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Abstract. The all-pairs shortest path problem is the first non-artificial
problem for which it was shown that adding crossover can significantly
speed up a mutation-only evolutionary algorithm. Recently, the analysis
of this algorithm was refined and it was shown to have an expected
optimization time of Θ(n3.25(log n)0.25).

In this work, we study two variants of the algorithm. These are based
on two central concepts in recombination, repair mechanisms and parent
selection. We show that repairing infeasible offspring leads to an im-
proved expected optimization time of O(n3.2(log n)0.2). Furthermore, we
prove that choosing parents that guarantee feasible offspring results in
an optimization time of O(n3 log n).

1 Introduction

One of the important issues when designing successful evolutionary algorithms is
to choose a suitable representation of possible solutions together with good vari-
ation operators. Different representations and variation operators have been dis-
cussed for awide range of combinatorial optimizationproblems (see e.g. [18,11,19]).
Often, variation operators (such as crossover or mutation) are designed to produce
feasible offsprings. Formutation this is easy to achieve, as a mutation operator usu-
ally only applies a small number of local changes to a given feasible solution.

However, the design of crossover operators, producing from two feasible solu-
tions a new feasible one, is usually more complicated (see e. g. [14] for different
crossover operators for the traveling salesman problem). Whenever a crossover
operator produces an infeasible solution, one option is to discard it. However,
this typically does not lead to efficient methods, as time is wasted on produc-
ing infeasible solutions and evaluating them. To deal with this situation, one
can use repair mechanisms, which produce from an infeasible solution a feasi-
ble one based on properties of both parents [22]. Another way of dealing with
the problem of infeasible solutions is to use specific selection methods and/or
more problem specific crossover operators that are likely to produce promising
solutions [2,15].
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The goal of this paper is to point out the effect of repair mechanisms and
parent selection for crossover on the runtime of evolutionary algorithms in com-
binatorial optimization. Analyzing the runtime behavior of evolutionary algo-
rithms has become a major part in their theoretical analysis. Based on results
for different kinds of pseudo-Boolean functions [6,10], results have been obtained
for different kinds of combinatorial optimization problems. Starting with some
results for classical combinatorial optimization problems that are solvable in
polynomial time such as the computation of minimum spanning trees [17] or
maximum matchings [8], different results have been obtained for NP-hard prob-
lems [16,7,12,23]. One cannot expect to beat the best known algorithms if the
problem under consideration can be solved in polynomial time. With such studies
we want to gain new insights on how evolutionary algorithms behave on natural
optimization problems and give insights into the important modules that make
such algorithms successful.

We carry out theoretical studies on evolutionary algorithms for the computa-
tion of shortest paths. Computing shortest paths is one of the basic problems in
computer science and has already been considered in various theoretical stud-
ies of evolutionary algorithms. There are different results for the single-source
shortest path (SSSP) problem [1,21,3].

We investigate the all-pairs shortest path (APSP) problem which is a gen-
eralization of the SSSP problem. Given a strongly connected directed graph
G = (V, E) with |V | = n and |E| = m and a weight function w : E → R that
assigns weights to the edges. We distinguish between the weight of a path (the
sum of the weight of all its edges) and its length (the number of edges in the
path). The task is to compute from each vertex v ∈ V a weight-shortest path
to every other vertex u ∈ V \ {v}. Throughout this paper, we assume that G
does not contain cycles of negative weight. The APSP problem can be solved
by the Floyd-Warshall algorithm; using appropriate data structures, APSP can
be computed in time O(nm + n2 log n) (see, e. g. [13]). Our aim is to study
how general purpose algorithms can deal with the APSP problem. In particu-
lar, we want to examine the usefulness of crossover operators in evolutionary
computation.

