of w. To this end, we define the
following.

DEFINITION 1.2. For any w €R and € >0 define
MP (w):={zeR|z<w/e} and M) (w):={xeR|z>ecw}.

€

Furthermore, define
M, (w) := M) (w) N M) (w).

We proceed by studym% for Wthh w we can make the conditional probabilities
that Wiy Or Wpax is in M, (w), or M, (w) arbitrarily large by adjusting e.

Our results are summarlzed in Table 4. The central result of these two tables is
that assuming d = o(log(n)), if k < 3= B or if k is arbitrary and 8 > 3, then cliques
dominantly form among vertices of very small weight, more precisely among vertices
of weight at most k27 Bn"(l) which (if you take our results on the clique number
into account) is n°) in total for cliques of all sizes that appear in the model with
nonvanishing probability. On the other hand, if d = w(log(n)) and S € (2,3), then
cliques of all sizes dominantly form among very high-weight vertices, more precisely
among vertices of weight at least on the order of \/n. Again, this is the same behavior
as in IRGs. We formalize this result in the following theorem.

THEOREM 1.3. Let Uy be a set of k randomly chosen vertices. If § € (2,3),
k< ﬁ, and d = o(log(n)), then there is a function f(n) = e®Me = n°M) sych that
for all p€ (0,1), there is an € >0 such that

Pr [wmax < f(n)/e | Uy is clique] > p.
If 8 €(2,3) and d = w(log(n)), then for all (potentially superconstant) k>3 and all
p€(0,1), there is an € >0 such that

Pr [wmin >evn| Uy is clique] >p.

TABLE 4
Dominant regimes for the minimum/mazimum vertexr weight associated to a clique. An entry
of Mc(w) (as defined in Definition 1.2) means that for every p € (0,1), there is an € > 0 such that
Pr[wmin € Me(w) | Uy, is clique] > p (resp., Priwmax € Mc(w) | Uy is clique] > p), where Uy is a set
of k vertices chosen u.a.r.

Dominant Regimes for wmin

d=0() d=o(log(n)) d=w(log(n))
2<B<3,k> 5 B Me(v/n) Me(v/n) Me(V/n)
2<B<3,k< 525 M. (1) M) (ne(D)y M. (y/n)
8>3 M. (1) ML (ne®)

Dominant Regimes for wmax

d=0(1) d=o(log(n)) d=w(log(n))
2<B<3 k> ﬁ M. (k71 /) M. (k7T /) M. (k71 /)
2<B<3,k< 525 M. (kF=2) MO RF=2ne@)) M. (kFT /)
B>3 M.(kP2) M (k572 o)) _
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Moreover, it is worth noting that for d,k constant, cliques of size k < ﬁ, if
B € (2,3), and cliques of size k > 3, if § > 3, dominantly form among vertices of
only constant weight. Additionally, we remark that the dependence of wmax on k as
given in Table 4 is the same as one would expect in a star centered at the vertex
of minimal weight vyi,. That is, if the weight of v, is much smaller than +/n,
then each neighbor u of vy, has a weight that is essentially a sample of a Pareto
distribution with exponent 8 — 1 instead of 3, since conditioning on u ~ vy, imposes
a bias towards a higher weight of u. Since there are O(k) neighbors, the maximum
weight among these is essentially the maximum of ©(k) independent samples from
this distribution, which is typically of order kFe . If Wmin 18 already of order /m,
the situation is similar; however, conditioning on u ~ vy, no longer imposes a bias
towards a higher weight of u as vertices with weight in this range are all connected
with probability €2(1). Thus, the weight of the neighbors of vy, continues to follow a
Pa{"eto distribution with exponent 3, and the maximal weight among them is of order
k?7-1. Our results show that this known behavior for stars remains essentially true
for cliques; that is, conditioning on having a clique does not induce a bias towards
much larger weights than conditioning on having a star.

Concentration bounds. The above analysis not only gives insights into where
cliques dominantly form but also allows us to establish concentration bounds on the
number of cliques in a similar way as done in [35]. More precisely, it allows us to es-
tablish that K} rescaled by its expectation converges in probability to 1 for almost all
the regimes we consider and almost all relevant sizes of k. We write K /E K] —, 1
to denote convergence in probability and formalize in our statement in the following
theorem.

THEOREM 1.4. We have Ky /E[K}] —, 1; that is for all § >0,

o

if one of the following conditions holds.
(i) d=o(log(n)), € (2,3), k# ﬁ, and k= o(nG=A)/4),
(i) d=w(log(n)), B € (2,3), k=o(n® /).
(iii) d =o0(log(n)), S>3, and k= o0 (log(n)/(loglog(n) + d)).

We remark that even for values of k larger than the ones stated above, our results
imply (slightly weaker) concentration bounds. General bounds on the variance of
cliques are given in subsection 3.3.

Proof techniques. The proofs of our results (i.e., the ones in the above tables) are
mainly based on bounds on the probability that a set of £ randomly chosen vertices
forms a clique. To obtain concentration bounds on the number of cliques as needed
for deriving bounds on the clique number, we use the second moment method and
Chernoff bounds.

For the case of d =w(log(n)), many of our results are derived from the following
general insight. We show that for all § > 2, the probability that a set of vertices
forms a clique already behaves similarly to that in the IRG model if the weights of
the involved nodes are sufficiently large. For d = w(log(n)?), this holds in the entire
graph, that is, regardless of the weights of the involved vertices. In fact our statement
holds even more generally. That is, the described behavior applies not only to the
probability that a clique is formed but also to the probability that any set of edges
(or a superset thereof) is created.

Ky,
E [Ky]

~1]28] =0t
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THEOREM 1.5. Let G be a standard GIRG and let k > 3 be a constant. Further-
more, let Uy = {v1,...,vr} be a set of vertices chosen uniformly at random and let
{k}*) = {Kij |1 <14,j <k} describe the pairwise product of weights of the vertices in
Uk. Let E(Uy) denote the (random) set of edges formed among the vertices in Uy,.
Then, for any set of edges A C (U;)7

Ao peas  ifd=wllog’(n),
(1+0(1)) H{i,j}eA (% )EO(T) if d=w(log(n)).

For the proof we derive elementary bounds on the probability of the described
events and use series expansions to investigate their asymptotic behavior. Remarkably,
in contrast to our bounds for the case d = o(log(n)), the high-dimensional case requires
us to pay closer attention to the topology of the torus.

We leverage the above theorem to prove that GIRGs eventually become equivalent
to IRGs with respect to the total variation distance. Theorem 1.5 already implies that
the expected number of cliques in a GIRG is asymptotically the same as in an IRG
for all k> 3 and all 8 > 2 if d = w(log?(n)). However, we are able to show that
the expected number of cliques for 8 € (2,3) actually already behaves like that of
an IRG if d = w(log(n)). The reason for this is that the clique probability among
high-weight vertices starts to behave like that of an IRG earlier than is the case for
low-weight vertices, and cliques forming among these high-weight vertices already
dominate the number of cliques. Moreover, the clique number behaves like that of an
IRG if d = w(log(n)) for all 8 > 2. However, the number of triangles among vertices
of constant weight asymptotically exceeds that of an IRG as long as d = o(log3/ 2(n)),
which we prove by deriving even sharper bounds on the expected number of triangles.
Accordingly, convergence with respect to the total variation distance cannot occur
before this point (this holds for all 8 > 2).

In contrast to this, for the low-dimensional case (where d = o(log(n))), the un-
derlying geometry still induces strongly notable effects regarding the number of suf-
ficiently small cliques for all 8 > 2. However, even here, the expected number of such
cliques decays exponentially in dk. The main difficulty in showing this is that we
have to handle the case of inhomogeneous weights, which significantly influence the
probability that a set of k vertices chosen uniformly at random forms a clique. To
this end, we prove the following theorem, which bounds the probability that a clique
among k vertices is formed if the ratio of the maximal and minimal weights is at most
¢?. Note that the vertices forming a star is necessary for a clique to form. For this
reason we consider the event ES, . . of the vertices forming a star centered at the lowest

star
weight vertex. The theorem generalizes a result of Decreusefond et al. [16].

THEOREM 1.6. Let G be a standard GIRG and consider k > 3. Furthermore,
let Uy = {v1,v2,...,vk} be a set of vertices chosen uniformly at random and assume
without loss of generality that wy < --- < wyi. Let ES,,,. be the event that vi con-
nects to all vertices in Uy, \ {v1} and that wy, < c?w; for some constant ¢ > 1 with

A(w}/(tn))/? < 1/4. Then, the probability that Uy is a clique conditioned on ES,,,
Fulfills

Pr [E(UK) 2 A {x}®] = {

. 1\ k=1
(2) k? <Pr(Uy is clique| ES,,,] <+ (2) ¢

Building on the variant by Decreusefond et al. [16], we provide an alternative
proof of the original statement, showing that the clique probability conditioned on
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the event ES,,, is monotonous in the weight of all other vertices. Remarkably, this
only holds if we condition on the event that the center of our star is of minimal weight
among the vertices in Uy.

We apply Theorem 1.6 to bound the clique probability in the whole graph (where
the ratio of the maximum and minimum weights of vertices in U} is not necessarily
bounded). Afterwards, we additionally use Chernoff bounds and the second moment
method to bound the clique number.

1.4. Relation to previous analyses. In the following, we discuss how our
results compare to insights obtained on similar graph models that (apart from not
considering weighted vertices) mainly differ in the considered ground space. We note
that, in the following, we consider GIRGs with uniform weights in order to obtain a
valid comparison.

Random geometric graphs on the sphere. Our results indicate that the GIRG
model on the torus behaves similarly to the model of spherical random geometric
graphs (SRGGs) in the high-dimensional case. In this model, vertices are distributed
on the surface of a d — 1 dimensional sphere and an edge is present whenever the
Euclidean distance between two points (measured by their inner product) falls below
a given threshold. Analogously to the behavior of GIRGs, when keeping n fixed and
considering increasing d — oo, this model converges to its nongeometric counterpart,
which in their case is the Erdés—Rényi model [17]. It is further shown that the clique
number converges to that of an Erdés—Rényi graph (up to a factor of 1+ o(1)) if
d=w(log®(n)).

Although the overall behavior of SRGGs is similar to that of GIRGs, the magni-
tude of d in comparison to n at which nongeometric features become dominant seems
to differ. In fact, it is shown in [10, proof of Theorem 3] that the expected number
of triangles in sparse SRGGs still grows with n as long as d = o(log®(n)), whereas its
expectation is constant in the nongeometric, sparse case (as for Erdés—Rényi graphs).
On the other hand, in the GIRG model, we show that the expected number of triangles
in the sparse case converges to the same (constant) value as that of the nongeometric
model if only d = w(log®?(n)). This indicates that, in the high-dimensional regime,
differences in the nature of the underlying geometry result in notably different behav-
ior, although in the case of constant dimensionality, the models are often assumed to
behave very similarly.

Random geometric graphs on the hypercube. The work of Dall and Christensen
[13] and the recent work of Erba et al. [18] show that RGGs on the hypercube do
not converge to Erdés-Rényi graphs as n is fixed and d — co. However, our results
imply that this is the case for RGGs on the torus. These apparent disagreements are
despite the fact that Erba et al. use a similar central limit theorem for conducting
their calculations and simulations [18].

The tools established in our paper yield an explanation for this behavior. Our
proof of Theorem 1.1 relies on the fact that, for independent zero-mean variables
Z1,...,24q, the covariance matrix of the random vector Z = Z?:l Z; is the identity
matrix. This, in turn, is based on the fact that the torus is a homogeneous space,
which implies that the probability measure of a ball of radius r (proportional to
its Lebesgue measure or volume, respectively) is the same, regardless of where this
ball is centered. It follows that the random variables Z, ., and Z(, s, denoting the
normalized distances from w to s and v, respectively, are independent. As a result
their covariance is 0 although both “depend” on the position of u.

For the hypercube, this is not the case. Although one may analogously define the
distance of two vertices as a sum of independent, zero-mean random vectors over all
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dimensions just like we do in this paper, the random variables Z(, . and Z(, s do
not have a covariance of 0.

1.5. Conjectures and future work. While making the first steps towards un-
derstanding GIRGs and sparse RGGs on the torus in high dimensions, we encountered
several questions whose investigation does not fit into the scope of this paper. In the
following, we give a brief overview of our conjectures and possible starting points for
future work.

Noisy GIRGSs. It would be interesting to extend our results to the temperate ver-
sion of GIRGs, where the threshold is softened using a temperature parameter. That
is, while the probability for an edge to exist still decreases with increasing distance,
we can now have longer edges and shorter nonedges with certain probabilities. The
motivation of this variant of GIRGs is based on the fact that real data is often noisy
as well, leading to an even better representation of real-world graphs. In this regard,
we remark that most of our proof techniques for the case of constant dimension carry
over quite directly to temperate GIRGs. However, when considering nonconstant
dimension, having an additional temperature parameter seems to complicate things
significantly, which is the reason why we concentrate on threshold GIRGs in this work.
Nevertheless, we note that both temperature and dimensionality affect the influence
of the underlying geometry, so it would be interesting to further investigate whether a
sufficiently high temperature has additional impact on how quickly GIRGs converge
to IRGs.

Testing thresholds for detecting underlying geometry. Another crucial question is
under which circumstances the underlying geometry of our model remains detectable
by means of statistical testing, and when (i.e., for which values of d) our model
converges in total variation distance to its nongeometric counterpart. A large body
of work has already been devoted to this question for SRGGs [17, 10, 9, 34, 33] and
recently also for random intersection graphs [9]. While the question of when these
graphs lose their geometry in the dense case is already largely answered, it remains
open for the sparse case (where the marginal connection probability is proportional
to 1/n), and progress has only been made recently [9, 33]. It would be interesting to
study this question for our model, both for the case of constant and for the case of
inhomogeneous weights. Our work indicates that GIRGs and RGGs on the torus might
lose their geometry earlier than SRGGs as the number of triangles is in expectation
already the same as in an Erd6s-Rényi graph if d = w(log®?(n)), while for SRGGs
this only happens if d = w(log®(n)) [10].

Furthermore, it remains to investigate dense RGGs on the torus in this regard,
where the marginal connection probability of any pair of vertices is constant and does
not decrease with n. For dense SRGGs, an analysis of the high-dimensional case
has shown that the underlying geometry remains detectable as long as d = o(n?),
while for sparse SRGGs it is conjectured that the respective threshold is only at d =
log(n)3. In the dense case, this is accomplished by counting so-called signed triangles
[10]. Although for the sparse case, signed triangles have no advantage over ordinary
triangles, they are much more powerful in the dense case and might prove useful for
analyzing dense RGGs on the torus as well. Additionally, as GIRGs contain both
very sparse and very dense parts, it is an interesting question whether inhomogeneous
weights actually result in different testing thresholds somewhere between that of the
dense and the sparse cases.

