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Abstract
For positive and relative prime set of integers A = {ay, ..., ar}, let I'(A) denote the

set of integers of the form ajx; + - - - + axx; with each x; > 0. It is well known that
I'“(A) = N\ I'(A) is a finite set, so that g(A), which denotes the largest integer in
I'“(A),iswell defined.Let A = AP(a,d, k) denotetheset{a, a+d, ...,a+(k—1)d}
of integers in arithmetic progression, and let ged(a, d) = 1. We (i) determine the set
AT = {beT'°(A): g(AU {b}) = g(A)}; (ii) determine a subset A+ of I"°(A) of
largest cardinality such that A U AT is an independent set and g(A U A_+) =g(A);
and (iii) determine g(A U {b}) for some class of values of b that includes results of
some recent work.
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1 Introduction

Givenafiniteset A = {ay, ..., a;} of positive integers with gcd A := gcd(ay, ..., ar)
= 1, let I'(A) = {a1x1 + -+ + arxx : x; > 0}. We call an integer N
representable by A if N € I' (A). Sylvester showed that the set I'“(A) :=
N\ I" (A) of non-representable positive integers is finite, asked to determine

g(A) :=max ' (A),

and showed that g (aj, az) = (a1 — 1)(ap — 1) — 1. For brevity, we use g (A) to
denote g (ay, ..., ai). Although the problem was proposed by Sylvester [12], the
function g (A) is called the Frobenius number after Frobenius, who was largely
instrumental in giving this problem the early recognition in his lectures.

There is no closed-form formula for the Frobenius number g (A) for [A| > 3. A lot
of research has centered around improving bounds or providing improved algorithms
for g (A), both in the general case and in special cases. One of the few cases where
the Frobenius number g (A) has been determined is the case where the elements of A
(called the basis elements) are in arithmetic progression.

The Frobenius number g (A) for a basis A = {ay, ..., ar} is unchanged by the
removal of any element, say ai, that is representable by the other elements of the
basis, that is if @z € I" (A \ {ax}). Following Selmer [11] and others, we term a
basis in which there is an element which is representable by the other elements a
dependent basis. Any basis for which £ > min A is necessarily dependent. For if
min A = aj, say, at least two of the k — 1 (> a;) numbers a», ..., ar must be in the
same congruence class modulo a; (in which case the larger number is representable
by the smaller number and a1 ), or at least one of the numbers is a multiple of a;. Bases
which are not dependent are termed independent, and k < a; for such bases.

Towards the end of his extensive and significant paper, Selmer [11] considered the
problem of the change in the Frobenius number in extending a basis A = {ay, .. ., ax}
by a single- element ay1. It is clear that g (A U {ax+1}) < g (A), and that there is
equality if ax4+1 € I" (A). Under the assumption that ax41 ¢ I" (A), he considered
the problem of determining all positive integers ax| for which the Frobenius number
remains unchanged. Mendelsohn [7] has shown the non-existence of such an extension
when k = 2. Kirfel [4] gave a condition under which such an extension is possible
when k = 3. One of the instances when such an extension is possible for 3 < k < a;
is the case where the basis is independent and consists of terms in an arithmetic
progression satisfying the condition L“kl__lzj = |- 2| see [11].

There are three sections in our paper aside from this introductory section (Sect. 1).
Throughout this paper, A denotes the set AP(a,d, k) ={a,a+d,a+2d,...,a+
(k — 1)d} with ged(a,d) = 1and 2 < k < a,and b € I'“ (A). If k > a, each of
the elements a + (a + 1)d, ..., a + (k — 1)d is representable by a and one of the
elements froma +d, ..., a + (a — 1)d. Thus, as remarked earlier, AP (a,d, k) is a
dependent basis when k > a, and g (AP(a,d, k)) = g(AP(a,d, a)) for all k > a.
By AT, we mean the set of all b for which g (A U {b}) = g (A). We determine the set
AT in Sect.2 making use of a result of Tripathi [13] that determines the least integer
in I" (A) in each congruence class modulo a; see Lemma 2. These results are given
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Fig. 1 A geometric depiction of I" (AP) and I" (AP U {b}). Every integer n is of the form ax + dy with
0 <y < a — 1, and is represented by the lattice point (x, y) lying within or on the infinite strip in this
figure. Proposition 1 implies that the integers in I” (A P) are the lattice points in the region labeled I" (A P),
or on the boundary. Thus any b € "¢ (A) is a lattice point in the region bounded by the lines ax +dy = 0,
y = (k—1)x and y = a — 1. Lattice points in the region R, are the integers in I" (AP U {b}) \ I" (AP).
All points on the boundary except those on the line y = (k — 1)x are included in the set

in Theorem 1 when k < a and in_Lemma 3 when k = a. In Sect. 3, we deal with @
problem of determining a subset A of I"“(A) of largest cardinality such that AU A+
is an independent set and g(A U AT) = g(A). In Sect.4, we determine g (A U {b})
for certain classes of b. This section is independent of Sects.2 and 3.