We take the APSP problem as a prominent example to show in a rigorous
way how different crossover operators influence the runtime of evolutionary algo-
rithms. Recently, it has been shown that the use of crossover operators provably
leads to better evolutionary algorithms than evolutionary algorithms that are
just based on mutation [4,5]: The runtime for the mutation-and-crossover ap-
proach is Θ(n3.25(log n)0.25), which is better than the expected optimization
time of Θ(n4) of the algorithm just using mutation. In addition, [9] studied the
runtime behavior of ant colony optimization for this problem and proved an up-
per bound of O(n3(log n)3). However, we will see that the evolutionary approach
examined in this paper solves the APSP problem in expected optimization time
O(n3 log n).

In the next section, Section 2, we introduce the algorithms that are subject
to our analyses. In Section 3, we show how repair mechanisms can speed up the
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1 P = {Pu,v = (u, v) | (u, v) ∈ E};
2 while true do
3 Choose r ∈ [0, 1] uniformly at random;
4 if r ≤ pc then
5 choose two individuals Px,y and Px′,y′ from P u. a. r.; perform crossover

on Px,y and Px′,y′ to obtain an individual P ′
s,t ;

6 else
7 choose one individual Px,y uniformly at random from P and mutate

Px,y to obtain an individual P ′
s,t;

8 if P ′
s,t is a path from s to t then

9 if there is no individual Ps,t ∈ P then P = P ∪ {P ′
s,t};

10 else if w(P ′
s,t) ≤ w(Ps,t) then P = (P ∪ {P ′

s,t}) \ {Ps,t};
Algorithm 1: Steady State GAAPSP

optimization process to O(n3.2(log n)0.2). In Section 4, we analyze a crossover
selecting two matching individuals, and show that this leads to an optimization
time of O(n3 log n).

In order to meet space constraints, some proofs had to be left out.

2 Algorithms

For the APSP problem we examine the population-based approach introduced
in [4], where each individual in the population is a path. Our goal is to evolve an
initial population consisting of a set of paths into a population which contains,
for each pair of vertices (u, v) with u �= v, a shortest path from u to v.

We investigate two evolutionary algorithms for the APSP problem that differ
on how they apply crossover. The algorithms start with a population P :=
{Pu,v = (u, v)|(u, v) ∈ E} of size |E|, containing all paths corresponding to the
edges of the given graph G. The variation operators produce in each iteration
one single offspring.

Our algorithm, called Steady State GAAPSP (see Algorithm 1), decides in
each iteration whether the offspring is produced by crossover or mutation. With
probability pc a crossover operator is applied to two randomly chosen individuals
of P or otherwise (with probability 1 − pc) mutation is used to produce the
offspring. To make sure that both operators, mutation and crossover, are used
we require pc �∈ {0, 1}. For all investigations in this paper, we assume that pc is
chosen as an arbitrary constant, i. e. pc ∈ ]0, 1[.

The mutation operator takes an individual Px,y from the population and
applies sequentially S +1 local operations. Here, S is a parameter that is chosen
according to the Poisson distribution with parameter λ = 1. In a local operation,
the current path is either lengthened or shortened by a single edge. Assume that
the current individual represents a path Px,y = (x = v0, v1, . . . v�−1, y = v�)
from x to y consisting of � edges, and denote by E−(v) and E+(v) the set of
incoming and outgoing edges of a vertex v in G, respectively. Then an edge
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e = (u, v) ∈ E−(x) ∪E+(y)∪ {(x, v1), (v�−1, y)} is chosen uniformly at random.
If e ∈ {(x, v1), (v�−1, y)}, the edge is removed. This means that either the first
edge or the last edge in the path is removed leading to an individual P ′

v1,y or
P ′

x,v�−1
consisting of �−1 edges. If e ∈ (E−(x)∪E+(y))\ {(x, v1), (v�−1, y)}, the

edge is added and the path is lengthened. Here, a new individual P ′
u,y or P ′

x,v

is produced that contains � + 1 edges. Note that a local operation applied to a
valid path always leads to a new valid solution which implies that the mutation
operator only constructs solutions which are paths.