2. Preliminaries. We let G = (V, E) be a (random) graph on n vertices. We
let (g) be the set of all possible edges among vertices of a subset U C V' and denote
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the actual set of edges between them by E(U) = EN (g) A k-clique in G is a
complete induced subgraph on k vertices of G. We let K}, denote the random variable
representing the number of k-cliques in G. We typically use Uy, = {v1, ..., v} to denote
a set of k vertices chosen independently and uniformly at random from the graph. For
the sake of brevity, we simple write that Uy, is a set of random vertices to denote that
Uy is obtained that way. Further, we write wy,...,wy for the weights of the vertices
in Uy. The probability that Uy forms a clique is denoted by ¢. Additionally, Eg;y, is
the event that U} is a star with center vy.

We use standard Landau notation to describe the asymptotic behavior of functions
for sufficiently large n. That is, for functions f,g, we write f(n) = O(g(n)) if there
is a constant ¢ > 0 such that for all sufficiently large n, f(n) < cg(n). Similarly, we
write f(n) =Q(g(n)) if f(n) > cg(n) for sufficiently large n. If both statements are
true, we write f(n) =©(g(n)). Regarding our study of the clustering coefficient, some
results make a statement about the asymptotic behavior of a function with respect
to a sufficiently large d. These are marked by Ou(+),Q4(+), 04(+), respectively.

2.1. Spherical random geometric graphs (SRGGs). In this model, n ver-
tices are distributed uniformly on the d-dimensional unit sphere S?~! and vertices u, v
connected whenever their Lo-distance is below the connection threshold t,,,, which is
again chosen such that the connection probability of w,v is fixed. This model thus
differs from the GIRG model in its ground space (sphere instead of torus) and the fact
that it uses homogeneous weights; i.e., the marginal connection probability between
each pair of vertices is the same. We mainly use this model as a comparison, since its
behavior in high dimensions was extensively studied previously [4, 10, 17].

2.2. Useful bounds and concentration inequalities. Throughout this pa-
per, we use the following approximation of the binomial coefficient.

LEMMA 2.1. Foralln>1 and all 1 <k < %n, we have

(:) = kO (k)"
That is, there are constants c1,co >0 such that for alln>1,
k —k n k —k
n"(c1k)”" < <k> <n"(c2k)™".
Proof. We start with the upper bound and immediately get that for all n, k,

n nk
< —.
<k> =&l

From Stirling’s approximation, we get for all k> 1 that

(k)k )
2k | — | et=RFr < Kl
e

Because k > 1, the left side is lower bounded by (%)k and hence

(Z) <t (k) F
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For the lower bound, we observe that

G ——

We claim that there is a constant ¢ > 0 such that (n — k)¥ > (en)*, which is equiv-

alent to 1 — % >c Ask < %n, this inequality is true for all ¢ < %, which finishes

the proof. ]

We use the following well-known concentration bounds.

THEOREM 2.2 (Theorem 2.2 in [29], Chernoff-Hoeffding bound). For 1 <i <k,
let X; be independent random variables taking values in [0,1], and let X := Zle X;.
Then, for all0 <e <1,
() Pr[X > (1+)E[X]] < exp(~FE[X]),
(ii) Pr(X < (1 —¢)E[X]] <exp(-FE[X]), and
(iii) Pr[X >t] <27¢ for all t > 2¢E[X].

3. Cliques in the low-dimensional regime. We start by proving the results
from Tables 1, 2, and 3 for the case d = o(log(n)). We remind the reader that the
results in this section hold for the standard GIRG model but remark that our bounds
up to (and including) section 4 are also applicable if norms other than L, are used.

3.1. Bounds on the clique probability. Recall that we denote by K} the
random variable that represents the number of cliques of size k in G and that gy is
the probability that a set of k& vertices chosen uniformly at random forms a clique.

Then the expectation of K is
n
E[Ky]= <k)Qk-

In the following, we derive upper and lower bounds on g;. Our bounds here are very
general and remain valid regardless of how the dimension scales with n and which
L,-norm is used. One may also easily extend them to the nonthreshold version of the
weight sampling model. Although our bounds are asymptotically tight for constant
d, they become less meaningful if d scales with n. We therefore derive sharper bounds
in section 4 for the case d = w(log(n)).

An upper bound on qi. In this section, we derive an upper bound on ¢ by con-
sidering the event that a set of k random vertices forms a star centered around the
vertex of minimal weight. As this is necessary to form a clique, it gives us an upper
bound on g that is very general and independent of d. To get sharper upper bounds,
we combine this technique with Theorem 1.6 in section 3.4.

Recall that U, ={v1,...,vx} is a set of k random vertices with (random) weights
w1, ..., wg. In the following, we assume without loss of generality that v; is of minimal
weight among all vertices in Ui. We start by analyzing how the minimal weight w,
is distributed.

LEMMA 3.1. Let G be any GIRG with a power-law weight distribution with ex-
ponent B > 2. Furthermore, let U, = {v1,...,vx} be a set of k random vertices and
assume that vy is of minimal weight wy among Uy. Then, wy s distributed according
to the density function

(B-1Dk p(1=B)k—1

Pun (T) = _
1 w(()l Bk
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in the interval [wo,00]. Conditioned on the weight wy, the weight w; for all 2<i<k
is distributed independently as
B—1

pwi\wl(x) = -7
wy

_5.

Proof. Recall that the weight w of each vertex is independently sampled from the
Pareto distribution such that

(3.1) Priw<az]=1- <x>15.

Wo

Accordingly, the probability that the minimal weight w, is at most x is

NS )
Pr[wlgx]—lPr[wa]k—1<> .
wo

To find the density function of w,, we differentiate this term and get

pu, () = dPriw, <o} _ d <1 - <x>(1ﬁ)k> B-Dk  a-pr-1

dz T dx Wy - w(()l—ﬁ)k
The conditional density function py, ., (z) of w; is then

= oopw(x) = ooxiﬂ :ﬂ;;xiﬁa
fwl puw(x)da fwl r=Adr  w,

Pw; |wy (z)

where py, () = f —L 2~ is the (unconditional) density function of a single weight. O
0

We proceed by bounding the probability of the event Eg,, that Uy is a star with
center v;. We start with the following lemma.

LEMMA 3.2. Let G be any GIRG with a power-law weight distribution with expo-
nent B> 2, let Uy = {v1,...,vr} be a set of k random wvertices, and assume that vy
is of minimal weight w1 among Uy. Furthermore, let Eg,r be the event that Uy is a
star with center vy and let w_,wy > wy. Then,

A\ B—1 LR 2 k 2
Pr[Estor Nw_ <wy <w+]<c<n) <B—2) (w+(3—5)— e )

with

(6 _ 1)k‘w07(176)k
B-Bk—-2

Proof. Define P :=Pr [Egtor Nw_ <wj <wy]. As the marginal connection prob-
ability of two vertices u,v with weights w,,,w, is min{Aw,w,, 1}, we get

C:=

W+ oo O N =Lk =Ly L wy
PS/ / / lnk—l pwl(wl)pw2|UJ1(w2)"'pwk|w1(wk)dwk"~dw1
w— wi wi
k—1

A e o0 k-1
N <”) / w0l pun (w1) </ W2 Py |y (w2)dw2> dw;.
w_ w,
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By Lemma 3.1, we have

e -1 [~ _ —1
(3.2) / W2 Py oy (W2)dwo = 517 / wy P dwy = %wl,
w1 1 w1

g
®

and therefore, our expression for P simplifies to
AL e 1 k—1
P< <n> /7 Wy pu, (w1) (g — le) dwy
(A e S - ) A e WFB=B=3 1.,
n B—2 wlF S 1 !

IO R A (wk@f/s)fz B wk(376)72)
T \n B—2 + - ’

as desired. 0

COROLLARY 3.3. Let G be any GIRG with a power-law weight distribution with
exponent B> 2, let Uy = {v1,...,vr} be a set of k random vertices, and assume that
vy 18 of minimal weight wy among Uy. Furthermore, let Egqr be the event that Uy is
a star with center vy. Then,

k

1< O(1)knz(1=F)  if k> % and 2 < <3,
~ | e)knt-k otherwise.

Proof. Set wy =+/n/\ and observe that
Pr [Estar] =Pr [Estar Nwy < wy < w+] +Pr [Estar Nwy > ’LU+].

Note that, if wy > wy =+/n/A, the formation of a clique (and thus a star) is guaran-
teed and, hence,

k(1-p)
Pr[Egtar Nw1 > wi] =Prw > wy] = (w+) = @(1)’“71%(1_5).
Wo

To bound Pr [Egar Nwo < wy < w4 ], we use Lemma 3.2 and observe that

(8~ Dhwy ="
(B-Bk—2

C:

is positive if and only if k > ﬁ and 2 < f < 3. In this case Lemma 3.2 implies that
Pr [Egtar] < @(l)kng(l_ﬁ), as desired. Otherwise, we get Pr[Egtar Nwo < wq <wy] <
©(1)*n'~*, which dominates Pr[Ega Nwy > wy] =O(1)knz(1-5), O

The above lemma shows that there is a phase transition at k = ﬁ if 2< 8 <3,
as previously observed by Michielan and Stegehuis [35]. We remark that our bound
is independent of the geometry and also works in the temperate variant of the model,
i.e., in the nonthreshold case.

A lower bound on q. To obtain a matching lower bound, we employ a similar
strategy that yields the following lemma.
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LEMMA 3.4. Let G = GIRG(n, 8,wo,d) be a standard GIRG with any L,-norm
and let wo <wy <+/n/\. Then,

AN keos - _g)—
Pr[(Uy is clique) N (wo <wy <wy)] > g—dk=1)¢ () (wi(g A2 _ w§(3 A 2)

with
(B — 1)kw0—(1—ﬂ)k
(B=B)k—2
Proof. To get a lower bound on Pr[Uy, is clique Nwy < wy <wy], we consider the

event that every u € U \ {v1} is placed at a distance of at most ¢y, /2 from v;. Then,
by the triangle inequality, for any u, v € Uy \{v1 }, we may bound the distance d(u,v) as

C:=

1 1
d(u,v) < ituul + §tvvl < tuw
because w1 < w,,w,. Hence, u and v are adjacent. The probability that a random
vertex v is placed at distance of at most ¢, /2 from v is equal to the volume v(r) of

the ball of radius r =t,,/2 (but at most 1), i.e.,
min {1, (tu,/2)} = min {1, 2_dl’(tuv)} = min {LQ—w\M} .
n

We remark that it is easy to verify that the above term is also a valid lower bound
for the probability of the described event if we are working with some L,-norm where
p < oo. Conditioned on a value of wy smaller than y/n /A, the probability that a vertex
u € Uy, \ {v1} is placed within distance t,,, /2 from v is thus at least 2~%\w? /n. Thus,

wi g—d(k—1) \k—1,,2(k=1)
Pr [(Uy, is clique) N (wo < w;y < w4 )] 2/ = 1 P, (w1)dwy
wo
20N B Dk [ s
Wq wo

MY kees—2 ke—p)—2
—d(k— -8)- -8)-
_ g1 (n> (1t u ).

where the first equality is due to Lemma 3.1. ]

COROLLARY 3.5. Let G = GIRG(n, 8,wo,d) be a standard GIRG with any L,-
norm. Then,

Ok ns1-0  ifk> 2 and 2< B <3,

qk 2 A
O(1)k2=dkpl=k  otherwise.

Proof. The proof is identical to that of Corollary 3.3 with Lemma 3.4 instead of

Lemma 3.2. ]

Hence, the asymptotic behavior of our lower bound for ¢; is the same as that
of the upper bound up to a factor of 2-*~1@(1)*. We remark that our bounds
are easily adaptable to the nonthreshold version of the GIRG model as here it is still
guaranteed that a pair of vertices placed within its respective connection threshold is
adjacent with a constant probability.
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3.1.1. A sharper upper bound on g; for bounded weights. Our upper
and lower bounds for the cases k < ﬁ and 8 > 3 still differ by a factor that is
exponential in d. In this section, we prove Theorem 1.6, which we restate for the
sake of readability, and thereby narrow this gap down under the assumption that the
weights of the vertices in Uy are bounded. While this condition is not always met
w.h.p. if we choose U}, at random from all vertices, we show how to leverage it to obtain
a better bound on the number of cliques in the entire graph in the subsection 3.4.

THEOREM 1.6. Let G be a standard GIRG and consider k > 3. Furthermore,

let Uy, = {v1,ve,...,uk} be a set of vertices chosen uniformly at random and assume
without loss of generality that wy < --- < wy. Let ES,,,. be the event that vy con-

nects to all vertices in Uy, \ {v1} and that wy, < c?w; for some constant ¢ > 1 with
? (w%/(Tn))l/d <1/4. Then, the probability that Uy is a clique conditioned on ES,,,
fulfills

1 A=) 1 4= 1)
<2) kY <Pr(Uy is clique| ES,,,] < =2 <2) k4.

Recall that 7 = 2%/ is a parameter controlling the average degree by influencing
the connection threshold. We require the condition ¢?(w?/(n))"/¢ < 1/4 to ensure
that the maximal connection threshold of any pair of vertices in Uy, is so small that we
can measure the distance between two neighbors of a given vertex as we would in R,
i.e., without having to take the topology of the torus into account. We remark that
this condition is asymptotically fulfilled as long as d = o(log(n)) and w; = O(n'/?~¢)
for any € > 0.

In the following, we let {w;}¥ = {w1,...,w;} be the sequence of weights of the
vertices in Uy = {v1,...,v} whereby we assume without loss of generality that w; <
-+ < wg. We denote by “Uy is star” the event that Uy is a star centered at the
vertex of minimum weight (which is v1). In order to prove Theorem 1.6, we start by
showing that Pr [Uk is clique | Uy, is star, {wz}ﬂ is monotonically increasing in w; for
all 2 <7 < k. We remark that this property only holds if we condition on having a
star centered at the vertex of minimal weight in U,. With this statement, we may
subsequently assume all u € Uy, \ {v1} to have a weight of w; and c%w; for deriving a

lower and upper bound on Pr[Uy is clique | E,,, ], respectively.

LEMMA 3.6. Let G = GIRG(n, 8,wq,d) be a standard GIRG and denote by “Uy
is star” the event that Uy forms a star centered at the vertex of minimal weight in
Uy. Let further Uy = {v1,...,v;} be a set of k random vertices with wy < --- < wy.
Then, the conditional probability Pr [U;.c is clique| Uy is star, {wz}f] is monotonically
ncreasing in wa, . .., Wk.