We arrived at the results in Sects. 2, 3, and 4 geometrically, by capturing the set of
integers as an infinite strip in the plane and representing I" (A), some extensions of
A, and their complements. These results are then proved by well-established methods
algebraically, paving the way for using geometric methods to assist in results concern-
ing the Frobenius Problem. It is important to note that the geometric interpretations
we have employed here lead to the solution of these problems in a much more trans-
parent manner than do number theoretic means. Figures 1 and 2 capture the regions
that describe I" (A), I' (A U {b}), and I"“ (A U {b}), and can be used to arrive at the
results in Theorems 1 and 2.

The extension problem to determine A™ we discuss in Sect. 2 was solved by Ritter
[8, Theorem 1] by using an algorithm of R@dseth [10] to compute g (A U {b}). We
give a much shorter and more direct proof of the result, leading to a much cleaner
formula to describe the set A1 in Theorem 1 for the case k < a, and in Lemma 3 for
the case k = a. We also show the equivalence of our result with that obtained by Ritter
in [8, Theorem 1] for k < a. For the case k = a, we give a simplified version of the
result obtained by Ritter in [8, Theorem 1] and show this to be incorrect in Remark 3
and Remark 4. L

The maximum extension problem to determine A+ that we discuss in Sect.3 was
also solved by Ritter [8, Theorem 2] by extending the argument given in his proof of
[8, Theorem 1]. Our proof is short and direct, and the equivalence of our result with
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Fig.2 A geometric depiction of A1 and A+, The Frobenius number g (AP) is represented by (red-filled

circle). Integers in AT are those b in the region I"° (A P) for which the corresponding region R;, does not

contain the (red-filled circle) point. A candidate for the set AT is the set of (black-filled circle) points (Color
figure online)

that obtained by Ritter in [8, Theorem 2] is much more transparent in this case. We
also use Fig. 2 to geometrically explain the error in the case k = a of [8, Theorem 1].

In Sect.4 we determine the Frobenius number of extensions of the set A by some
elements b that do not belong to I" (A). These results are guided by geometric inter-
pretation, and include some results of Dulmage and Mendelsohn [3], Kan et al. [5],
Mathews [6], and Rgdseth [10].

Let A be any set of positive integers with gcd(A) = 1, and let a € A. Let mc
denote the least positive integer in I" (A) which is also in the congruence class C
modulo a. The function g is easily determined from the values of m¢ via following
the well-known theorem due to Brauer and Shockley.

Lemma 1 (Brauer and Shockley [2]) Leta € A. Then

9(4) = max me — a,

where the maximum is taken over all non-zero classes C modulo a.

2 Characterization of single-element extensions of APs that do not
change the Frobenius number

For arithmetic progressions, Roberts [9] determined g(A), later simplified by Bateman

[1]. A simple proof for both these results using Lemma 1 can be found in [13].
Henceforth let A = AP(a,d, k) = {a,a+d,a+2d,...,a+ (k — 1)d} with

gcd(a,d) = 1 and k > 2. In view of the fact the set of representable integers remains
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the same for all k > a, we restrict our attention to k < a in what follows. Thus g(A)
denotes the largest N such that

k k
axo+ (@ +dxi+(@+2d)xy+ -+ @+kdxy =ay_xi+d Y ixi=N (1)
i=0 i=1
has no solution in non-negative integers xg, xi, ..., X, and n(A) the number of such

N.

Lemma 2 (Tripathi [13]) Let A = AP(a,d, k). For y € {1,...,a — 1}, the least
integer in I"(A) N (dy) is given by

y—1
Ide:a 1+ m +dy

From Lemmas 1 and 2, it easily follows that

a
gm>=aLk_1

J+dm—n @)

and that

. dy —1 —1
F‘(A):{ax+dy:l§y§a—l,— ya SXSBTIJ}. 3)

In this section, following the question posed by Selmer [11], we look at the problem
of determining all positive integers b for which g (A U {b}) = g (A). We may assume
thathb € I'° (A) since I' (AU {b}) =T (A)if b e I" (A).

Proposition 1 Letr k, m, n be non-negative integers, k > 1. Then there exist non-
negative integers xg, X1, . . . , Xy such that

k k
in =m, Zixi =n (@)
i=0 i=1

if and only if n < km. Moreover, n = km if and only if xx = m and x; = 0 fori # k.

Proof Suppose there exist non-negative integers xg, X, .. ., X, satisfying (4). Then
n= Zle ix; < kazl x; < km.

Conversely, suppose n < km. If n = km, xy = m, and x; = 0 for i # k satisfies
4).Ifn < km,writen = gk+r,withqg € {0,1,...,m—1}andr € {0, 1, ..., k—1}.
Then xxy = ¢q, x, = 1, x9 = m — q — 1, and all other x; = 0 satisfies (4).

Observe that n = km is equivalent to Zf-‘zl(k —i)x; = 0. Since (k — i)x; > 0 for
each i, the last equation holds if and only if (k — i)x; = O for each i, so that x; = 0
fori < k. Thus x; = m. O

Definition 1 For any set of positive integers A with gcd (A) = 1, define

At={ber<A):g(AUb)) =g(A)}.
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Observe that g (A) ¢ A™. The case when |A| = 2 was solved by Mendelsohn [7].
However, we include a short and simple proof to show that A* = ¢ in this case for
the sake of completeness.