Crossover takes two individuals and combines them into a valid path if the end
vertex of Px,y and the start vertex of Px′,y′ match. Choosing both individuals
uniformly at random from P , as it was done in [4,5], often does not lead to
a recombined offspring that represents a path in the given graph. In the next
section, we discuss how repair mechanisms can lead to more efficient evolutionary
algorithms. Later on, we discuss how selection methods that select promising
pairs of individuals for crossover lead to evolutionary algorithms that are almost
as fast as classical algorithms for the APSP problem.

The selection operator only accepts individuals that are paths in the graph.
In addition, it ensures diversity with respect to the different pairs of vertices.
For this reason, each individual Pu,v is indexed by the start vertex u and the
end vertex v. In the selection step an offspring is only compared to an individual
of the current population that has the same start and end vertex. It is ensured
that, for each pair of vertices (u, v) with u �= v, at most one individual Pu,v

is contained in the population. This implies that the population size of our
algorithms is always at most n(n − 1).

For our theoretical investigations, we measure the optimization time of the
algorithm by the number of fitness evaluations until an optimal population has
been reached for the first time. A population is optimal if it represents, for each
pair of vertices, a shortest path.

Finally, the term w. h. p. (with high probability) denotes a result that holds
with probability at least (1 − O(n−c)) for some c > 0 independent of n.

3 Crossover with Repair

In this section, we present a simple way to increase the success probability of
the crossover operator used in previous work. This result, as we shall prove
rigorously, is an improved optimization time of O

(
n3.2(log n)0.2

)
.

The main reason why previous crossover operators for the APSP problem have
a relatively small success probability is the fact that very often the two parent
individuals simply do not fit together. That is, the end-point of the first is not
equal to the starting point of the second path. Since this is a rather obvious way
of failing, one might think of simple solutions.

One natural way is the following. If end-point of first and starting point of
second path are different, we try to bridge this gap by the (if existent, unique)
path from one point to the other which is contained in our population. If the
population does not contain such a bridging path, then the crossover operator
still fails. This is what we shall call crossover with repair.
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Definition 1 (Crossover with repair). Let ⊗r denote the crossover operator
with repair as follows (compare Figure 1).

Input: Px,y = (x, . . . , y) and Px′,y′ = (x′, . . . , y′) taken u. a. r. from P
1 if y = x′ then
2 P ′

s,t = (s = x, . . . , y = x′, . . . , t = y′) merging Px,y and Px′,y′ at vertex
y ;

3 else
4 if there is a path Py,x′ from y to x′ in P then
5 P ′

s,t = (s = x, . . . , y, . . . , x′, . . . , t = y′) merging Px,y, Py,x′ and
Px′,y′ at their common endpoints;

6 else
7 ⊗r fails and returns a dummy individual with fitness worse than

all other possible individuals;

The individual Py,x′ from Line 4 is called repair-path.

Note that this operation is inserted in Line 5 of Algorithm 1.
Assuming that all individuals used in the operation have a length of at most k,

the application of the ⊗r-operator produces a new individual of size at most 3k.
If all individuals considered for the operation are shortest paths (w. r. t. to their
weight) then it is possible to produce shortest paths (w. r. t. to their weight)
of length up to 3k due to the optimal substructure property of shortest paths.
However, later on we will merely consider the case that if all optimal individuals
of length k are present in the population the new individual will have a length
of 3

2k.

y �= x′ : Px,y ⊗r Px′,y′

y = x′ : Px,y ⊗r Px′,y′
y y′x

y′x′
yx

Py,x′

Fig. 1. Effect of the repair crossover applied to two paths Px,y and Px′,y′ .

To analyze our crossover operator, we use the gap concept introduced in [5].
The key observation is that it suffices that crossover finds a path that sufficiently
well approximates a sought-after path, because mutation is fast enough to fill
the gaps.