Proof. For any 1 < i,j < k, denote by t;; the connection threshold t,,,, =
(%)l/d. In the following, we abbreviate t;; by t; for 2 < i < k. Note that, since
we assume the use of Lo,-norm and condition on ES,, ., the vertex v; is uniformly
distributed in the cube of radius t¢; around v; for all 2 <¢ < k. Thus, all components
of x,, are independent and uniformly distributed random variables in the interval
[—ti,t:] (we choose our coordinate system such that x,,41 is the origin). The probabil-
ity that Uy is a clique conditioned on ES,, . is hence equal to the probability that the
distance between each pair of points is below their respective connection threshold in
every dimension. If we denote by p the probability that this event occurs in one fixed
dimension, we get that Pr [Uy, is clique | ES,,, {w;}¥] = p? because all dimensions are

independent. Therefore, it suffices to show the desired monotonicity only for p. In the
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following, we therefore only consider one fixed dimension and denote the coordinate
of the vertex v; in this dimension with z;.
Note that the probability p is equal to

/ / / p(xr) (w2, ... oy )dag ... dzs,

where p(z;) = ? is the density function of x; as x; is uniformly distributed in the
interval [—t;,t;], and 1(zy, ..., ) is an indicator function that is 1 if and only if for
all 2 <4,5 <k, we have |z; — z;| <t;;. We show that p is monotonically increasing
in w; for all 2 < < k. For this, assume without loss of generality that we increase
the weight of vy by a factor £ > 1. This weight change increases the threshold t; by
a factor of £1/¢ and we denote the connection threshold between v; and v; after the
weight change by fij. The connection probability p after this weight increases is

1/ ta t3 123 _
/ / / plxa)p(xs) ... p(xk)L(xe,. .., xx)dey . .. das,
EV/dty J—tg —tg

seag; = plaz) /€Y4 and where 1 is defined like 1 with the only

difference that it uses the new weight of vy, i.e., 1 is 1 if and only if |z; — x;| <t for
all 2 <i,j < k. Substituting zo = £y, we get

El/d/ / / El/d 3)...p(a:k)i(gl/dy,...,xk)dy...dxk
/ / - / pp(aa)- )L )y

We claim that p > p, which we show by proving that 1(y,...,z;) = 1 implies
1(¢Y4y, ... xp) = 1. For this, assume that y,xs,...,2) are such that 1(y,...,x;) = 1.
Note that it suffices to show that for all 3 < i < k, if |x; — y| < to;, then |z; —
Y dy| < €19y, More formally, we have to show that d; := |z; — y| < to; implies

V= oy — Yy < Mty

We note that |y — £V/9y| < €/, —ty =to(€Y/% — 1), as |y| is at most t,. Hence,
the distance between v; and ve increases by at most to(€ 1/d _ 1) as well. Furthermore,
recall that to < to; as we assume w; > w;y. Accordingly,

where p(xy) =

d; <d;+ (€7 = 1)t
<toi+ (fl/d — 1)ty
<t + (€Y7 = 1)ty
=My,

which finishes the proof. 0

Before proceeding with the proof of Theorem 1.6, we remark that the above
statement implies that the entire clique probability (conditional on a given weight
sequence) is monotonically increasing in the involved weights. This will be useful in
the next section.

COROLLARY 3.7. Let {w;}¥ = {w1,...,wi} be a weight sequence with wy <
- <wy. Then, the probability Pr Uy is clique | {w;}¥] is monotonically increasing in
Wiye.., Wk
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Proof. Recall that “Uy, is star” denotes the event that Uy is a star centered at the
vertex of minimal weight in Uy and note that

Pr [Uy, is clique | {w;};’] = Pr[Uy, is clique | Uy, is star, {w;};"]Pr [Uy is star | {w;};"].

Hence, if we increase any of the weights ws, ..., wy, then both of the above terms on
the right-hand side are increasing. If we increase wy, then note that

Pr[Uy is clique | {w;}]
=Pr[Uy is clique | Uy \ {v1} is clique, {w; };"]Pr [Ug \ {v1} is clique | {w;}{’].

Here, the second factor remains the same if we change w,, and the first factor can only
increase if we increase w; as—no matter how wvs,..., vy arrange to form a clique—
increasing wy only increases the probability that vy is adjacent to all of them. 0

We go on with calculating Pr [Uy, is clique | ES,,,] under the assumption of uniform

weights, which afterwards implies Theorem 1.6.
LEMMA 3.8. Let G = GIRG(n, 8, wo,d) be a standard GIRG, let Uy and ES,,,. be

defined as in Theorem 1.6, and assume that all vertices in u € Uy \ {v1} have weight
Wy, > wy. Then,

wo\ 2 w\ Ve d
Pr[Uy, is clique | ES,,,] = (q;) (2_(’“_1) <(2 —k) <wu) +2(k - 1))) .
1 1

Proof. Again, we only consider one fixed dimension and denote the coordinate of
a vertex u € Uy in this dimension by z,. Note that by Lemma 3.6, we may assume
that the vertices vs,...,vi all have the same weight. We further refer to the connec-
tion threshold between any u € Uy, \ {v1} and v; as ty and to the connection threshold
between two vertices in Uy \ {v1} as t,,. This enables us to set the origin of our coordi-
nate system such that x,, takes values in [0, 2to] for all u € Uy, i.e., such that z,, =t.
Recall that for all uw € Uy \ {v1}, @, is a uniformly distributed random variable.

We refer to the event that the pairwise distance in the coordinates of all u,v €
Ui \ {v1} in our fixed dimension is below the connection threshold t,, as Uy being
a 1-D cliqgue. We calculate p := Pr[Uy is 1-D clique | E,,,] by integrating over the
conditional probability Pr[Uy is 1-D clique | ES,, ., Tmaz] Where X4, is the coordinate
of the rightmost vertex (the one with the largest coordinate) in Uy \ {v1}. Note that
Uy is a 1-D clique if and only if we have |z, — Zymas| <ty for all u € Uy \ {v1}. We
further note that

Pr [Uy, is 1-D clique | ES, ., Tmaz] = (

. k—2
= ) otherwise.

Tmax
It remains to derive the distribution of x,,4,. For this, we derive its density function as

dPr [Thee < T
e

(Priy<al*)

()

k=1 4o
(Qto)’“lx

_d
T da
o d
T da
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With this, we may deduce

star

k—1 (/t“ K-2g +tk2/2t01d)
= — €T X X
(2t)+~1 0 “ t

u

—otn( (T k_1+(/c—1)t5_2(2t —t4)
B to th=t o

=270 ((Z) o 2k —1) (’Zj) v (k—1) (’;Z) H)

2

o (k-1) (f:;?) - <(2 k) (f::) " 2k — 1)) .

Since Pr[Uy is clique | ES,,,] = Pr[Uy is 1-D clique | E§ ]d, this finishes the proof. O

star star

2to
Pr[Uy is 1-D clique | ES, ] :/ (T maz)Pr [Ug is 1-D clique | Zma2|dTmas
0

Proof of Theorem 1.6. We use the monotonicity of Pr[Uy, is clique | ES,,,] obtained
by Lemma 3.8. Due to this monotonicity, it is sufficient to assume that w, =w; for
all u € Uy, for deriving the lower bound. Hence, we have w, /w; =1 and the expression

in Lemma 3.8 simplifies to
9—d(k—1)p.d

d

For the upper bound, we instead assume w,, = ¢%w; implying that (w, /w;)"/* =c.

Lemma 3.8 implies that
Pr[Uy is clique | ES,,,] < ¢®*=22740=1 (2 — k)e + 2(k — 1))
1 /ey d(k—1)
< ((k=2)g—d(k—1)p.d _ 1 7) d
< k=22 M= (5 k
where we used that (2 —k)c+2(k—1) <k forallc>1 and k>2. |

)

3.2. Characterizing cliques by vertex weights. After establishing bounds
on the clique probability in the whole graph, we now turn to characterizing the clique
probability in specific parts of the graph in order to prove the statements in Table 4.
Note that the proofs for the regime k < ﬁ and d =w(log(n)) are in subsection 4.2;
all the rest is proven here.

Recall that wpyi, and wpax are the minimum and maximum weights among Uy,.
Furthermore we assume that Uy = {vy,...,vx} with associated weights w; < wg <
-+ < wyg. Note that wy = Wpyin, Wr = Wmax. We start by showing that cliques of size
k> ﬁ dominantly form within the heavy core.

LEMMA 3.9. Let k > ﬁ, B €(2,3). Then for any p € (0,1), there is an & > 0
such that

Pr [wmin € M. (v/n) | Uy, is clique | > p.

Proof. In the first part, we show that Pr[wmi, < &v/n | Uy is clique | <1 — p for
some ¢ > 0. To this end, recall that Uy = {v1,ve,...,vx} is a set of k random
vertices with weights ws,...,w, whereby we assume without loss of generality that
wi; <wsg <--- <wg. We have
Pr [(wmin < ew) N (Uy, is clique )]

Pr[Uy, is clique |

Pr [wmin < ew | Uy, is clique | =
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By Corollary 3.5, we get that there is a constant ¢; > 0 such that Pr[Uy, is clique] >
c’fng(l_ﬁ). By Lemma 3.2, where we set w_ = wq, we have
Pr [(wmin < ew) N (Uy, is clique)]
< (B=Dkwg ™ (B~ Duy
T B-Pk-2 -2

< Clgnl—k(gw)k(?y—ﬁ)—Q

k—1
) nl—k(Ew)k(S—B)—z

for some constant co > 0 as % is at most a constant for all (potentially super-
constant) k > 325. Hence,

cknl=k 6w)k(375)72
cllcn%(lfﬁ)

k _ _B)—
_ kg2 () ni w2
C1 ng(l_ﬁ)

Pr [wmin < ew | U, is clique | <

Setting w = y/n yields

k ek
. . k(3—B)—2 Co ) 0263 B
Pr [wimin < ev/n| Uy is clique | <e =) =« = | .
C1 C1

If k is a constant, we can see that (since k(3 — 8) — 2 > 0 by our assumption on k),
choosing an € > 0 small enough, the abolve probability is at most 1 — p, as desired.
For k = w(1), choosing any € < (c¢1/c2)37 yields that the above probability is o(1)
and thus shows that our statement holds for sufficiently large n.

It remains to show that also Pr [win > v/n/e | Uy is clique | < 1—p for some & > 0.
Here, it suffices to observe that for ¢ < A a clique is formed if wy,i, > +/n/e. Thus, if
e <A,

Pr [wpmin > +v/n/e N Uy is clique |
Pr[Uy is clique]

< Pr [wimin > v/n/¢]

= Pr{wmin > v/n/A

= (/)0

Pr [wmin > v/n/e | Uy is clique | <

which approaches 0 as € — 0. O

The next lemma proves the claimed bounds for wy.x based on the previous result.
Note that this also proves what we want for the entire regime d =w(log(n)), 5 € (2,3)
after we establish suitable bounds for wy;, in subsection 4.2.

LEMMA 3.10. Assume that for every p € (0,1) there is some § >0 such that
Pr [wmin € Ms(v/n) | Uy, is clique | > p.
Then, for every p € (0,1) there is also some € >0 such that

Pr [wmax € ME(\/ﬁkﬁ) | Uk, is clique } > p.
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Proof. Bound

Pr [wmax > \/ﬁkﬁ/e | U is clique }
<Pr [wmax > \/ﬁkﬁ/g | Uk is clique Nwpin > 6v/n
+ Pr [wmin < 6v/n | Uy is clique].

From the assumption in our statement, we know that the second term is upper
bounded by some function f(é) that approaches 0 as 6 — 0. We bound the first
term as follows:

Pr {wmax > \/ﬁkﬁ/a | Uy, is clique N wpin > 6\/5}

k
< ZPr [wi > \/ﬁkﬁ%l/s | Uy, is clique N wmin > 5\/5}
i—2

Pr [wg > \/ﬁkﬁ/a N Uy is clique | wmin > 5\/5}
Pr[Uy is clique | wmpin > 64/

<k-

Conditional on wyi, > d/n, the Uy, is a clique if U \ {v2} is a clique and if wy is at
least \/n/(Ad) because then the connection probability of every pair of vertices is 1.
Hence,

Pr [wmax > \/ﬁkﬁ/s | Uy, is clique N wmin > 5\/5}

B Pr [Uk \ {v2} is clique Nws > \/ﬁkﬁ%l/s | Winin > 5\/5}
- Pr[Ug \ {v2} is clique Nwy > 1/n/(A0) | Wmin > 04/n]
Pr [wg > \/ﬁkﬁ/s | Winin > 6\/5}
Priws > v/n/(A0) | winin > 6v/n]

where the last step is due to independence. By the definition of the Pareto distribu-
tion, this is at most

e\

so in total
Pr (o > vk 7T /2| Uy s clique | < (A/2)' =% + £()
and setting 6 = /¢ yields that this function tends to zero as ¢ — 0, and the proof of

the first part is finished.
For the second part, bound

Pr [wmax < Eﬁkﬁ | Uy is clique}
<Pr [wmax < a/ﬁkﬁ | Uy, is clique N wpmin > (5\/5}
+ Pr [wmin <6v/n|Uy is clique].
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Again, by the assumption in our statement, we can make the second term arbitrarily
small by adjusting J. For the first term, we bound

Pr [wmx < ey/mkTT | Uy is clique N wmin > 5\/5]
—Pr [wmax < eV/nkFT | Wi > wﬁ]

Pr [Uk is clique | (Wmax < Eﬁkﬁ) N (Wmin > 6\/5)}
. Pr[Uy, is clique | wmin > 0+4/n]

It follows by a coupling argument and the fact that the clique probability is mono-
tonically increasing in the weights of the involved vertices that the fraction above is
at most 1. Furthermore, from the definition of the Pareto definition we have

N 1-8 k—1
1 ekB—1
Pr [wmax<5\/ﬁkﬂ—1 |wmin25\/ﬁ} < 1—Q< 5 )

=exp (—9(5/6)1_6) .
Hence, in total,
Pr [wmax < ex/ﬁk;ﬁ | Uy is clique] <exp (—Q(E/(S)l_ﬁ) + f(0),
where f is a function that tends to 0 as § — 0. Setting § = /e yields that this holds

for the entire right-hand side and finishes the proof. a0

We turn to the regime d = o(log(n)) and k < ﬁ or B > 3. We start with the
following lemma, which tells us that here at least one vertex of small weight, i.e.,
weight on the order of exp(O(1)d) = n°M), is involved in a clique. We afterwards
extend this statement to the other vertices involved in a clique.