Proposition 2 (Mendelsohn [7]) If |A| = 2, then At = .

Proof Let A = {a, b}, with gcd(a, b) = 1,andletc € I'° (A). Then ¢ = by —ax with
l<y<a—landx > 1.Buttheng (A) =ab—a—-b=a(x—1)+bla—1—-y)+c €
I" (AU {c}). Therefore g(a, b, ¢) < g(a, b). ]
Proposition3 Ifb = ax +dy € AT, then x > 0.

Proof Suppose b =ax +dy € I'° (A), withx <Oand1 <y <a — 1. Then

ST R [ ) SR

Hence there exist non-negative integers xo, X, . . . , X; such that
k k
a—?2 .

el e g

i=0 i=1
has a simultaneous solution by Proposition 1. Therefore g(A) —b = a(l_ J —Xx)+
d(a — 1 —y) is representable by the form given by the LHS of (1) and hence belongs
to " (A). Thusb ¢ A™. O

Proposition4 Let A = AP(a,d, k). Then b = au + dv € A" if and only if the
equation

2
(Zx,+uy)+d<21x,+vy)—a{k 1J—}—d(a—l) 5)
has no solution in non-negative integers xo, X1, . .., Xk—1, y, and u, v satisfy 0 < u <
= 1J l<v<a-1

Proof The term on the LHS of (5) represents a typical element of I" (A U {b}). The
proposition now follows directly from (1), (2), and the definition of A™. Note that the
restriction on u being non-negative is a consequence of Proposition 3. O

Proposition5 Let A = AP(a,d, k). Then AT =@ ifa =1,2.

Proof If a = 1, then I'°(A) = @. If a = 2, then d is odd and I'“ (A) =
{1,3,5,...,d}.Forbe I'‘°(A),g(AU{b}) =b—-2<d=g(A). O

Proposition6 Let A = AP(a,d, k). Then AT =@ ifa =2 mod k — 1.

@ Springer



Some problems concerning the Frobenius number... 551

Proof If a =2 mod k — 1, then g (A) = a{=% + d(a — 1) by (2). By Proposition
4, AT = ¢ precisely when Eq. (5) admits a solution in non-negative integers. Thus it
suffices to show that

k—1

k—1
a—2 .
X{;xi_q_ry:k_l, Xlztxi—i—sy:a—l

= i=

has a solution in non-negative integers xo, X, . .., Xk—1, ¥, given that r, s satisfy 0 <
r< LHJ, 1 <s <a—1.Sety = 1. Then the equations reduce to

k—1 “—
Xi =

) k—1
l—r, ;ix,-=a—1—s.
1=

Nowa—1—s5 < (k— 1)(%—;’) =a—2—(k—1)risthesameas (k—1)r <s—1,
and this is true by the assumption on r, s. So the equations above have a simultaneous
solution by Proposition 1. This proves AT = @. O

Remark 1 Proposition 6 implies Proposition 2 and the case a = 2 in Proposition 5.
Proposition7 Let A = AP(a,d, k). Then max A" = g(A) —d if AT # 0.

Proof Suppose AT £ (J.If b € AT, thenb < mgy —a forsome y € {1,...,a — 1}.
Since b # g (A), it follows from Lemma 2 that b < g (A) — d.

We show that b = g(A) —d € AT. If this were not the case, then g (A) €
I' (AU {b}). Since g (A) ¢ I' (A) and 2b > g (A) (as a > 2 by Proposition 2), we
musthave g (A)—b € I' (A).Butg (A)—b =d ¢ I" (A). Therefore g (A)—d € A™.

O
Theorem1 Let A= AP(a,d, k). Let3 <k <a — 1, and let
(a—Dmod (k—1) if (k—1)1(a—1);
r =
k—1 if (k—1)](@—1).
Then
-1
A+={au+dv:u21,1§v§a—l,0< V—J(v—(k—l)u)«}.
v
In particular, if r = 1 then AT = (.
Proof For non-negative integers xg, X1, ..., Xk—1, We write m = Zf:é x;andn =
> %73 ix;. Thus by Proposition 4, au + dv ¢ A% if and only if
a—r—1
a(m+uy)+d(n+vy)=aﬁ +d(a—1) (6)
has a solution in non-negative integers xq, X1, ..., Xk—1, ¥, Where u, v satisfy 0 < u <

%J,lfvfa—l.
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Observe that au + dv € I'(A) if v = OQorif 1 < v < a — 1 and
| L] (v— (k= Du) < 0 by (3). Henceforth we may assume 1 < v < a — L.
We show that in each of the cases (i) u = 0; (ii) L%J (v —(k— Du) > r, (6) has
a solution, and that if cases (i) and (ii) do not simultaneously hold, then (6) has no
solution.

Fixv € {1, ..., a — 1}. We first show that there is a solution to (6) with u = 0. We
claim thatr < % If(k—1)| (@a—1),thenr =k—1 < % since k < a. Otherwise
k—1Dt@—1;writea—1=¢qgtk—1)+r.Ifg=1,then2(k — 1) > a — 1 and
r =a—k,sothatr < “T_I.Ifq > 1,then2r <2k —1) <g(k—1) <a—1,s0
that r < “—51 Hence the claim.