. . . v. . .u
ui uj

� − ji

Fig. 2. Approximating path Pui,uj with a gap of g := i + � − j
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Definition 2 (Gap). Consider a path Pu,v = (u = u0, u1, . . . , u� = v) and
an arbitrary sub-path Pui,uj = (ui, ui+1, . . . , uj) with 0 ≤ i ≤ j ≤ �, compare
Figure 2. We call the integral value g := i + � − j the gap of the path Pui,uj

(w. r. t. P ). We also call Pui,uj an approximating path of Pu,v. If Pu,v is a
shortest path between vertex u and v, we call Pui,uj an approximating shortest
path.

For a simplification of the proofs we make use of the following definition which
takes into account all pairs of vertices for which there is a shortest path contain-
ing at most k edges.

Definition 3. Let G = (V, E) be a graph and let k ∈ R. We let V 2
k be the set of

all (u, v) ∈ V 2 with u �= v such that there exists a shortest path Pu,v from u to
v consisting of at most k edges.

Note that we allow for a fractional k in order get rid of some delicate case
distinctions later on.

The main statement of this section is captured by the following theorem. It
shows that the use of the introduced repair mechanism leads provably to a better
optimization time.

Theorem 1. The Steady State GAAPSP with any constant rate 0 < pc < 1 using
crossover with repair (Definition 1) has an optimization time of O

(
n3.2(log n)0.2

)

with high probability.

For the proof of the theorem we need to analyze the success probability of the ⊗r-
operator, analyze the success probability of the mutation operator and describe
the interplay between mutation and crossover.

We start by investigating the success probability for the crossover operator
with repair. Using the crossover operator with repair gives us an additional factor
of k for the success probability compared to the corresponding results in [5]. This
is made precise in the following lemma.

Lemma 1 (Analysis of Crossover). Let k > 1 and let P be an arbitrary but
fixed population. Assume that P contains for each pair (u, v) ∈ V 2

k a shortest
path connecting them. Let � := 3

2k and g ≤ k
4 . Then the following holds.

(1) A single step of the ⊗r-operator generates a shortest path from u to v with
(u, v) ∈ V 2

� \V 2
k with probability Ω

(
k2

n4

)
.

(2) Consider a gap g, then a single step of the ⊗r-operator generates an ap-
proximating shortest path from u to v with (u, v) ∈ V 2

� \V 2
k with probability

Ω
(

k2g2

n4

)
.

For the progress made by mutation, we use the following result given in [5].

Lemma 2 (Analysis of Mutation). Let � > 0 and P be an arbitrary but
fixed population. Assume that there is a shortest path for every (u, v) ∈ V 2

� in P
and the Steady State GAAPSP is allowed to use only mutations an no crossover-
operations. Then the following holds.
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(1) The success probability to get an arbitrary but fixed shortest path in V 2
�+1 \V 2

�

is Ω
(
n−3

)
. Hence the expected waiting time for generating such a path is

O
(
n3

)
.

(2) Let λ > 0 and c > 0 with cλ ≥ 24 lnn. The Steady State GAAPSP finds
all shortest paths (u, v) ∈ V 2

�+c with probability at least n2− cλ
8 ln n in O

(
cλn3

)

iterations.

Combining the analysis of the mutation operator and the crossover operator with
repair, we obtain the following key lemma. It nicely shows the interplay between
the two operators from the point on when we have shortest paths connecting all
pairs in V 2

k for k = Ω
(
(n log n)0.2

)
.

Lemma 3. Assume that the Steady State GAAPSP uses mutation as well as the
⊗r-operator with constant probability. Let k ≥ (n log n)0.2 and Δ := (n log n)0.2

k .
Assume that there is a shortest path in the population for each pair (u, v) ∈ V 2

k .
Let � := 3

2k.

(1) For all pairs (u, v) ∈ V 2
� \V 2

k an approximating shortest path (ui, uj) with
gap at most g ≤ (n log n)0.2Δ is found in t = O

(
n3(n log n)0.2Δ

)
iterations

with high probability.
(2) Assume that for each pair (u, v) ∈ V 2

� \V 2
k there is an approximating shortest

path (ui, uj) with a gap of at most g ≤ (n log n)0.2Δ. Then the algorithm
finds all shortest paths with end-vertices in V 2

� in t = O
(
n3(n log n)0.2Δ

)

iterations with high probability.
(3) Let k = (n log n)0.2(1.5)i for some i ∈ N0. Then with high probability,

O
(
(1.5)−in3.2(log n)0.2

)
iterations suffice to have all shortest paths of up

to 1.5k edges in the population (where the hidden constant in the time does
not depend on i).