LEMMA 3.11. Let d = o(log(n)) and Uy, be a set of k random wvertices. Let Wiy
be the minimum weight among Uy. If 5> 3 or k < ﬁ, there is a constant ¢ > 0
(independent of k) such that for all p € (0,1) there is an € >0 such that

Pr [wmin < eCd/s | Uy is clique ] >p.
Proof. Similarly as in the proof of Lemma 3.9, we use Lemma 3.2 to obtain
Pr[(w1 > w/e) N (Uy is clique )]

_(1— (11— k—1
< (1(_3€);7)1;:il2ﬁ) (A(ﬁ _Bl)_wg @ ﬁ)> nl_k(w/E)k(3_ﬂ)_2

< anlik(w/é‘)k(?’iﬂ)iz

for some constant ¢ > 0. By Corollary 3.5, we get that there is a constant ¢; such that
Pr[Uy is clique] > (¢1274)*n!=*. Define o = k(3 — 3) — 2 and note how this implies

0127‘1 0127d

Pl w/e U is cigue | < (/) (-2 )k ~ (w/e)2 (W)

Note that due to our assumptions on 8 and k, we have a < 0. If g € (2,3), we
only have to consider the case k < ﬁ = const. Hence Pr{w; >w/e | Uy is clique | =
c3(w/e)*29% for some constant c3 > 0 and setting w > 2% yields that the above
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probability is at most c¢3/e* as desired (recall that o < 0). Note that c3 depends on
k; however, since we only consider a constant number of different values of k (namely
all integers between 3 and ﬁ), we may as well choose it independent of k by taking
the maximum over all these k.

If 8>3, let us choose w= gmax{l gtz }d, Then, as w > 1, for any € < (cz/cl)ﬁ7
we have Pr[w; > ew | U}, is clique | < e72c% for some constant ¢4 < 1, and the proof is
finished. a

We now proceed by bounding the maximum weight associated to a clique. To
this end, we relate the probability that Uy is a clique (assuming wmpiy, is small) to the
probability that Uy_; is a clique in the following two lemmas.

LeMMA 3.12. If d = o(log(n)) and 8 > 3, there are constants a,tg > 0 such that
for all t >tg,w > wo and all k>3,

awkt®=P

Pr[Ug is cligueNwWpay >t Winin < w| < Pr[Ug—1 is clique | wmin < w]
n

Proof. Note that if we condition on any wp,, all vertices in Uy \ {vmin} are
distributed as independent Pareto random variables with parameters g, wni,. By a
union bound,

Pr [Uy, is clique N wWmax > ¢ | Winin] < Z Pr [Uy, is clique Nwy, > t | Winin]-
VEUR\{Vmin }

Now for any v € Ug \ {vmin },

Pr [Uy is clique Nwy, > t | Winin)
=Pr[Pr[Uy is clique Nw, >t | Ug \ {v} is clique, wmin]|Pr [Ux \ {v} is clique | wmin]
=Pr[Uy is clique Nw, >t | Uy \ {v} is clique, wmin|Pr[Uk—1 is clique | wmin].

Hence, it remains to bound the first factor above. To this end, we consider the
necessary event that w, is adjacent to vy, and obtain

Pr [Uy, is clique Nw, >t | U \ {v} is clique, wmin] < Pr[v ~ Vmin Nwy >t | Winin]
S /\’LUmin /OO cwl_ﬂdw
n t

awmintZ*B

)

n

where c,a are constants. Summing over all v yields the desired statement. 0

LEMMA 3.13. Let d = o(log(n)). Then there are constants a,c > 0 such that for
any w > wo,

awl—Be—cd
Pr[Uy, is clique | wmin < w] > Pr[Ug—_1 is clique | wpin < w)] -
n

Proof. Fix any v € Uy \ {vmin} and observe
Pr[Uy is clique | wmin < w] =Pr[Uy is clique | Uy \ {v} is clique N wpin < w]
-Pr[Ug \ {v} is clique | wmin < w],

so it remains to find a lower bound for the first factor. We consider the event that
wy, is sufficiently large such that it is sufficiently likely that vy is placed close enough
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tO Umin to be connected to all the other vertices by the triangle inequality. We note
that, if v is placed within distance

d
om (etin V(i K T S R
™ ™ ™ v min

of vmin, then it must also be adjacent to all the other vertices. Assuming that w, >
QWnin for some a > 0, this event occurs with probability

d
ot = AWin (w;/d B wl/d)d S Aw? (al/d B l)d < wd <ln(a))

n min n n d

where in the last step we used the inequality e* > 1 + z. Choosing o = e? yields
that the above probability is at least AwZ/n. Furthermore, the probability that w, >

d .
QWypin = € Wmin 18
1-8 aN\ 1-8
QWmin > we .
Wo Wo

w3 <wed>1_ﬁ aw!'~Pe—cd

In total,

Pr [Uy, is clique | Uy \ {v} is clique N wyin < w] > _—

n Wo

for some constants a,c > 0. 0

Using the previous two lemmas, we can bound the maximum weight associated
to a clique as follows.

LEMMA 3.14. If d = o(log(n)) and 8 > 3, there is a constant ¢ > 0 such that for
any p € (0,1), there is an € >0 such that

Pr [wmax < eCdkﬁ/e | Uy is clique } >p.
Proof. Observe that for any ¢, «,
Pr [wmax > eCdkﬁ%‘Z/e | Uy is clique }
<Pr [wmax > eCdkﬁ/e | Uy is clique N wpin < e”‘d/é]
+ Pr [wmin > eo‘d/é | U is clique ] .

Now, by Lemma 3.11, if we choose a suitable constant «, we can make the second
term arbitrarily small by choosing ¢ small enough. To bound the first term, observe
further that

Pr [wmax > eCdkﬁ/s | U is clique N wpin < ead/§]

Pr [Uk is clique N Wmax > €4k77 /e | wnin < eo‘d/é}

Pr[Uy is clique | wmpin < e4/4]

By Lemma 3.12, there is a constant a; such that the numerator is bounded from
above by

-8 ay ead+(2f,8)cd

a1 ad cd ﬁ 2 =
e J8) k(e tk75 /) T 0e2p
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Similarly, by Lemma 3.13, the denominator is bounded from below by
a2 _dq( ad 1-p
—= )
£ ' (god )
for some constants as,¢’. Combining these, the fraction is bounded from above by
“ exp (ad + c/d + (2 — B)ed) 6~ PeP~2.
as

In total, there are constants s, ag,as > 0 such that
Pr |wmax > eCdk:ﬁ/a | Uy is clique } < a3 PP 4 80,
Setting 6 =&V for any 0 <y < % then yields that this term tends to 0 as ¢ tends to

0 and implies the desired statement. 0

) Finally, we show that the minimum weight associated to a clique is at least of order
k7-2. This essentially follows from the fact that this holds for stars centered at vyin;
we show additionally that conditioning on a clique only induces a bias towards even
larger weights. This implies that our bounds are tight up to a factor e®(Md = po(1)

LeMMA 3.15. Let d = o(log(n)). Assume further that k < ﬁ or that 8 > 3.
Then for every p € (0,1) there is an € >0 such that

Pr [wmax IS Mg_)(kﬁ)] >p.

Proof. In the following—again—the event “Uj is star” denotes the event that Uy
is a star centered at v,,;,. Bound

Pr [wmax <ekPz | Uy is clique}

Pr [wmax <ekr | Uy is star] Pr [Uk is clique | Uy, is star N (wimax < ek‘ﬁ)]

Pr[Uy is clique | Uy, is star]

It follows by a coupling argument and the fact that the clique probability is mono-
tonically increasing in ws, ..., wy that

Pr [Uk is clique | Uy is star N (wmax < gkﬁ)]

— : <1.
Pr [Uy, is clique | Uy, is star] -

Moreover, by the Pareto distribution and the fact that the edges in a star are all
independent, we get that there is a constant ¢ > 0 such that

w B k—1
Sy Sy dy
[ ey —Bdy

x n

Pr [Wimax < w | Uy is star N (wmin = )] = (

=(1- Q(w/z)zfﬁ)ki1 .

Thus,

k: 1 276 k—1
=35 ek B-2
Pr |wmax < ck72 | Uy is star N (wmin = 3;)} <l1-9Q < )

T

=exp(—Q((z/e)"~?)).
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AS wpin > wo deterministically, we get
Pr [wmax = | Uy, is star| <exp(—Q(1/¢)?2),
which approaches 0 as € — 0, as desired. 0

3.3. Bounding the variance of typical cliques. After bounding the expected
number of cliques and characterizing the clique probability by vertex weight, we use
the gained insights for bounding the variance of cliques restricted to the dominant
regimes identified previously. This, together with the results from Table 4, allows us
further to derive concentration bounds on the total number of cliques later in section 5.

In the following, given a set of admissible weights M, we denote by Kj (M) the
number of k-cliques with vertex weights that are in M, and we derive bounds on the
variance of Ky (M. (w)) for suitable w (recall the definition of M, from Definition 1.2).

LEMMA 3.16. For all k > 3 and for any set of weights M,

k

Varl K] < B[ 00] Y ()R- (00)
=1

Proof. For a set of vertices A, we write that “A is clique in M” if A’s vertex
weights are in M. Using this notation, we have

E[Kr(M)?] = (Z Pr[M; is clique in M}) ,
A
where the sum goes over all k-element subsets of vertices. Accordingly,

E [Ky(M)?]

2
< (Z Pr[A; is clique in M])

Ay
+ Z Z Pr[(A; is clique in M) N (Aj is clique in M)
\AlmA2|>1
<E[Ky(M)]?
+ Z Z Pr[A; is clique in M]Pr[A4s \ A; is clique in M].

\AmA2|>1
=E[K(M)]
+ (") Pr[Uy s cli inM]Zk: "N ™ \pr(u, s clique in M]
f & is clique 2 o)\ ey ¢ is clique
— E[K(M)P + E[Ki(M () (K (M)).
=1
By Var[X] =E [X?] —E[X]?, the proof is finished. d

We further need the following auxiliary lemma.
LEMMA 3.17. For f€(2,3) and all ¢ > 1,0 =0(n),
tet="

B (KO (V)] < 0 (i ) B [Ke (MO ()
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Proof. Observe that

E| K (M) (Vi

( )Pr Upyy is clique in M~ )(f)}

| \/

g(é)Pr |:Ug is clique in M~ (\f)} ((Vn/e)'™ B)
n(3-8)/2
R

Here, in the penultimate step, we used the fact that Uy,y; is a clique if Uy is a clique
and the remaining ¢ + 1th vertex has a weight of Q ((y/n/z)). 0

I
2

Combining these statements yields that the number of cliques in the dominant
regimes established earlier is self-averaging. That is, restricting the number of cliques
to either vertices of very low or of very large weight yields a random variable that
concentrates well around its expectation.

LEMMA 3.18. For all k >3 and for any w > 1,
Var | Ky (MU ()| = O(w/2)* E [ K (M (w))]
Moreover,

v 0] <o () B o)
(=1

Proof. As the maximum weight in M5(+)(w) is w/e, the probability that k — ¢
vertices form a clique is O(w?/(e?n))*~*. Thus, the bound from Lemma 3.16 implies

Var [ K )] < B [ )] Y (3) (o ot ey
(=1

<E |[Ki(MD ()] O(w/=)* 3 (E)
=1
<E[Ki (M) ()] Ofw/e)*

as E?:l (Z) <2

For the second part of the statement, note that by Lemma 3.17, we have

E [Kk,g(Mﬁ)(w))} <0 <M>ZE [Kk(M§+> (w))} .

Accordingly, by Lemma 3.16,
() (- ’ s
Var [Kk(ME (\/ﬁ))] <E [Kk(M } Z;@ (n(3 /3)/2> . O
3.4. Bounds on the expected number of cliques. We proceed by turning

the results from the previous sections into bounds on the expected number of cliques.
Recall that

(3.3) E[K)] = (Z) e = 1% O (k) *q.

Based on this relation and our bounds on g, we prove the following.
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THEOREM 3.19. Let G = GIRG(n, 8,wq,d) be a standard GIRG with dimension-
ality d = o(log(n)). Then, we have

E[Ky] = nexp (—O(1)dk)O(k) % +0o(1) ifk< ﬁ or >3,
M nz G- k)~* otherwise,

whereby the statement holds for all (potentially superconstant) k>3 if 8 #3, and for
k=o(log(n)/d) if 5=3.

Proof. Observe that Corollaries 3.3 and 3.5 directly imply E [Kj] = ng(?’_ﬂ)@(kz)_k
for the case 2< <3 and k > ﬁ For the other case, note that Corollary 3.5 shows
that E[Ky] > 2-%nO(k)~*, and so it only remains to derive an upper bound, i.e., to
show that E [K}] < nexp(—Q(1)dk)O(k)~* + o(1).

To this end, we define the set W, to be the set of all k-element subsets of vertices
among which the minimum weight is at most ¢, and we denote by K(W,) and K (W,)
the random variables denoting the number of k-cliques in W, and Wy, respectively.
Clearly, for all £ and any & > 0, we have E[K}] = E [K,(W,)] + E [Kp(W,)]. We fix
¢ =n'?=% and start by deriving a bound for E [K}(W,)].

Recall that we assume v; to be of minimal weight wy among U, and that we
denote by Egiar the event that Uy is a star with center v;. We let Egm be the event
Estar N (U € W) and observe that

E Ky (We)] <n*©(k)"*Pr [Uy is clique | E,, | Pr [ES,,].

We note that Pr [Ef,,] < Pr[Ega] =0 (1)* n=* =1 a5 established in Corollary 3.3.
It thus remains to show Pr [Uy is clique | EX,.| < O(1)* exp (—Q(1)dk).

To show this, we apply Theorem 1.6. However, for this, we need to ensure that
the weights wo, ..., wy are at most w; c? for some constant ¢ > 1, and that the maximal
connection threshold ¢?(*1)1/? is at most 1/4. As wy <{¢=n'/2"¢ and d = o(log(n)),
the second condition is fulfilled for large enough n and every € > 0. Regarding the first
condition, however, we observe that some of the vertices in Uy might have a weight

larger than wyc?. Yet, it is very unlikely that this occurs for many vertices of Uy. We
split Uy, into the two parts Uél) and U,El), such that Uél) is the set of vertices in Uy

with weight at most w;c? and U,gl) =Ui\ U,gl). We set s =max{3, |k/2]|} and bound

Pr [Uy is clique | E,,]

star

SPr{U,ﬁl) is clique | Ef ﬁ(|U,§1)|28)}Pr[|U,§1)|Zs|E€ }

star star

+Pr [Ulgl) is clique | ES,, N (|U,51)| < s)} Pr {|U,51)| <s] Eftar].

star
As probabilities are at most one, we may bound

Pr [Uy is clique | Ef,, ]

star

3.4
34 <Pr {U,El) is clique | B, N |U,51)| > s} +Pr [|U,§1)| <s| Eﬁmr]

star

By Theorem 1.6, the former probability is exp(—0O(1)ds) as there is a constant
& > 0 such that s > ¢k for all k> 3. We thus proceed by bounding the latter term in
the above expression.