Therefore, we may choose a non-negative integer y such that vy lies in the interval
[r,a—1]. Thenm = “;i;l ,n=(a—1)—vy <a—1—r provide a solution to (6)
by Proposition 1.

If | w—(=Du) > rtheny = [“L,n=a—-1-v|“ ], m=

v
% —u L%J gives a solution to (6). Since

(k—1)m—n=(a—r—1)—(k—1)MV_IJ—(a—1)+uv_

v

=V;1J(v—(k—1)u)—rzo,

m, n simultaneously exist by Proposition 1. Hence the solution satisfies the necessary
constraints.

Suppose neither of the cases (i), (ii) hold. We show that (6) has no solution under
the given constraints. Any solution to (6) must have the form

-1
m—i—uy:%—dl, n+vy=a—1+at, )

where ¢ € Z. Multiplying the first equation in (7) by k — 1 and subtracting from the
second gives

n—(k—Dm)+@w—Gk—-Du)y=(@+k—1)d) t+r. ®)

Since n > 0 and v 1 (@ — 1) by Remark 2 (at the end of this proof), from (7) we have

<“‘1+‘”=(“_1)(’“)+’sq"_lJ+”_1>(z+1)+5
v v v

- v v

a—1
< {—J(r+l)+t+1.
v
Sinceu > 0,v<a—1,andr < k — 1, we have

(v—(k—l)u)yg(v—(k—l)u){$J(t+l)+(v—(k—l)u)t

<r({t+1)+at
<@+ k-Dd)t+r.
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But this contradicts (8) since n — (k — 1)m < 0 by Proposition 1.
In particular, for » = 1 we get AT = ¢. Indeed, we can simultaneously solve
m+u= ‘ﬁ and n + v = a — 1 by Proposition 1 since

k—1m=a-2—-—tk—-—1Du>@—-2)—(v—1) =n.

Hence (6) has a solution with y = 1. ]

Remark2 Suppose 0 < u < L”—_IJ and v | (a — 1). From u < LEJ we have

1 al -1 _ | a—1 a—1 a—1
v > (k — Du. Hence {=1 > “=tu, so that ‘7554 = | =5 | = “Lu since = is an

integer. Thus v(a —r — 1) > (a —D(k—1Du,or(a—1) (v — (k — Du) > vr. Hence
the constraint on u, v to describe the elements in A™ in Theorem 1 implies v f(a—1).

Equivalence of the results in Theorem 1 and [8, Theorem 1] for k < a.

We use the notations in [8, Theorem 1]. Since ’—‘ + ”(Zlf;; = (z ‘K‘A , the first inequality

= fl)_rﬂ USlngs < Lp 1) = f\);l in the second

- A—D)—
inequality in Eq.(6), we get r < I-(x 1)(k I)J < (}La 1)(kpl) < ”(As(l)(k 75 This is

in Eq.(6) is equivalent to A >

1
equivalent to A < m + 1. Thus A = [(k_l)H_S} and A — 1 = |-(k 1)H_SJ

Suppose k < a.If x = 1,then2(k — 1) > a —1,sothat p = a —k < “—.If
x >2,then2(k — 1) < a—l,sothatp <k-1< ﬂ Therefore p < %in
any case. Hence s < % < 2&;711) < &, since the last 1nequa11ty is equivalent to
2a < Ma + 1) and A > 2. Therefore a — sA > 0.

Setr = uand (k— 1)r+s = v. Thenu > 1 (sincea — sk > 0)and 1 <
v < a — 1 (the upper bound follows from Lﬁj = A — 1 > 1). Moreover,
I <s<((A—1)s <p—1translates to 0 < L%J (w—(k—1Du) <rsincep =r
in the notation of Theorem 1.

Lemma3 IfA = AP(a,d,a), then AT ={dv:1<v<a—1vt{(@a—D}

Proof For A = AP(a,d,a), wehavemy, =a+dyforl <y <a—1byLemma2,
g(A) =d(a—1)by(2),and AT C {dv:1 < v <a — 1} by (3) and Proposition 3.
O
Fixv e {l,...,a—1}.Ifv | (a—1), thendv | g(A), and so dv ¢ AT,
Suppose v 1 (a — 1), and suppose by way of contradiction that dv ¢ A™. Then
g(A) € I' (AU {dv}), so that g (A) — dvy = d(a — 1 — vy) € I' (A) for some
y > 0. But this is impossible since my, = a +dx foreach x € {1,...,a — 1}. Hence
dve AT whenv{ (a —1).