Now we are in the position to prove our main theorem.

Proof (of Theorem 1). Both the crossover and the mutation operator have con-
stant probability to be applied in an iteration, and neither can decrease the
fitness of an individual. Hence we may occasionally only regard the effect of
one of the two. Applying Lemma 2 with cλ := (n log n)0.2, we see that after
O

(
n3 · (n log n)0.2

)
iterations, with high probability all shortest paths having up

to � = (n log n)0.2 edges are in the population.
We now repeatedly apply Lemma 3(3). In time O

(
n3.2 log1.5 n(1.5)−i

)
, with

high probability we construct all shortest paths connecting vertices in V 2
(1.5)i+1�

out of a population containing all shortest paths for vertices in V 2
(1.5)i�. Hence

the run-times form a geometric series and the less than log1.5 n such stages
needed to find all shortest paths still take time O

(
n3.2(log n)0.2

)
. Since each

stage works fine with high probability, our algorithm finds all shortest paths
with high probability as well.

The previous proof shows that the proposed repair mechanism leads provably
to a better optimization time. In the next section, we will examine how selec-
tion for reproduction can influence the runtime of crossover-based evolutionary
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algorithms. We will see that this even leads to bounds on the optimization time
that are close to the ones of problem-specific algorithms.

4 Feasible Parent Selection

The previous section has shown that a simple repair mechanism leads to an
optimization time of O

(
n3.2(log n)0.2

)
, which is already an improvement over

the optimization time of O
(
n3.25(log n)0.25

)
for the Steady State GAAPSP in [5].

Nevertheless, the crossover operator may still produce solutions that do not
constitute paths. This is the case if the start vertex of the second individual
does not match the end vertex of the first individual and there is no individual
in P for repair.

In the following, we want to make sure that the crossover operator constructs
feasible solutions, i. e. individuals that represent paths. This is done by restricting
the parent selection for crossover to individuals that match with respect to their
endpoints. We choose the two individuals for crossover in Line 5 of the Steady
State GAAPSP (Algorithm 1) using the feasible parent selection procedure given
in Algorithm 2.

1 Choose Px,y ∈ P uniformly at random.
2 Choose Px′,y′ ∈ {Pu,v | Pu,v ∈ P ∧ u = y ∧ v �= x} uniformly at random.

Algorithm 2: Feasible Parent Selection

It chooses the first individual Px,y uniformly at random from the population P
and the second individual Px′,y′ uniformly at random among all individuals in P
whose start vertex equals the end vertex y of Px,y but whose end vertex does not
equal the start vertex of Px,y. Afterwards, in Line 5, crossover is performed by
concatenation. Note that, due to the selection of the two individuals, a path from
x to y′ is constructed, which implies that the crossover operator only constructs
feasible solutions.

This selection operator for the two parents reduces the optimization time even
further. The following theorem shows, that the optimization time of Steady State
GAAPSP comes close to the best known upper bound on the runtime of problem
specific algorithms if Algorithm 3 is used to select the individuals for crossover.

Theorem 2. The Steady State GAAPSP with any constant rate 0 < pc < 1 using
feasible parent selection (Algorithm 3) has an optimization time of O

(
n3 log n

)

with high probability.

Our proof of this theorem uses an analysis similar to that of Theorem 1, but
without considering gaps.
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5 Conclusions

We have shown how the use of repair mechanism or appropriate selection strate-
gies can speed up crossover-based evolutionary algorithms in the special case of
the all-pairs shortest path problem. Understanding the usefulness of crossover
in evolutionary computation in a rigorous way for other problems remains a
challenging task for future research.
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