We observe that, conditioned on Ef

ctars the weights ws, ..., wy are i.i.d. random

variables, and so |U, ,51)\ is distributed according to the binomial distribution Bin(k —
1,p), where p = Pr[wy > wic? | EL,,].

star
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CLAIM 3.20. There is a constant b> 1 such that p < p—d+o),

We defer the proof of this claim and proceed by showing how it helps in our main

proof. Due to the binomial nature of \U,il) |, we get

Pr||U| < s Bl | =Pr[JUfV] > k- 5| EL,,
k—1
k—1\ i
- > (Thraeer
i=k—s+1
k—1
k—1\, _siro)
< —di+0O(1):
< > ( . >b
i=k—s+1

k—1 E—1
< bfd(kferl)JrO(l)k Z ( 7 >
1=k—s+1 t
< bfd(szerl)JrO(l)k’

where the last step is due to the fact that Zi:kl_sﬂ (kzl) < 2%, Now, observe that
there is a constant £ > 0 such that k — s+ 1 > &k for all £ > 3. Thus, the above
expression is exp(—Q(1)dk)O(1)*, and so E[Ky(W,)] = nexp(—Q(1)dk)O(k)~*. Tt

remains to prove Claim 3.20.

Proof of Claim 3.20. Fix a vertex u € Uy, \ {v1} and observe that
p="Pr[w, >wic | (u~vi) N (U € Wy)]

because the weight of each u € Uy \ {v1} is an i.i.d. random variable conditioned on
Ef. = Ega NU, € We and is, in particular, independent of whether other vertices in

star
Uy are adjacent to v1. Now, assume that wy =z < £=n'/2"¢ and observe that

_ Pr [(wy, > wic®) N (u~vr) |wy = 2]

(3.5)  Prlwy>wie! | (u~v) N (wy =1)] Prlu~wv; [w = 2]

Note that for all  <n'/2—¢,

35 ATW, Az 2.8 n \2-58
~ = > e p— —
Pru~wv |w =2x] _/ - p(w,,)dw, - o(1) (x ( ) )

. Az
-2 o) (1 - (;;2)”)
Ax3—8
> (1~ o(1) =—6(1),

where the last step follows from the fact that # <n'/2~¢. On the other hand, we get

AP0 1wy = 22 O(1) (w2
n

Pr [(w, >wieh) N (u~wr) | wy =] §/

zcd n

3
A gy
n

Thus, we get from (3.5) that
Pr [wy, >wic? | (u~wi) N (wr =2)] < (14 0(1))0(1)c2 A = p=d+OW),

if we choose b= c?~2, which is greater than 1, since ¢ > 1 and 3> 2. 0
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It remains to bound E [K;(W)]. We observe that
E [K(W2)] < n*0(k)™*(Pr [(U is clique) (¢ <wn < v/n/X)] +Pr [ug = /n/A)).
As in the proof of Corollary 3.3, we have
Pr [wl > n/)\} < @(1)’“71%(37@7’“7
and from Lemma 3.2, we get

Pr [(Uk is clique) N (¢ <wq < n//\)} < O(1)Fn~k=1p(1/2=)(k(E-F)=2)
< @(1)kn—(k—1)—6

for some 6 > (1/2 —€)(3(8 — 3) +2) > 0 since we have k>3 and k(8 —3) +2 >0 for
k< ﬁ or § > 3. This implies

E [K,(We)] <n'~°0(k)F.

Now, we distinguish three cases. In the first case, 2 < <3 and k < ﬁ Here, as k
is at most a constant, n~° is asymptotically smaller than exp(—©(1)dk) (recall that
d = o(log(n))), which finishes the proof for this case. If 8 = 3, recall that we only
have to show the statement for k& = o(log(n)/d) and under this assumption, again,
n~% is asymptotically smaller than exp(—©(1)dk). For the case 8 > 3, recall that § is
at least a constant since d > (1/2—¢)(3(8 —3) +2). As 3(8—3) + 2 is strictly greater
than 2, we may choose ¢ > 0 sufficiently small to get § > 1. Then, E [Kk (Wg)] =o(1)

for all k > 3, which finishes the proof. 0

Summarizing our results on E[K}], we see that in the case 2 < 5 < 3, there is a
phase transition at k = 3%, which was previously observed (in the case of constant
d) by Michielan and Stegehuis [35] and also by Blésius et al. [7] for HRGs. Regarding
the influence of d, we find that the number of cliques in the regime k < ﬁ or >3
decreases exponentially in dk.

3.5. Bounds on the clique number. Now, we turn our bounds on the ex-
pected number of cliques into bounds on the clique number. The results of this
section constitute the first two columns of Table 3.

Upper bounds. We start with the upper bounds stated in the first row of Table 3.

THEOREM 3.21. Let G = GIRG(n, 8, wy,d) be a standard GIRG with B < 3. Then,
w(G@)=0nB-P/2) g.a.s.

Proof. We may upper bound the clique number with Markov’s inequality, which
tells us that

Pr[w(G) > k] = Pr Ky > 1] <E [K].

The goal now is to choose k such that E[K}] <n~° for some € > 0, as then there is no
clique larger than k a.a.s. For 8 < 3, which is a prerequisite of this theorem, we have
k
E[K] <nzG=8)(c;k)~F for some constant ¢; > 1 and large enough k, according to
1
Theorem 3.19. If we set k=nzG"5) we get
E[K;] < n%(?»—ﬁ)n%“"’) (cln%(S—B))—n%“—f’)
_p3(3-8)

=c ,
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which is asymptotically smaller than n~¢ because

_p3(3-8)

€ <n~“&exp (—10g(01)n%(3_ﬁ)) <exp (—€log(n)),

which holds for § < 3. 0

Regarding our contribution in the second row of Table 3, we obtain the following
theorem.

THEOREM 3.22. Let G = GIRG(n, 8,wq,d) be a standard GIRG with =3 and
d=0(loglog(n)). Then, w(G) = O(log(n)/loglog(n)) a.a.s.

Proof. Analogous to the proof of Theorem 3.21, we upper bound the clique num-
ber using Markov’s inequality, i.e., Pr[w(G) > k] < E[K}], and choose k such that
E[K}] < n~¢ for some € > 0. Now for 8 =3, we have E[Kj] < n - (c1k)~* for some
constant ¢; > 1 and sufficiently large k, which follows by Corollary 3.3 and Lemma
2.1. It remains to determine the value of k£ for which our desired upper bound on
E[K}] is valid, which can be done by solving the following equation for k:

n-(ak)F=n"¢
& (k) F=n=17¢

This yields
1
k= —exp (W(Cl log(nHE))) )

&1

where W is the Lambert W function defined by the identity W(z)e"V*) = 2. With
this choice of k, indeed

1 e
(Clk)ik = exp (—W(Cl log(n1+e))eW(C1 log(nt™ )))
C1

=exp (—log(n'"9))

=n"17¢

In order to simplify the expression for k, note that for growing z, we have that

W(z) =log(z) — loglog(z) + o(1) and thus

k= é exp (log(c1 (1 + €)log(n)) — loglog(cy (1 + €)In(n)) 4+ o(1))

(1+e)log(n) log(n)
log(ci(1+€)log(n)) © (loglog(n)> ’ .

Finally, using a similar argumentation, we obtain the following for the upper
bounds we contribute to the last row of Table 3.

THEOREM 3.23. Let G = GIRG(n, 8,wq,d) be a standard GIRG with § > 3 and
d=o0(log(n)). Then, w(G)=0O(log(n)/(d+loglog(n))) a.a.s.

Proof. The proof is analogous to the one of Theorem 3.22. However, if 5> 3, we
may use the stronger upper bound from Theorem 3.19, i.e.,

=(1+o0(1))

E[K}] =nexp(—0(1)dk)O(k)~F + o(1).

That is, there are constants c1,cy > 0 such that E[K] = n (c1exp(cad)k) ¥ + o(1).
Just like before, setting
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1 €
b= e O Ve explead) og(n' )

yields E[Kj] <n~¢+o(1). Using the asymptotic expansion of the Lambert W function,
we then obtain

(14 €)log(n)
log(c1 exp(cad)(1 + €) log(n))
B (15 ) log(n)
= (1+o()) log(ci (14 €)) 4 cod + loglog(n)

Cof o)\ -
d + loglog(n)
Lower bounds. To get matching lower bounds, we distinguish once more the cases
B<3and >3.

THEOREM 3.24. Let G = GIRG(n, 8,wq,d) be a standard GIRG with 8 < 3. Then,
w(G) =QnB=9/2) q.a.s.

Proof. We show that there are Q(nz(3-8)) vertices with weight at least /n/X
w.h.p. As all these vertices are connected with probability 1, this implies the existence
of an equally sized clique.

Because the weight of each vertex is sampled independently, the number of vertices
with weight above y/n /), denoted by X is the sum of n independent Bernoulli random
variables with success probability

1(1-p8)
n \°? 11—
r=(m) =e(e).

which we can infer from (3.1). Therefore, we get

E=(1+0(1))

E[X]=np=0 (n%(3_5)> )
and by a Chernoff-Hoeffding bound (Theorem 2.2), we get X > E[X] /2 w.h.p., which
proves our lower bound. 0

For the case 8 > 3, we use the concentration bounds obtained in the previous
section applied to a subgraph of G of bounded weight.

THEOREM 3.25. Let G = GIRG(n, 8,wq,d) be a standard GIRG with > 3 and
d=o0(log(n)). Then, w(G)=Q(log(n)/(d+loglog(n))) a.a.s.

Proof. Let w > wy be some fixed weight, and let M = [wg,w]. Furthermore, by
Lemma 3.4 there is a constant ¢; > 0 such that

E[Ky(M)] > n (e2%) "
Now, setting

k 1 exp (W(2%; log(n' %)) = © (

o 2d61

log(n) )

d + loglog(n)
yields E[K(M)] > n°. By Lemma 3.18 and as w is constant,

Var [Ki(M)] <E[Ky(M)]O(1)%*.
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Thus, the inequality of Chebyshev yields

< Var [Kk(M)l B O(1)%F

TIE[K, (M) E[K(M)]

Pr (K (M) ~ E[Ku(M)]| > JE [Ky(G<u,)]

As k = O (log(n)/loglog(n)), we have O(1)%* = n°1) and so the above term is at
most n°) =% =o(1). Accordingly, Pr[K(M)>1]=1—o(1), as desired. O

4. Cliques in the high-dimensional regime. Now, we turn to the high-
dimensional regime, where d grows faster than log(n). We shall see that, for con-
stant k and d = w(log®(n)), the probability that Uy is a clique only differs from its
counterpart in the IRG model by a factor of (1 + 0(1)). However, as it turns out,
the asymptotic behavior of cliques in the case 2 < 8 < 3 is already the same as in
the IRG model if d = w(log(n)). For 8 > 3, we show that the number of triangles
in the geometric case remains significantly larger than in the IRG model as long as
d=1log*?(n).

4.1. Bounding the clique probability for fixed weights. We consider the
conditional probability that a set Uy = {v1,...,vx} of k independent random vertices
with given weights wy,...,wy forms a clique. We derive bounds on this probability
under the assumption that L..-norm is used, which afterwards allows bounding the
expected number of cliques and the clique number. In fact, instead of only bounding
the probability that Uy forms a clique, we bound the probability of the more general
event that an arbitrary set of edges A is formed among the vertices of Uy. We denote
by E(Uyg) the random variable representing the set of edges between the vertices in
Uy, and proceed by developing bounds on the probability of the event E(Uy) 2 A.

The main difference from our previous bounds is that the connection threshold
proportional to (wyw,/ n)l/ 4 now grows with n instead of shrinking, even for constant
Wy, Wy. This requires us to pay closer attention to the topology of the torus. That
is, we have to take into account that a single dimension of the torus is in fact a circle
with a circumference of 1.

The bounds are formalized in Theorem 1.5, which we restate for the sake of
readability.

THEOREM 1.5. Let G be a standard GIRG and let k> 3 be a constant. Further-
more, let Uy = {v1,...,vr} be a set of vertices chosen uniformly at random and let
{k}F) = {Kij |1 <i,j <k} describe the pairwise product of weights of the vertices in
Ui. Let E(Uy) denote the (random) set of edges formed among the vertices in Uy.
Then, for any set of edges A C (Uz’“),

(Lo I ea " if d=w(log?(n)),
(Lo i jrea (%)1;0(7) if d=w(log(n)).

This illustrates that the probability that Uy, is a clique is at most 1+o0(1) times its
counterpart in the IRG model if d = w (log®(n)). For d=w (log(n)), we get that these
two probabilities only differ by a factor of (1+0(1))n°™) which is not much compared
to the case d = o(log(n)), where this factor is at least on the order of ("2~ T
among nodes of constant weight.

Before giving the proof, we derive some lemmas that make certain arguments
easier to follow. We start with an upper bound on the probability that the set U, =
{v1,...,v;} forms a clique. Before deriving our bound, we need the following auxiliary
lemma.

Pr|E(Uy) 2 Al {s}M)] = {
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LEMMA 4.1. Let £ € N, £ > 1. There is a constant xq < 1 such that for all
o <z <1, we have

e <tr—0+1.

Proof. We substitute z =1 — y and instead show that there is some yg > 0 such
that for all 0 <y <y,

(1—yFt<1-1ty.
We get from a Taylor series that there is a constant ¢ > 0 such that for all 0 <y <1,
Q- <1-U+Dy+e®=1—ly+cy®—y.
Now, for all 0 <y < 1/c, the term cy? — y is negative, and our statement follows. O

In the remainder of this section, we frequently analyze events occurring in a
single fixed dimension on the torus and use the following notation. Recall that a
single dimension of the torus is a circle of circumference 1, which we denote by S'.
We define the set of points that are within a distance of at most r around a fixed
point x on this circle as A(r,x), and we denote by A(r,x) the complement of A(r,x),
i.e., the set S!\ A(r,x). Observe that A(r,x) and A(r,x) are coherent circular arcs.
Assume that the position of v; in our fixed dimension is x,,. For any pair of vertices
v;,v;, we define the sets A;; := A(ty,0,,Xy,) and Zij = Z(tvivj , Xy, ). We further define
A; = A(ty, xy,) and A; = A(to, Xy, ), whereby we note that A,; C A; for all 7, j because
to is the minimal connection threshold.

In the following, we derive upper and lower bounds on the probability that Uy, is

a clique.