Remark 3 The case k = a in [8, Theorem 1] may be simplified. Following the notation
in [8, Theorem 1], x = 0and p = k—1 =a —1.Since 1l < s < L’; Jand
2 < A < a—1, s may assume any value between 1 anda—2.Hencea+A(a—1— s) >0
for each s, so that —1 < ;za_f’}) <r < 0. Thus r = 0, and Eq. 6 in [8, Theorem 1]
reduces to A = {(0,5) : 1 <s < a — 2}. Equation 7 in [8, Theorem 1] now reduces
to AT ={dv:1 < v <a— 2}, contrary to the result of Lemma 3.
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Remark 4 Letk < a.Figure2 may be used to explain the fact that no point b = (u, v)
lying in the region I' (A) can belong to AT if v | (¢ — 1). If k < a, the point
ab = (qu,a—1)fora = % lies to the left of the red point corresponding to g (A).
This is because (k — Nu < v (since (u, v) lies in the region "¢ (A)) is equivalent to
ou < Z;l sothatau < == — J Hence the red point lies within the region I" (A U {b}),
sothath ¢ AT This gives a geometrlc interpretation of Remark 2. If k = a, the same
argument applies since u = 0, furthering our claim that the result of [8, Theorem 1]
for the case k = a is incorrect.

3 Maximum extensions of APs that do not change the Frobenius
number

In this section, we deal with the problem of determining a subset B of " (A) of largest
cardinality such that A U B is an independent set and g (A U B) = g (A). Recall that
S is an independent set if, foreachm € S, m ¢ I" (S \ {m}).

Definition2 Let A = AP(a,d, k), 3 < k < a. Then A is any subset of I"°(A)
satisfying the following three conditions:

() g (AUAT) =g(a);
(i) AUA"T isan independent set;

(iii) if § is an independent set of integers containing A and if g(S) = g(A), then
[S\ Al < |AT].

Note that, in fact, AT is a subset of AT,

Theorem?2 Let A= AP(a,d, k). Let3 <k <a — 1, and let

J@=1Dmod (k—1) if (k—1)f(a— D)
k-1 if (k—1)|(a—1).

Then

—_— a—r—1
A+={aﬁ+dv:a—r§v§a—2}.

In particular, if r = 1 then At =0

Proof Let B = {a“; 5~ 1—i—dv a—r <v <a-—2}. We first show that g (A U B) =

g(A). Write the elements of Basb; = a“kfl Ly d@—r+i),0<i<r—2. Thus
we need to show that

aZx,—i—dex,—i—a Z)’z‘i‘dZ(G—r‘H)yl

= a_r_l dla—1)=g(A 9
—aﬁ-i— (a—1)=g(A) ©)]
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has no solution in non-negative integers x;, y;.
Since ged(a, d) = 1, reducing modulo a and modulo d gives

k—1 r—2
Zixi—i—Z(a—r—i—i)y,- =a—1 moda;
i=1 i=0

! a—r—12 a—r—1
oni +kT Eoyl = kT mod d.
1=l 1=

For convenience, we write Y \_0 x; = m, Y*_lix; = n, Y/22y = m/, and

S =%iy; = n’. Thus

a—-r—1 |, , ,
m:—ﬁ(m —1+dt, n+@a@a—rym"+n =@-—1) —at

for some ¢ € Z. Since (9) has no solution if each y; = 0, m’ — 1 > 0. Hence r > 0
from the first equation and ¢ < 0 from the second equation. But then ¢t = 0, and this
is possible only if m = 0 and m’ = 1 from the first equation. Hence each x; = 0, so
that n = 0, and the second equation reducestoa —r +n' =a — l,orton’ =r — 1.
However m’ = 1 implies n’ < r — 2, thereby proving that (9) has no solution in
non-negative integers x;, y;.

We next show that A U B is an independent set, in the sense that n ¢
I' ((AUB)\ {n}), for each n € A U B. Thus, we need to show that for j €
{0,....k—1},

r—2
a Z x;i+d Z ixi+a—Zy,+dZ(a—r+l)y, =a+jd (10)
0<i<k—1 0<i<k—1 =0 i=0
i#j i#]j
has no solution in non-negative integers x;, y;, and for j € {0, ..., r — 2},

ale—i—lex,—i—a Z Vi

0<i<r-2
i#]
a—r—1
+d E (a—r+i)yy=a———+da—r—j) (11
£ k—1
0<i<r-2
i#]

has no solution in non-negative integers x;, y;.
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Since ged(a, d) = 1, reducing modulo a and modulo d gives

Zix,-—l—(a—r)m’—l—n’zj mod a;
i#]
a—-r—1 ,
E Xi+——m 1 mod d;
k—1
i#]

and

n+(a—r)2yi+2iyiza—r—j mod a;
i#J i#]
a—r—l —1
— Zy,_ - modd.

The first pair of congruences gives

—1
Zix,-—i—(a—r)m’—i—n’:j—at, le k 1 —m' =1+dt,
i#] i#]

for some ¢t € 7Z. The first of these is only possible when ¢ < 0 and the second only
when ¢ > 0, forcing t = 0. But then exactly one of xq, . .., xk—1, Yo, - . . , yr—2 equals
1 and all other x; and all other y; are 0, and this is clearly impossible.

The second pair of congruences gives

n—i—(a—r)Zy,-—l—Ziyi=a—r—j—at,
i#] i#]

a—r—1 a—r—1
_ | = ——— + dt,
P AT ot

for some ¢t € 7Z. The first of these is only possible when ¢ < 0 and the second only
when ¢ > 0 provided Zl-# i # 0, forcing t = 0 in this case. But then exactly one
of xg, ..., Xk—1, Y0, - - - » ¥r—2 equals 1 and all other x; and all other y; are 0, and this
is clearly impossible. On the other hand, if Zl# ;¥i =0, then each y; = 0. But then
a7t Lyda—r—j)erl (A, contradicting a “7-5 Lyda—r—j)eAt.

We finally show that if S is an independent set contammg Asatisfying g (S) = g(A),
then |S \ A| < |B]. Since g (S) = g(A), we must have S\ A € A™. Suppose, by
way of contradiction, that |S'\ A| > |B| = r — 1. By Theorem 1, part (c), integers
in A" (hence in S \ A) are of the form au + dv, with 0 < v — (k — D)u < r for
u > 1. By Pigeonhole Principle, there exist distinct pairs (u#1, v1) and (42, v2) such
that vy — (k — 1)u; = vo — (k — D)us. Hence v — vy = (kK — 1)(u1 — uz). Assuming
u1 > uy without loss of generality, we now have auj +dvy = aur+dvy+a(u;—uz)+
d(vy —v2) = auz +dvy + (a + (k — 1)d) (u1 — up), contradicting the independence
of S.
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This completes the proof. O

Remark 5 We note that in Theorem 2

a—r—1
A+={(a+(k—1)d)k—+dy:1§y§r—1}

—1
since a7t 4+ dv = (a + (k — D)d) 7 +d (v — (a — r — 1)). This is the case
k < a in [8, Theorem 2].

Lemma4 IfA = AP(a,d,a), then At = {.

Proof The elements of A form a complete residue system modulo a. Adding any
element to this set will make the resultant set a dependent set, resulting in A* = @. 0O

Remark 6 The result of Lemma 4 also appears in [8, Theorem 2].

4 The Frobenius number for some extensions of APs

Let A = AP(a,d, k) with gcd(a,d) = 1 and k > 2. If b is any integer, there is
aunique v € {0,1,...,a — 1} such that » = dv mod a. Hence b is of the form
au + dv, where 0 < v < a — 1. In this section, we determine g (A U {b}) where
b=au+dv ¢l (A),u>0,0<v <a-—1,and u, v satisfy certain conditions. We
close this section with several applications of our result.

Theorem3 Let A = AP(a,d, k). Let b = au +dv ¢ I'(A), withu > 0,0 < v <
a—1.Forl <y<a-—1,let

o= (28] e 2

(o)) o= | OER0 o

the least integer in I"(A) that is congruent to dy modulo a is given by

W If

Mgy = f(y)
forl <y<a-—1.
(ii) If
u({%J +1>+d2 Lv_(akmfdlv)_ IJ T,
then

g(AU{b}):max{f(a—l),f(v{aglJ—1)}—a.
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(i) Ifv | a, then
gAUh = fla—-1)—a.

Proof Fory e {1, ..., a—1},letmy, denote the least integer in I" (A) that is congruent
to dy modulo a. Under the conditions stated in (12), we claim that

nay =a (| 525 [ [2]) +av

Recall that myy is the least positive integer of the form dy + at, with t > 0, such that

k—1 k—1
a(Zx,-—i—ux)—i—d(Zixi—}—vx) =dy + at (13)

i=0 i=1

has a solution in non-negative integers x;, x, and f. Hence we must minimize

k—1
X = Zx,- + ux
=0

subject to the constraint

k—1
Y=Zixi+vxzymoda.
i=1

We must choose xg = 0 for minimum value. If the minimum is attained at x = x*,
we must simultaneously have

k—1 k—1
X—ux*:Zx,-, Y—vx*:Zixi.
i=1 i=1

By Proposition 1, this implies Y —vx* < (k—1)(X —ux*),sothat X > (Y,:_”f* —| +ux*.

Given Zi-:]l ix;, in order to minimize Zi-:]l X;, we must choose x;_; = LYk_T”f*J; at
most one other x; can be non-zero. If (k — 1) | (Y — vx*), all other x; = 0; otherwise
x, = 1 where r = Y — vx* mod k — 1. In either case, the minimum value of X is
T+,
. —1 . Y —ux*
) Since b € I'(A), u < LhJ by Lemma 2. With fi(x*) = (Tl)f} + ux*, we
ave

Y-t [ - +1
fl(x*>—f1<x*+1)=([ — W—{ s )D—u

> v —u—1>0.
k—1
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Since Y = Zl | ix; +vx* and x; > 0 for each i, we must choose x* = L%J in order
to minimize X. Thus we are left to minimize

Y mod v Y
aX+dY =a|l| ——— | 4+u| — +dY
k—1 v

subject to Y = y mod a. With f>(t) = a([w] + uLHT’”J) +d(y + at),
we have

AU+ - ht)=a q(yw(t/f—lf) mod uw i VHS;H 1)J

_ {—(YWLZ?T“ ”1 —u Lyt‘”J) +ad.