THEOREM 4.2 (upper bound). Let G = GIRG(n,S,wo,d) be a standard GIRG
with d = w(log(n)), and let Uy = {v1,...,vx} be a set of k random vertices. For any
constant k € N>3, any AC (g’“), and sufficiently large n, we have

d

- E(Uk)QAI{H}(k)]S 17(@>r/d Z <1(/‘Zj)l/d) ;

n
{i,jteA
where r=(3(k—2) +1)(k—1).

Proof. In the followiglg, we denote by ty the minimal connection threshold of any
two vertices, i.e., tg = (T—;’l)l/d. Note that 2t,, = (%)Ud for any pair of vertices u,v.
We again consider only one fixed dimension of the torus as they are all independent
due to our use of Ls,-norm.

To get an upper bound on the desired probability, we derive a lower bound on
1 —p. We define the event E; as the event that v; falls into Aj; for some {i,j} € A
with 7 < j, and the event ES* as the event that v; ¢ (JI_; 4; and the sets 4; are

disjoint for all 1 <j <i. Note that E; and E?is are disjoint as A;; C Zj. Then

1 —p>Pr[Es] + Pr[EsNEY®] + Pr [Es NES* NES™] +...

i—1 i—1

ﬂ E{*|Pr ﬂ E{

Jj=1 Jj=1

k
(4.1) =) Pr|E;
1=2

Note that this is a valid bound because all the events we sum over are disjoint.
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Now, let A; = {{i,j} € A|j <i} be the set of edges from vertex i to a lower-
indexed vertex. If we condition on ﬂ EdlS then the probability of E; is simply

i__(jEj.“S =3 a-2p= Y (1(’2”)1”)

{i,5}€A; {i,J}€A;

because all the sets A;; are disjoint. It remains to bound Pr[ﬂl ! 1 Ef]. We obtain
i—1 i1 j—1
(ESS| =]]Pr (E!|.
j=1 j=1 =1

Now, the probability Pr[Edlb | ﬂj ! E&*] is equal to the probability that v; is placed
outside of Ay for all 1 </ < j whlle, at the same time, A, ij = (). If we consider one
fixed set Ay, we note that this requires v; to be of distance at least 1 — 2ty from vy as,
otherwise, 4, and Zj overlap. Hence, we may define a “forbidden” region around vy
which includes A; and all points within distance 1 — 2ty of v,. This region has volume
3(1 — 2t9) and so the probability that v; falls outside the forbidden region is at least
1 —3(1 —2tp). We refer the reader to Figure 1 for an illustration. Now considering
the forbidden region of all vy with 1 </ < j, the combined volume of these forbidden
regions is at most 3(j — 1)(1 — 2¢¢), and hence

dis
E;

i—1 i—1 Jj—1 i—1
Pr|(ES| =]]Pr |ES®| MEF| =] -30-1)1—2t))
j=1 j=1 =1 j=1

> (1-3(i - 2)(1 - 2t0)) .

Fic. 1. lllustration for the proof of Theorem 4.2. The colored circles represent the sets A; for
v1,v2,v3. The probability that va is placed in the region indicated by the black circular arc such that
A1 NAy =0 is at least 1 — 3(1 — 2to) as indicated by the black arrows. (Color available online.)
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We get from (4.1)

k i—1 i—1
1—p>> Pr|E;]| [(E{|Pr|[)ES*
i=2 j=1 j=1

> zk:(l —3(i—2)(1-2t))" Y (1 Bl (?)Ud)
=2

fi1eA;
s S (10 ()

{i,j}€A
_ (3(k —9) (%)Ud ~3(k—2)+ 1)“ > (1 - <lzj>l/d> '

{i,jeA
It now remains to show
3(k—2)+1
Ko Ko\~ @

(k-2 (%) —a -2 11> (%)

for sufficiently large n. Recalling that (%) Y4 tends to 1 as n grows, this is equivalent
to showing that there is some zg < 1 such that for all o <z <1 and ¢=3(k —2), we
have

lr — 04+ 1> 2
This follows by Lemma 4.1, and the proof is finished. 0

THEOREM 4.3 (lower bound). Let G = GIRG(n,3,wq,d) be a standard GIRG
with d =w(log(n)), and let Uy ={v1,...,vr} be a set of k random vertices. Then, for
every A C (U;) ,

d
P ®] < T Rig \ M7
B 241 ) =[] [1- 3 (1_ (52) ) ,
=1 {i.greA;
where A7 ={{i,j} € A|j<i} is the set of edges in A between vertex i and a previous

vertex.

Proof. We sample the position of vs,...,v; one after another and again only
consider the probability p that E(Ug) D A in one fixed dimension. When the position
of v; is sampled, the probability that v; falls into one of Aj; for {i,j} € A; is at least

=T ()
{i,JYeA;

where equality holds if the first ¢ — 1 vertices are placed such that all the sets Zji for
1 <j <i are disjoint. Accordingly, we have

k K\ 1/d
=l X (=007
i=1 {i,jYeA;

To have E(Uy) D A, it is sufficient that this event occurs in all dimensions, so the
final bound is p?. ]

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/25/24 to 141.89.221.178 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

CLIQUES IN HIGH-DIMENSIONAL GIRGs 1981

To see how these bounds behave as n — 0o, we need the following lemma.

LEMMA 4.4. Let W,d,{ be nonnegative functions of n. Assume that %@) =o(1)
and U <1 for all n. Then,

—(In(W) —(In(¥)\” tja_ —{In(¥)
— <]1-— < — 7
] e ( ] <1-—-vHe <L 4

Proof. Observe that

1—wtd=1 — exp (Zlné@)) .

For the upper bound, we use the well-known fact that, for all 2, we have exp(z) > 1+,
which directly implies our statement. For the lower bound, we use the Taylor series
expansion of exp and bound

1—Ud=1—exp <£ln(§\ll)> :_ZZ| (mna(l\ll )
( mz )
~(

1312(@ >2: ( —{In(V )) *2.
=)

—€ln

(4.2) -

Because =o0(1), we get that ( =2 <1 for all i > 2 and sufficiently large
n. Assuming that all the terms in the above sum are positive yields

—In(¥) [ —In(¥)\* X1
— é/d> — —
===y ( d Zi‘

i=0

_ ) (—éln(@))Q’

—CIn(T)
d

d d

as desired. 0

LEMMA 4.5. Let
r/d o\ 1/d
Pel=(7 2 (-7
n n
{77j}€~'4
Then there is a constant 6 >0 such that

m(P)< Y (") <1 _ 512[(”)),

{i,jteA

Proof. We have

In(P) = dIn 1—(%)% > (1(?>1/d>

{i,jteA
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We get from a Taylor series that

In(z) = Y (~1)"" (@ —Z D' > (1 —ix)l
=t i=1

and thus

mr == () 2 (1-(3)")

{i,j}eA

<o) ¥ (")

{i,j}eA

We now apply the lower bound from Lemma 4.4 with ¥ = k,; /n. Note that this fulfills
the condition —In(¥)/d =o0(1) as d =w(log(n)) and k;;/n=Q(1/n). We obtain

{i,j}eA
= ()Y w () (1w (2
“\n £ n d ko))~
{i,jteA
Note that the above term is negative, so we need to lower bound the term (%)r/d to
proceed. We get from Lemma 4.4
() s T () - (1) oy i)
n - d Ko d? ko) d
for some constant ¢ > 0 and sufficiently large n. With this,
mP)< Y I (’Lﬂ) =S () (1o )
- £ n d Ko d
{i,j}eA
Kij dln(n)
< 1 (i) —
- Z . n L d
{i,j}€A
for some § > 0 and sufficiently large n. 0

LEMMA 4.6. Let

o=l X (-(3)")

i=1 {ijreA;

Then there is a constant § such that
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Proof. By the upper bound from Lemma 4.4 and the Taylor series of In, we obtain

Q)::déln 1— ( (7]) >

{i,j}eA;]
k n ()
Zthl 1— Z d”
i=1 {i,jyeA;
14
k o 1 In K’;L
(s (M)
=1 ¢=1 {i,j}YeA;
-1
b 1n(;;_) © 1n<;;,)
—x (M) 2 (M
=11 5}eA; =1 {i,j}€A

()

because —;~>* = 0(1) and so the above geometric sum converges to 1+ o(1). 0

Proof of Theorem 1.5. Combining Theorem 4.2, Theorem 4.3, Lemma 4.5, and
Lemma 4.6, we get that there are constants §,4’ > 0 such that

6ln(n) 1_<3lln(n)
d

H (Hij)H- <Pr E(Uk);)A‘{K}(k)}S H (%)

{i,j}eA " {i,j}eA

If d =w(log(n)), ‘”nfd(n) = 0(1) and the proof of this case is finished. If d = w(log?(n)),
observe that

l‘%‘j 1+51n(n) n 7(1»;1) 61nd(71) ,K;ij
I ) = o I (7)
o n Ko n
{i,jteA

Similarly,

/
—1\ & In(n)
d

e =) e
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Since d = w(log®(n)), we get that

. (k;l) 5lnd(n)
(%)

as we assume k to be constant. 0

= (14 o(1))n/«0os(m) — (1 4 o(1)) exp (%) =1+o0(1)

Bounds for triangles. We proceed by deriving a lower bound for the probability
that three vertices form a triangle.

LEMMA 4.7. Let G = GIRG(n, 8,wq,d) be a standard GIRG and let vq,va,vs be
three random vertices. Then,

—1/d —2/d\ ¢
Pr[U2N’U3|’U1NU27U3]2(3_3</:Z(,)) +(%> ) '

Proof. We consider one fixed dimension and give an upper bound on the proba-
bility that vy ¢ v3 conditioned on vy ~ vz, v3. In the following, we abbreviate p:= “2.
Note that we may assume that all three vertices are of weight wy as it is easy to verify
that larger weights only increase the probability of forming a triangle. Conditioned
on the event vy ~ vy, v3, the vertices v, v3 are uniformly distributed within a circular
arc of length p'/¢ around v;. In order for vy o v3 to occur, vs needs to be placed
within a circular arc of length 1 — p'/? opposite to vo. Hence, the probability that
vg 7 vz conditioned on the event that vy is placed at distance x of vy is

z/pt/e if £ <1—pl/e,

Privs s [ fo, = aulo =1l = {(1 *Pl/d)/pl/d otherwise

where |- |¢ denotes the distance on the circle. Since v is distributed uniformly within
distance 1p'/? around vy, we obtain
1 1 pl/d
Pr[vg ot vg | v1 ~ w2, 03] < W/ Pr[ve £ v3 | |20, — To,|c = ]da
3 0

1 1-pt/e s i/
=T / Wd““/ ]
3P / 0 p 1—pt/d P

Solving the integrals then yields

Pr[vg o4 vz | v1 ~ g, v3) <3p~ 4 -2 - p=2d,

implying the desired bound. ]

We use this finding to show in the following lemma that, although cliques of size at
least 4 already behave like in the IRG model if d = w(log(n)), the number of triangles
in the geometric case is still larger than that in the nongeometric case.

LEMMA 4.8. Let G = GIRG(n, B,wq,d) be a standard GIRG with d = w(log(n))
and let vi,vs,v3 be three random vertices. Then,

K 1_111(7;)2 i0<111(7§)3>
Pr vy ~vs | v1 ~va,v3] > (1 4+ 0(1)) (?O) ¢ ¢ .
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Proof. By Lemma 4.7, we have Pr [vg ~ v3 | v1 ~ v2,v3] = ¢¢ with

Ko\ —1/d Ko\ —2/d
o () ) ()
n n
In the following, we once again abbreviate p = ~¢ and start by decomposing ¢ into a
sum.

q=3 (1 _p—l/d) 4 p2/d

(1o (72

We now proceed by bounding dln(q) and apply the Taylor series of In to get
(1- 41, (@— 1)
4.3 dln(q) =—d —1)"*tg—>
(a3 ) =0y, 0 Sl
By abbreviating « :=In(p)/d and our above sum, we get

o i
1 /—In(p i _ 15, 5 4
E z'( ) (2 —3)-%—1—533 s +...

i=1
1
(4.4) —x<1+2x2x2+R),

Z

where |R| = O(|z|?) because |z| = o(1). Inserting this into the first terms of the sum
in (4.3) yields

1 1
dln(q) =dzZ — d§x2Z2 +d§x3Z3 +...
_ L o 1 a3 i1 i—1 i
=dx <Z21‘Z +§:17 Z +Eﬁ4(71) AN

Using the definition of Z in (4.4), we may carefully compute the leading terms of the
above sum to obtain

dln(q) =dz (1 - 2>+ R'),

with |R'| = O(|z|?). Recalling that z =1In(p)/d gives

dIn(q) = In(p) (1 - (hlg’)) L0 (

As p=kg/n, this shows

In(p)
d

))
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nn/kK 2 nn3 nn2 nn3
(R0 xo () o\ 12 20 (260 )
= () =(1+0(1) (37) -

n

Here, the factor of 14 o(1) derives from the fact that

In(n/ko)? _ In(n)? — 2In(n)In(kg) + In(kg)? _ In(n)? B 1
d? d? d? w(log(n))’

The above bound implies that the probability that a triangle forms among vertices
of constant weight is still significantly larger than in the nongeometric models as long
as d = o(log®?(n)). We summarize this behavior in the following theorem.

THEOREM 4.9. Let G = GIRG(n, 8,wq,d) be a standard GIRG with 5 > 3 and
d = w(log(n)). Then, there is a constant § > 0 such that the expected number of
triangles fulfills

Q(exp mz#)) if 3< B < o0,

B CICHE ) TR

where B =00 refers to the case where every vertex has the same weight.

Proof. We note that by Lemma 4.8

In(n)2 In(n)3
’€0>17 a2 :I:O( a3 )

Pr[Us is clique] > (1+ o(1)) (%)2 ( "

and thus

E [Ks] = <§) Pr Uy is clique] > (1 + 0(1))Hgn9(m%> e (eXp (IDB(”)» :

d2

and the first part of the statement is shown. For the second part, we note that in
the case of constant weights, the bound from Lemma 4.7 is the exact (conditional)
probability that a triangle is formed and the transformations from Lemma 4.8 still
apply for obtaining an upper bound. 0

4.2. Characterizing cliques by vertex weights. In this section, we extend
the bounds on g;, obtained above to the entire graph and characterize it by the weights
of the associated vertices assuming d =w(log(n)) and g € (2,3) (the other parameter
regimes are discussed in the subsequent section). To this end, we will mainly be
concerned with bounding the following integral.

LEMMA 4.10. Let p be the density function of the Pareto distribution, let € =
e(n)=o(1), and define

A(k;)::/Om---/ooop(wl)-~-p(wk) H <%)176dwk...dw1.

1<i<j<k

For every constant k, we have
A(k)=0 (n%“—m) .

Remark 4.11. Clearly, A(k) is an upper bound on the clique probability if we used
wp as the lower integration limit instead of 0. However, we show the more general
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statement where the integration limit is 0 as it will be useful later in the proof of
Lemma 4.12.