We show that f>(r + 1) > f>(t) for ¢t > 0 when the condition (12) is satisfied.
Fix y and ¢, and write y +at = Rmod v and a = r mod v. Thus the above
difference reduces to

f2(t+1)—f2(t)=a<’7(a +kRiT°d”1 = [kflw +MVJ;RJ +d>. (14)

Since [“t8| = LMJ = L 4 |HR] = | 4] 4 | 28] the condition
| “ER | = | 4| is equivalenttor + R < < v—1.Hence (a+R)modv=r+R >R,

andso fo(t + 1) > fo(r) if [ 422 ] = | 2].
Otherwise L“tRJ = LvJ 4+ 1,andv <r+ R <2(v—1). Hence

e s - e N
g el

the last equality not holding only when (k — 1) | (v — r). On the other hand, in this
exceptional case

(a+ R) mod v R | R=(—=r) R
[ k—1 —‘_[k—l—‘_lr k—1 —‘_’}c—l—‘
__v—r__Lv—r—lJ_l

k—1 k—1

Thus if the first part of condition (12) is satisfied in this case, then f>(r + 1) > f2().
On the other hand, if v | a, itis easy to see that f>(t + 1) — f2(¢) > ad > 0. Thus the

minimum value of aX + dY is given by f5(0) = a (P rmd”—| +u| L J) + dy. This

completes the proof of part (i).
Since L%J is increasing in y, my, attains its maximum either at y = a — 1 or at
the largest y for which y mod v = v — 1. Since the largest value of y for which

@ Springer



560 S.S.Batraetal.

ymodv = v —1is vL“v;lJ — 1, the result in part (ii) follows from the formula
g(AU (b)) = maXj<y<q—1 Mgy — d.

Ifv | a, the term [%1 returns the same value for y = a—land y = v[ 41 |—1.
Hence f (vL”%lJ — 1) < f(a — 1), thereby proving part (iii). O

Remark7 Let A= AP(a,d,k),andletb = a+ Kd with K > k. Observe thatk > a
implies b = (a + rd) + a(qd) € I'(A), where K = ga +r,0 <r <a — 1. Thus
g (AU {b}) = g (A) in this case. Therefore b = a + Kd ¢ I'(A) implies k < a — 1.

Remark8 Let A = AP(a,d, k), and let b = a 4 kd with k < a — 1. Using notation
of Theorem 3, u = 1 and v = k. Thus (12) is satisfied since

u([%J+1)+d=L%J+1+d2d+2>V_(akmfik)_lJH.

Hence Theorem 3 gives

g(AU{b}):max{f(a—1),f<kv;IJ—1)}—a

{ <’7(a—l)modk—‘ \fl—lJ >
= max {a + —1
k—1 k
da—1 Chuty R IIOFY 8 B Y
ra@-va ([ 1) v (e[ 1))
(a — 1) mod k a—1
a(’r 1 —‘—i-\\ X J—1)+d(a—1)
:avzzJﬂz(a—n
=g(AP(a,d,k+1)).

Corollary 1 Let a, m be relatively prime positive integers, and let m = ga +r, 0 <
r<a-—1.

) a+mel ({a,a+ 1)) ifandonlyifqg >r — 1.
(i1) Iqur—Zand(q—l—l)(I_‘;‘J—{—l) >r —(amodr)— 1, then

gla,a+1,a+ m)
=max{a<(a—1)m0dr+(q—|—1) V_lJ)_l’

r

() 5 )

(i) Ifg <r —2andr | a, then

g(a,a—i—l,a—i—m):a(r—l+(q+1)(§—1))—1.
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Proof Since a + m = r mod a and the least non-negative integer congruent to r
moduloainI" ({a,a + 1})isr(a+1),a+m € I" ({a,a + 1})ifandonly ifa +m >
(a + 1)r, which is the same as g + 1 > r. This proves part (i).

The elements of {a, a+1, a+m} pertaintothecased = 1,k =2,u = g+1,v=r
in Theorem 3. In order to apply Theorem 3, we need to assume a+m ¢ I ({a, a + 1}).
Parts (ii) and (iii) are direct consequences of Theorem 3. O

Remark 9 Kan et al. [S] gave an exact formula for g (a,a + 1, a +m) when2 < m <
Sand a > m(m —4) + 1, and also an upper bound for general m, although no proofs
were given.

Corollary 2 (Dulmage and Mendelsohn [3]) Fora > 1,

() gla,a+1l,a+2,a+4) = (a—i—])[ J—i—
(i) gla,a+1,a+2,a+5) =% J+(a+1)
(iii) g(a,a+1,a+2,a+6) = (a+2)LJ

[+ ] -

Proof We show that a more general result follows from Theorem 3, like in Corollary
1. We explore the Frobenius number g(a,a + 1,a + 2,a + m) with m > 4. With
m=qga+r,0<r<a-—1,a+m=r mod a, and the least non-negative integer
congruent to r moduloa in I ({a,a + 1,a +2}) isa L%J + r, by Lemma 2. Thus
a+mel ({a,a+1,a+2))ifandonlyifg > |5 ].