Proof of Lemma 4.10. We use a technique similar to that of Daly et al. [14], who

bound
k
A< 3 ()t
where
A(k,m)
"/ ”/ K\ 1—¢€
/ / / / p(wy) -+ p(wy) H (%) dwy, ... dw;.
"/ Vn/x 1<i<j<k

m times k m times

We start with the first extreme case:

n/ n/ . .
/0 /0 -p(wy) H (?j) dw; ...dwg.

1<i<j<k

Since p(w) = cw™? for some constant ¢ and as k is constant,

Ak, k

—e()

~

Ki:\1—¢ _ _
H (%) wlB~--wkﬁdwl...dw;,C

0 0 1<i<j<k

/W.../W

k

Vn/A
—o(1)n~ ()09 (/ w<k1><15>5dw>
0

— O(1)n~(B)1=2) k=121 5 (1-)
=0(1 )n2 (1-8)

as (’;) = %k(k: —1). Note that the second step holds for sufficiently large n since k >3
and 8 < 3 as this leads to an exponent in the integral that is strictly greater than —1.
The above bounds only hold for sufficiently large n as e = o(1). For the other extreme
case, let Wi, = min{wy,...,wy}; then Corollary 3.3 yields that

A(k,0) =Pr [wmin > n/)\] = @(1)71%(1_5)
because k;; =1 if w;, w; > /n/A.
If m >3, we bound
A(m,m) - A(k —m,0)
=O(1)n%1-Ap 5= 01-5)
@(1)71%(176),
as desired. The case m = {1,2} thus remains. To this end, we use that
A(k,m) <AB3,m)A(k —3,0)
—O(1)A(3,m)n"z 1=A)

and so it suffices to show that A(3,m) = O(1)n21=5 for m € {1,2}. For m =1, we
bound
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1)
n/ w Wows 2(1—¢)
/ / / < L ) wfﬁw;’@w;ﬂdwldwgdwg
n/ 71/ n

2
Vn/A
:@(1)n_2(1 E)/ w?(1=8) =By </00 wl_E_Bdw>
0 n/A

= @(l)n_2(1_5)+(1—8)+%(1—ﬂ)+(1—8)+(1—ﬁ)
=0(1)n21-»)

A(3,1)

as desired. Again, this works because for sufficiently large n, the exponent in the
integral starting at 0 is greater than —1. For the case m =2, we use

n/ w1 pn/wi aps\ 1—€
A(3,2) <O(1 / / / wzw]) (wywaws) ~P dwsdwydw,

Vn/A 1<2<]<3 "

Iy

n/ w1y 1—¢
/ / / (w1w§w3) (w3wowy ) P dwzdwydw, .
n/wq n
I

Note that this is a valid bound since the vertices v1, vy are interchangeable and thus
P, is at most twice as large as the two integrals above, which is captured by the ©(1)
terms. Calculations now show that

n/ wy  pn/wy
L =n"30- 5)/ / / wiwj)l_6 (wywaws) ~P dwsdwydw,
Vn/A 1<z<]<3

1 n/wy
wf(l—s)—ﬁ/ wg(l—@—ﬂ/ w2197 o duryduoy
0 v/

A/ /A w1 2(1—e)—pB+1
S@(l)n—S(l—s)/ w%(lfe)*ﬁ/ w§(1*5)*ﬁ (n> dwedw;
0 w1

0

Vn/A w1
:@(l)n*(lfs)ffﬂrl/ w1—1/ wg(l—s)—ﬁdedwl
0 0

— O (1)n 412 / v

0

N
= @(l)nafﬁ/ w%(l—e)—ﬁdwl _ @(l)nefﬁwlfaf%ﬁw% _ @(l)n%(lfﬁ)
0
and
n/ w1 1-¢
2—/ / / (IUl’lUng) (w3w2w1)—5dw3dw2dw1
n/wiy n
VALIRN w l—e—p+1
<O0(1)n —2(1- 5)/ w}fefﬁ/ ! 2(1 e)— ﬂ( ) dwyduw,
0 0 w1
\/"/A w1y
:@(1)n—(1—6)—ﬁ+1/ wl—l/ w297 sy
0 0
:@(1)n%(1—5)
as desired.
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The above lemma not only implies our claimed bounds on the expected number
of cliques but also allows us to show that cliques of all sizes form dominantly among
vertices of weight on the order of \/n.

LEMMA 4.12. Let d = w(log(n)) and 8 € (2,3). Then for all (potentially super-
constant) k and all p € (0,1), there is an € >0 such that

Pr [wmin >evn| Uy is clique] >p.

For k > 5= ﬁ, we already showed the statement in Lemma 3.9. For k < ﬁ,
we use an argument inspired by the techniques introduced in [27]. Note that in the
following, we assume k to be constant since we are in the case k < 3=5. We write

Pr [wmin < ey/nN Uy is chque]
Pr [Uy, is clique]

Pr [wmin < ev/n| Uy is clique] =

and proceed by showing that this probability can be made arbitrarily small by choosing
¢ large enough. By considering the event that wmin, > y/n/A, we immediately get
Pr[Uy, is clique] = Q(ng(lfﬁ)). To show our statement, we proceed by showing that

Pr [wmin < ev/nN Uy is clique] < f(s)n%(l_’g)

for a function f that tends to 0 as € — 0. To this end, note that by Theorem 1.5,
there is a function € = e(n) =0(1) such that

Pr [Uy, is clique] < A(k

A / p(wy) - pwg) H (%>1iadwk...dw1.

1<i<j<k

Substituting w; = y;1/n/A and recalling that p(w) = cw™" for some constant ¢ yields

A(k)
e%s) e’} —kB . 1—e k
R Y min{n, Anyiy;} \/ﬁ don . d
/o /0 (Y1 yk) \/: H ( " \ Y - .- dyg
g o *ﬁ s 1—e¢
- / / H (min{1, Ady;y; 1) " dyk...dysr .

1<i<j<k
1<i<j<k

=1

By Lemma 4.10, we have A(k) = O(nz(=#)) and thus I < co. Now

Pr [Uy, is clique N wmin < £v/n
ev/n ..\ 1—¢
<k/ / / plwy) - plwy) H (@) dwy, . ..dw;.
- n

1<i<j<k

Using the same substitution as above, this yields

Pr [Uk is chque N Wipin < €f

z(1-6) VA ,5 . 1—e
<k H (min{1, A\y;y; 1) dyk...dyr .

1<i<j<k

:=J(e)

As lim o J(€) = I < 00, J(g) can be made arbitrarily small by choosing & > 0 small
enough, which yields the desired statement. ]
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4.3. Bounds on E[K}] and w(G). We use the findings from subsection 4.1
to prove the third column of Table 3 and Table 1, respectively. We treat the cases
2< <3, =3, and B > 3 separately.

For /5 € (2,3), we show that if d = w(log(n)), then the expected number of cliques
is n2G-AO(k)~* for all k > 3 just like in the IRG model. This is despite the fact
that the probability that a clique forms among vertices of constant weight is still
significantly higher than in the IRG model if log(n) < d < log®?(n). The reason
for this is that the probability of forming a clique among vertices of weight close to
v/n behaves like that of the IRG model if d = w(log(n)) and because cliques forming
among these high-weight vertices dominate all the others.

THEOREM 4.13. Let G = GIRG(n, 8,wq,d) be a standard GIRG with § < 3 and
d = w(log(n)). Then, E[K;] = nzB=BOk)" for k > 3 and w(G) = O(nB-)/2)
a.a.s.

Proof. Observe that Corollary 3.3 and Corollary 3.5 imply our desired bounds if
k> ﬁ Otherwise, just considering the event that wy,in > 1/n/A gives us the desired
lower bound on ¢ and thus on E[K}]. To get an upper bound, note that ¢ < A(k)
by Theorem 1.5, and that A(k) = O(ng(i)’*ﬁ)) by Lemma 4.10, which directly implies
our claimed bounds on E[K}]. To bound w(G), now the same argumentation as in
Theorem 3.21 applies. 0

We note that the phase transition at k = ﬁ is no longer present. We continue
with the case where g = 3.

THEOREM 4.14. Let G = GIRG(n, 8,wq,d) be a standard GIRG with =3 and
d=w(log(n)). Then, w(G)=0O(1).

Proof. We show that the number of cliques of size k = 4 is such that for every
€ > 0 there is a constant ¢ > 0 such that

Pr[Ky>c<e.

That is, the probability that K4 > ¢ can be made arbitrarily small by choosing ¢ large
enough. This fact is sufficient to show that the clique number is O(1).

We start by observing that 8 =3 implies that the maximum weight w4, is a.a.s.
on the order of y/n. More precisely, denoting by X,, the number of vertices with
weight at least w, we get by Markov’s inequality that for every w,

(4.5) Pr [Wpmae > w] =Pr[X, > 1] <E[X,] =0(1)nw' ™ =0(1)nw2.
Thus, for every ¢ > 0, we have

(4.6) Pr (Wi > cv/n] = O(1)c 2.

With this and Markov’s inequality, we may bound for every t,¢ >0

Pr [K4 Z t] S Pr [KAL 2 t | Wmax S C\/ﬁ] + Pr [wmaa: Z C\/ﬁ]

EK TVLIIJJS
[ 4|wt C\/m-l‘Pl"[wmaxZC\/T_l]-

(4.7) <

To bound E [Ky | Wimaz < cy/n], we note that a random weight w; fulfills
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Pr [ﬂjw]- Sc\/ﬁﬂwigx}
Pr {ﬂjwj §c\/ﬁ}

_ Priw; <u]
 Priw; <cy/n]

Pr[w; <2 | Winae < cv/n] =

and since Pr[w; < cy/n] =1 —o(1), we get that the density of w; is py, (z) = 'z~ for
some ¢ > 0 independent of x. Using that, we use Theorem 1.5 to bound

Pr [Uk is clique |wy < c\/ﬁ]

cyv/n ev/n Kii\ 1—e€
< - Bow?
<0O(1) /wo /wo H ( - ) w, wy, "dwy ... dwy

1<i<j<k

cv/n k
— (0= ( / w<k—1><1—e>—ﬁdw)

wo

for some function €(n) = o(1). Because k >4 and § = 3, we observe that the exponent
(k—1)(1 —e) — B is greater than —1 for sufficiently large n, and hence, the above
integral evaluates to

Pr [Uk is clique |wy < c\/ﬂ = ck((k_l)(l_e)ﬂ_ﬁ)@(1)71%(1_5).
For k=4, we obtain
Pr [Uy, is clique |wy, < cy/n] < o(1)ctn™*

and accordingly
E [Ky | Winae < cv/n) = (Z) Pr [Uy, is clique |wy, < cy/n| < o(1)c.

By (4.7) and (4.6), this implies
Pr[K,;>t]=0(1)c*t  +0(1)c 2

Setting ¢ = t1/5 yields Pr[K, > t] = O(1)(t~*/°+t~2/%) and shows that the probability
that K4 >t can be made arbitrarily small by increasing ¢. To bound the clique number,
we note that the existence of a clique of size k implies the existence of (]Z) cliques of
size 4, and so

Pr[w(G) > k] < Pr [K4 > (’D] :

which can be made arbitrarily small by choosing k large enough. Hence the probability
that the clique number grows as any superconstant function f(n) =w(1) is in o(1),
which shows that the clique number is in O(1) a.a.s. |

Finally, we deal with the case where 8 > 3, where we show that, in this case, there
are no cliques of size 4 or larger a.a.s.

THEOREM 4.15. Let G = GIRG(n, 8,wq,d) be a standard GIRG with 8> 3 and
d=w(log(n)). Then, E[Ki]=o0(1) for k>4 and, thus, w(G) <3 a.a.s.
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Proof. We use a similar strategy as in the above paragraph. In analogy to (4.5),
we now have

Pr[wmaz > n%] < @(1)n1_(1_ﬁ)0‘7
which is o(1) if & > ﬁ For some « in the range 1/2 > a > ﬁ, we get

Pr [Uy, is clique |wy <n®]

n® n® koNl—e B
§®(1)/ / H (i) wi P w Pdw, . dwy,
wo  Jwo qgidick "

e

k
—0(1)n- ()19 (/ w<k—1><1—6>—ﬂdw>
wo

_ @(1)n(a—%)k(k—l)(l_s)+ak(1—6) —0 (nak(l—ﬂ)) .

Accordingly,
E [Ky | Winae < cv/n] = <Z> Pr [Uy is clique |wy <cv/n] = O(1)nt1e0=8) = 5(1)

as a(l — B) < —1. By Markov’s inequality this implies
Pr[K4s > 1] <E[K4| Wmaz <%+ Pr[wmaz > n%] =0(1),

as desired. 0

5. Concentration bounds. We use the insights gained so far to obtain the
following concentration bounds on the total number of cliques that hold for almost
all parameter regimes and clique sizes we consider.

THEOREM 1.4. We have Ky /E[Ky] —, 1; that is, for all 6 >0,

o

if one of the following conditions holds.
(i) d=o(log(n)), B€(2,3), k # ﬁ, and k = o(nB=A/4),
(i) d=w(log(n)), B € (2,3), k=o(n~ /%),
(iii) d =o0(log(n)), 8>3 and k= o (log(n)/(loglog(n) + d)).
Proof. We start with the regimes where cliques dominantly form among vertices

of weight y/n. Recall that this covers case (ii), and case (i) if we additionally assume
k< ﬁ We write

Ky,
E [Ky]

_1’25] —o(1)

Kj, = K (M) (V) + K (M (V).

Since we are in the regime where cliques form dominantly in M, (y/n), as shown in
subsection 3.2 and subsection 4.2, there is some function € = o(1) such that

E [Ku(MO (V)] = (1 - o()E (K] and E [y(MT) (i) = o(1)E 7]

Furthermore, by Lemma 3.18 and Chebyshev’s inequality, we have
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1 BkQ
-2
Pr[ >51 (I+o(1 Z ( E= B)/2)
§—2c1-8 k2
=0 ———+ .
n(3=8)/2
If we choose an e = 0(1) that decays sufficiently slowly, this tends to 0 for every § >0

due to our assumption on k. Furthermore,

K (M (V) [E [K] =, 0

by Markov’s inequality, and the proof of this case is finished.
On the other hand, if cliques dominantly form among low-weight vertices (this is
the case for case (iii), and case (1) for k> 3= /3) write

(M7 (V)
E [K4]

Ky, = K (M5 (w)) + Kp(M (w))

for some w = e®M4}775 and note that this covers the cases (iii) and (iv). By Lemma
3.16,

K (M (w))

5 2 O(w/e)*
E [Kk]

~1 >51 < (1+0(1)* g

Note that due to k = 0(%) =n°M and w = n@(l)d/log(”)kﬁ7 we have

O(w)* = n°M | and further E[K}] > n¢ for some constant ¢ > 0 (cf. Theorem 3.25).
Accordingly,

Pr

(M (w)

Pr E K]

> 6] (14 o(1 ))5—25—1@”—04—0(1).

If we choose an ¢ = o(1) that decays sufficiently slowly, the above term is o(1).
Moreover, as above, for ¢ = 0(1), we have

B [Ky(MED ()] = (1= o()E[K)] and E [Ky(ME (w))] = o()E K],

and the rest of the proof is analogous to the previous case. 0

6. Asymptotic equivalence with IRGs. We continue by studying the infinite-
dimensional limit of our model, i.e., the case where n is fixed and d goes to infinity.
We prove that in this situation, the GIRG model becomes in a strong sense equivalent
to the nongeometric IRG model. That is, we prove that the total variation distance
of the distribution over all possible graphs with n vertices goes to 0 as d — oco. We
prove the following theorem.

THEOREM 1.1. Let G(n) be the set of all graphs with n vertices, let {w}} be
a weight sequence, and consider Gire = IRG({w}}) € G(n) and a standard GIRG
Gairg = GIRG({w}7,d) € G(n) with any L,-norm. Then,

lim |G arra, Girell 7v =0.
d— o0

We split the proof of this theorem into two parts by considering the case of an
Ly-norm for 1 < p < oo and the case of Lo.-norm separately. Our investigations in
subsection 1.4 further show why RGGs on the torus become equivalent to nongeomet-
ric models as d tends to infinity and why this is not the case if we use the hypercube
instead as previously observed in [18, 13].
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6.1. Equivalence for Ly-norms with 1 < p < co. Our argument builds upon
a multivariate central-limit theorem similar to the one used by Devroye et al., who
establish a similar statement for SRGGs [17] .

Before starting the proof, we introduce some necessary auxiliary statements. Our
argumentation builds upon the following Berry—Esseen theorem introduced in [38].

THEOREM 6.1 (Theorem 1.1 in [38]). Let Zi,...,Z4 be independent zero-mean
random variables taking values in R™. Let further Z := Z?Zl Z; and assume that
the covariance matriz of Z is the identity matrixz. Let X € R™ be a random variable
following the standard m-variate normal distribution N(0,I). Then for any convex
set ACR™, we have

d
Pr(Z € A~ Pr[X € A]| < (42d* 1+ 16) ) _E [Hz,-uﬂ ,
=1

where || Z;|| is the La-norm of Z;.

This illustrates that for d — oo, the (random) distance between two vertices be-
haves like a Gaussian random variable. Throughout this section, we use the following
notation. For any u,v € V, we define A, ) € R? as the componentwise distance of
u and v, i.e., Apy vy = [Xui — Xoil o = min{[Xu; — Xuil, 1 — [Xui — Xpi|}. Recall that
tuw is the connection threshold of the vertices u, v, i.e., u,v are adjacent if and only if
their distance is at most ,,. We may express

Prlu~uv]=Pr |:HA(U7U)H[) < tuv} =Pr

d
N’ <P 1

w,v),i — Tuv
i=1
and we further note that A, ,); and A(, ) ; are i.i.d. random variables. Define

wi=FE {Ap

(), J and o2:=Var [Ap

(u,v), z:| ’
and let the random variable Z, . ; be defined as

p
A(u,v),i - 'u’

Z(u,v),i = \/(30’

Now define Z(,, . := Zle Z(uw),: and observe that this allows us to express

Prlu~wv]=Pr :Pr{Z( 0 < B d,u}

ZAw v, St Jio

Working with Z,, . instead of A(, ) has the advantage that we have E [Z(u,v)] =0
and

d
1
Var [ Z(y)] Z Var [ Z(y.0),i] =23 ZVar [A]é)um)ﬂ} =1.
i=1

These properties are useful when applying Theorem 6.1. Now recall that ¢,, is defined
so that the marginal connection probability Pr[u ~ v] is equal to min{1, =%+ } which
is required in order to ensure that E[deg(v)] o w, for all v. We use this to establish
the following lemma describing the asymptotic behavior of the threshold ¢,,.
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LEMMA 6.2. Let G = GIRG(n, 8,w,d) = (V,E) be a standard GIRG with L,-
norm for p € [1,00). Denote by ® the cumulative density function of the standard
Gaussian distribution, i.e., ®(x) = V2 [*_ e=t*/2dt. Then for any u,v € V with
u#v and )‘w+L1”“<1, we have

lim o W _ - (A“’“w”).
d—o0 fo' n

Proof. Let u,v be fixed. In the remainder of this proof, we abbreviate Z, . with
Z, and Z(, ), with Z;. For every ¢ € R, define the set A. = {r€R |z <c}. Let
further X ~N(0,1) be a standard Gaussian random variable. We get from Theorem
6.1 that

d
Pr(Z < - Pr[X <d|<(42dV* +16) Y E [\Zﬂ
i=1

4244+ 16
el ][R

42dM* 416
(6.1) i
(6.2) = 04(1)

because Aﬁ’u i ~HE [—1,1], which shows that Z converges to a standard Gaussian
1 I(Awqu,).

random variable as d — co. In particular, this statement is true for ¢ =&~ -

At the same time,

Pr {Xg@l (’\w“w”)] _ Ay, {Z< uv d“]
n

n \fO'

where the second step follows by the definition of ¢,, and Z. Hence, by (6.1),

Pr{Z§<1>1<)\w“w”>}Pr{Z§ uv d“” 0.
n Vdo

Since the function f(c) =Pr[Z < ¢] converges to the cumulative density function ® of
the standard Gaussian distribution and since this function is continuous and strictly
monotonically increasing, we infer that

lim oy — dp =0~ ()\wuwv). 0
d— oo fo' n

With this, we prove the main theorem of this section.

Proof of Theorem 1.1 for p € [1,00). As n is fixed, the set G(n) is finite and so it
suffices to show that for all H € G(n), we have

lim
d— oo

(63) lim Pr [GGIRG = H] =Pr [GIRG = H}

d—o0
First, we note that for any u,v € V with A“’%’“ > 1, u and v are guaranteed to be
connected in both Ggirg and Gire. Hence, for every H € G(n) in which w and v
are not connected, we get Pr[Garg = H| = Pr[Girg = H] = 0. For this reason, it
suffices to show (6.3) for all H € G(n) in which all u,v € V with u# v and ’\“’HM >1
are connected.
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Let H be an arbitrary but fixed such graph. We define the set Q = {(u,v) |1 <
u<v<n, % < 1}, which contains all pairs of vertices that are not connected with
probability 1. For any event E, we denote by 1(E) the random variable that is 1 if E
occurs and 0 otherwise. Similarly, we denote by H(, ,) an indicator variable that is 1
if the edge {u,v} is present in H and 0 otherwise. Furthermore, for every (u,v) € Q,
we define ./\/(u’v) to be an independent standard Gaussian random variable. Then,

A u v
Pr(Gure =H]=Pr| () (1 (/\/(u,v) <3 (“’nw>> _ H(um)

(u,v)€Q

Furthermore, recall the definition of Z(, ,) and observe

tb —d
Pr [GGIRG = H] =Pr ﬂ <1 <Z(u,v) < W) = H(u,U)>

(u,v)€Q

In addition, we define the random graph G in which all u # v € V with )‘“’Tw >1
are guaranteed to be connected, and in which for every (u,v) € Q, the edge {u,v} is
present if and only if Z, ,) < <I>’1(>‘“’;27“’”). Accordingly,

Pr {é: H} =Pr m (1 (Z(u,v) < (pil <)\w;;wv>) = H(%“))

(u,v)EQ

From Lemma 6.2, we get that

P
Jim T — W (A“’“w”) ,
d—o0 \/&0’ N

and so,

lim [Pr[Gamg = H] — Pr[G=H]| ‘ =0.
d—o0
It therefore only remains to show limg_, Pr[G = H] = Pr[Girg = H].

For this, we let m = |Q| and we define the random vector Z; € R™ that has
the random variables Z(, . ; as its components for all (u,v) € Q. We further define
Z = E?Zl Z;. We use Theorem 6.1 and define the set A CR"™ such that

re€ASY(u,v)EQ: {$(u,v) = (I):i (%) i H(um.) =

T(uw) > P (%) otherwise.
It is easy to observe that A is convex. We get Pr[G' = H] = Pr[Z € A] and Pr[Girc =
H] =Pr[X € A], where X is a random variable from the standard m-variate normal
distribution.

We further note that for all (u,v) € Q, the random variables Ay )15+ A(u,v),d
are independent, which implies that Z;,..., Z; are independent as well. Furthermore,
they have expectation 0 and for all 1 <4, 5 <d, (u,v), (s,t) € Q with (u,v) # (s,t), the
random variables A, . ; and Ay ; are independent, even if i = j and {u,v}N{s,t} #0
(because the torus is a homogeneous space). This implies that also Z(,, . ; and Z( ) ;
as well as Z(, ) and Z, ;) are independent. Hence, Cov [Z(u’v),Z(s’t)] =0. Accord-
ingly, the covariance matrix of Z is the identity matrix. Thus, Theorem 6.1 implies
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d
Pr(Z € A]-Pr[X € A]| < (42d"/* +16) Y _E [||Zi||3]
=1

3/2
a /

— 1/4 2
=424 +16)Y E || Y 22,
i=1 (u,0)€Q
p X ) 3/2
_ 1/4 p _
= (42d +16)23653/2031[?‘ Z (A(um)ﬂ' H)
i=1 (u,v)eQ
d 3/2
1/4 m
< (42d +16)Z}m

dm3/?
_ 1/4
= (42d*/* + 16)7d3/203

m3/2 (42 16\
d1/4+d1/2 =o0q4(1),

p € [=1,1] and m < (). This shows

o3

as A

p _

(w0).i
lim Pr [G - H} = Pr[Gra = HJ,
d— o0

as desired. 0

As mentioned before, the above result helps in getting an intuition for how the
choice of the underlying ground space of geometric random graphs affects the impact
of an increasing dimensionality. Recall that RGGs on the hypercube do not converge
to Erdés—Rényi graphs as n is fixed and d — oo [13, 18]. However, our results imply
that they do when choosing the torus as ground space. These apparent disagreements
are despite the fact that we apply the central limit theorem similarly.

As discussed before, the above proof relies on the fact that, for independent zero-
mean variables Z1, ..., Z4, the covariance matrix of the random vector Z = Z?:l Z; is
the identity matrix. This is due to the fact that the torus is a homogeneous space, im-
plying that the probability measure of a ball of radius r is the same, regardless of where
this ball is centered. This makes the random variables Z, .y and Z(, sy independent.
As a result their covariance is 0 although both “depend” on the position of w.

For the hypercube, this is not the case. Although the distance of two vertices can
analogously be defined as a sum of independent, zero-mean random vectors over all
dimensions just like we do above (the only difference being that A, ), is now the
distance between wu,v in dimension 4 in the hypercube, leading to different values of
p and 02), the random variables Z(u,wy and Z(, s do not have a covariance of 0.

In fact, one can verify that for every 1 <17 < d, there is a slightly positive covariance
between A, ,,; and A, 5),; (equal to 1/180). This transfers to a covariance between
Z(uw) and Z(, s, which stays constant as d grows, since

COV[Z(u,v)v Z(u,s)] =E [Z(u,v) ' Z(u,s)]

d d
YD B[ Zuwyi Zws) 5]
i=1 j=1
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d
1
= ﬁ Z COV[AI(Du,v),iA;?u,s),i]
=1

_ COV[A?u,v),lA;?u,s),l]

)
0-2

where we used that E [Z(u,u),i . Z(u,s),j} =0if ¢ # j. Accordingly, the covariance matrix
> of Z is not the identity matrix. Nevertheless, our proof from the previous section
still applies if we replace Z by Y = Z?:l ¥~1Z;. Now Y is the sum of independent
random vectors and has the identity matrix as its covariance matrix, so Theorem
6.1 remains applicable. Furthermore, E [||£~1Z;]|3] is still proportional to d~3/2 and
thus remains bounded such that Y converges to a standard m-dimensional normal
vector. This implies that Z converges to a random vector from N (0, X)), showing that
RGGs on the hypercube converge to a nongeometric model where the probability
that any fixed graph is sampled can be described, like above, as the probability that
Z ~ N(0,%) falls into the convex set A. In this model, however, the edges are not
drawn independently, as ¥ is not the identity matrix. In fact, for any three vertices
§,u,v, the components Z(, ,y and Z, , are slightly positively correlated, so there is a
slightly higher probability that s,u,v form a triangle than in a corresponding FErdés—
Rényi graph. This leads to a higher tendency to form cliques, which is in accordance
with the observations from Erba et al. [18].

6.2. Asymptotic equivalence for L.,-norm. In this section, we prove that
our model also loses its geometry if Lo,-norm is used. We use a different technique
to prove this theorem, as the L..-distance between two vertices is no longer a sum
of independent random variables and central limit theorems no longer apply. Instead
our argument builds upon the bounds we establish in subsection 4.1.

Proof of Theorem 1.1 for Lo,-norm. We show that for all H € G(n),
(6.4) dlim Pr [GGIRG = H] =Pr [GIRG = H}
—r 00

We start by establishing a way to compute Pr[G = H| for any random variable G
representing a distribution over all graphs in G(n). For this, we denote by E(H) the
set of edges of a graph H = (V, E) € G(n). We further let (%) be the set of all possible
edges on the vertex set V. Now, for any H € G, we have

Pr[G=H|=Pr[E(G)2EH)] - Y  Pr[E(G)=A]
E(H)CAC(Y)

That is, we may express the probability that G is sampled as the probability that
a supergraph of G is sampled minus the probability that any proper supergraph of
G is sampled. Now, for any E(H) C AC (‘2/), the probability Pr[E(G) = A] is the
probability that G is a specific graph with at least |E(H)| + 1 edges. Now, we may
repeatedly substitute terms of the form Pr[E(G) = A] in the same way until we have
an (alternating) sum consisting only of terms that have the form Pr[E(G) D A] for
some E(H)C AC (Y). That is, we may calculate the probability Pr[G = H] even if
we only know Pr[E(G) 2 A for any AC (Y).

As n is fixed, in order to prove our statement in (6.4), it suffices to prove that,
for each A C (‘2/), we have

Ji PrlE(Gn) 24 =PelBGne) 24 = TT %
1,] r €
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Using Theorem 1.5, we get that

i\ 1FO0a(25)
Pr[E(Geme) 24 =[] (2) .
{i,jteA

For d — oo, this clearly converges to Pr[E(Girc) 2 A}, and the proof is finished. 0O
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