To apply Theorem 3, we must therefore assume ¢ < [~ L|. The elements of
{a,a+1,a+2,a+m}pertaintothecased = 1,k =3, u = q+1 v = r in Theorem

3. Thus if
(Q+1)(L§J+1)Z {r—(am;dr)—lJ’

+l_f_

then

—1
g(a,a+l,a+2,a+m)=max{f(a—l),f(r\fl J—l)}—a,
r
and if r | a, then
gla,a+1l,a+2,a+m)= f(a—1)—a,

where f(y) =a (f%omw + (g + 1)L%J) +dy.
When a > m, g =0, and » = m, and the condition in Theorem 3 reduces to

L£J+12{m—(amodm)—lJ. (15)

m 2
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For such a,
gla,a+1,a+2,a+m)
{("(a—l)modm—‘ La—lJ)
=max ja + =1,
2 m
m—1 a—1 a—1
(( ]ﬂ J_z)ﬂr{_J_l}. (16)
2 m m
Now
a([(a—l)modm—‘+{a—lJ)_l
2 m
("= =[5 -2 e |5
>a + —21+m -1
2 m m
if and only

(a—1) mod m m—1 m—>5
> 2= —/.
2 2 2
The above inequality holds precisely when (¢ — 1) mod m € {m — 1,m — 2, m — 3}

whenm isevenand (a — 1) mod m € {m — 1,m — 2, m — 3, m — 4} when m is odd.
Soif a > m and (15) holds, then

gla,a+1,a+2,a+m)
a([e=bpodm] 4 ot )~ 1 ifa =0, —1,—2 mod m, m even,
ora=0,—1,—-2,—3 mod m, m odd;
B a([55] + 15 = 2) +mI%L )~ 1 ifa #0,~1,-2 mod m, m even,
ora #0,—1,—-2,—-3 mod m, m odd.

We note that a > m implies (15) form € {4, 5, 6}. The result of Corollary 2 may be
verified to be equivalent to the above formula in these cases, thus verifying the result
fora > m. O

Corollary 3 (Matthews [6]) Let a, d be relative prime positive integers such that a >
Fi, where F; denotes the ith Fibonacci number. Then with S = {a, a+d, aF; _1+dF;}
such that the elements in S are pairwise relatively prime, we have

g(S) = max{(a—i—d—fi_z {%J —Z)a —d, (Fia —2)a

1

+L%J (@Fii +df,->—d}.

1
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Proof The elements in S pertain to the case k = 2, u = F;_1, v = F; in Theorem
3. Observe that F; 1 a since ged(a, aFi—1 + dF;) = 1. Hence L%J = L%J and
(a—1) mod F; = (a mod F;) — 1. Since a > F;, the elements in § satisfy condition
(12) as

Fic1 (1+L%J)+d22ﬂ—1+1>ﬁ>-7:i—(dm0d-7:i)-

i

With notations used in Theorem 3,

f(a—l):a((a—l)modfi—l-]:,-_1 L%J—l)—i—d(u—l)

l

a
=a<a+d—ﬂ—2LﬁJ—2)—d,

:a<amodf,~+(f,-—;f,~_z){%J+d—2)—d

and

(L)oo (52] ) )=
cefrmroma([5] ) ) renl ]

=a(Fi2-2)+ FJ @Fi1 +dF) —d.

1
The result now follows from Theorem 3. O

Corollary 4 (Rgdseth [10]) Let A = AP(a,d, k). For K > k, let a = aK + B,
0<B<K—-LIp=0ora+d=>|5LL| then

g(AU{a+Kd}):(a+Kd)a—d+max{a {f:””ﬁaw:” _a}.

Proof If k > a, then a + Kd € I'(A) by Remark 7, so that g (AU {a + Kd}) =
g(A) = aL%J + d(a — 1). Rgdseth’s formula gives this result for d > LK,:f;IJ if
k > abutgivesal K2 | +d(a— 1) ford > | 5= | — 1ifk = a.

Suppose k <a—1.If K <a—1,b =a+ Kd givesu = 1 and v = K in the
notation of Theorem 3, and it is easily verified that the condition (12) is identical to
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the condition in Corollary 4. Thus

(@ — 1) mod K a—1
f(a—1)=a( 1 —‘+{ e J—l)—l—d(a—l)
-1 .
:a( m—‘-l-a—l)—i—d(a—l)lfﬁ;éO
B—2 .
:a( mJ—i—a)—i—d(aK—f—,B—l)lf,B;éO
:(a+Kd)a+d(,3—l)+a{%J if B #£0,
and
f(a—l)=a< (“_I:)_ml(’dKLLV;IJ—1>+d(a—1)
(K —1 .
:a( kT]—‘+ot—2>+d(a—1)1f,3=0
K-2 .
=a< mJ-ﬁ-a—l)—i—d(uK—l—ﬂ—l)lfﬁ:O
:(a+Kd)a+aL§:fJ—a—dif,B:().
Moreover

(e )= e ) e )
cof| E22 ) kg

p—2
k—1

:(a+1<d)a+d(ﬁ—1)+at Jifﬁ;éo,

f(kvzlJ—Q =a<_(a_;)_“1°dK1+V;1J—1>+d(a—1)

=a< %—‘—i—a—Z)—i—d(a—l)ifﬁ:O

K -2 .

K -2 .
=(a+Kd)ot+a{k 1J—a—dlf,B:O.
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