Reductions to Sets of Low Information Content

(Extended Abstract)

V. Arvind^∗ Y. Han^† L. Hemachandra^y J. Köbler^‡ A. Lozano^§ M. Mundhenk^z M. Ogiwara^¶

U. Schöning^z R. Silvestri^{//} T. Thierauf^{∗∗}

Abstract. In this paper we study the complexity of sets that reduce to sparse sets (and tally sets), and the complexity of the simplest sparse sets to which such sets reduce. We show even with respect to very flexible reductions that NP cannot have sparse hard sets unless P = NP; an immediate consequence of our results is: If any NP-complete set conjunctively reduces to a sparse set, then P = NP. We also show that any set A that reduces to some sparse set (via various types of reductions) in fact reduces by the same type of reduction to a sparse set that is simple relative to A. We give a complete characterization of the sets of low instance complexity in terms of reductions to tally sets; it follows that if P ≠ NP, then no set of low instance complexity can be complete for NP with respect to disjunctive reductions or conjunctive reductions.

∗Department of Computer Science and Engineering, Indian Institute of Technology, Delhi, New Delhi 110016, India. Work done while visiting Universität Ulm. Supported in part by an Alexander von Humboldt postdoctoral research fellowship.

†Department of Computer Science, University of Rochester, Rochester, NY 14627, USA. Supported in part by the National Science Foundation under research grant CCR-8957604.

‡Abteilung für Theoretische Informatik, Universität Ulm, Oberer Eselsberg, D-W-7900 Ulm, Germany. Supported in part by the DAAD through Acciones Integradas 1991, 313-AI-e-es/zk.

§Department of Software (L.S.I.), Universitat Politècnica de Catalunya, Pau Gargallo 5, E-08028 Barcelona, Spain. Work supported in part by ESPRIT-II Basic Research Actions Program of the EC under Contract No. 3075 (project ALCOM) and by the DAAD through Acciones Integradas 1991, 313-AI-e-es/zk.

¶Department of Computer Science and Information Mathematics, University of Electro- Communications, 1-5-1, Chofugaoka, Chofu-si, Tokyo 182, Japan. Work done in part while visiting SUNY–Buffalo. Supported in part by the National Science Foundation under research grant CCR- 9002292.

// Dipartimento Di Matematica, Università degli Studi di Roma, “La Sapienza,” 00198 Rome, Italy. Work done in part while visiting the University of Rochester. Supported in part by Ministero della Pubblica Istruzione through “Progetto 40%: Algoritmi, Modelli di Calcolo e Strutture Informative.”

∗∗Abteilung für Theoretische Informatik, Universität Ulm, Oberer Eselsberg, D-W-7900 Ulm, Germany. Work done in part while visiting the University of Rochester. Supported in part by a DFG Post-doctoral Stipend and by the DAAD through Acciones Integradas 1991, 313-AI-e-es/zk.

1 Overview

This paper is concerned with three basic questions about sparse sets, and a related question about sets of low instance complexity:

Question 1 With respect to what types of reductions might NP have hard or complete sparse sets?1

Question 2 If a set A reduces to a sparse set, does it follow that A is reducible to some sparse set that is “simple” relative to A?

Question 3 With respect to what types of reductions might NP have hard or complete sets of low instance complexity, and, relatedly, what is the structure of the class of sets with low instance complexity?

With respect to the first and third questions, intuitively one would expect that even with respect to flexible reductions NP is unlikely to have complete sets whose information content is low. With respect to the second question, one might intuitively feel that the structure imposed on a set by the fact that it reduces to a sparse set makes it plausible that we can indeed find a simple sparse set that can masquerade as the original sparse set. These two intuitions are in many ways certified by the current literature, and by the results of this paper.

The rest of this section summarizes the results of this paper and compares them with previous work.

With regard to Question 1:

• We show that if any NP-complete set conjunctively reduces to a sparse set,2 then P = NP. This result, which has been obtained independently by Ranjan and Rohatgi [RR], extends Mahaney’s Theorem [Mah82] and is incomparable with the strongest previously known result, which is due to Ogiwara and Watanabe: if any NP-complete set bounded truth-table reduces to a sparse set then P = NP [OW91].

We obtain the above result as a corollary to a more general result we establish regarding the impossibility (if P ≠ NP) of NP-complete sets reducing to sparse sets, even via quite flexible reductions.

• One might ask whether in the above-mentioned result of Ogiwara and Watanabe the bounded truth-table case is optimal, or whether it can be

1For the reductions we will discuss, the question of sparse hard sets is equivalent to asking what types of reductions might reduce many-one complete sets for NP to some sparse set; we will often use this formulation.

2A conjunctive reduction from A to B means that there is a Turing machine with oracle B that accepts A, and the Turing machine’s acceptance mechanism is that it accepts if and only if every string it queries is a member of B [LLS75].

extended by making the bound on the number of queries bigger than constant, for example, to any function that is ω(log n). We show that there are relativized worlds, having tally NP-complete sets with respect to such reductions, in which the boolean hierarchy is infinite. This provides relativized upper bounds to the work of Ko, Orponen, Schöning, and Watanabe [KOSW86,Orp90,OKSW], of Ogiwara and Watanabe, and of the current paper. Our result strengthens the results of Homer and Longpré [HL91], who independently of the work of this paper showed that there are relativized worlds in which there are sparse sets that are NP-complete with respect to such bounds and yet (relativized) P ≠ NP.

With regard to Question 2:

• In the context of recent comparisons between equivalence and reducibility to sparse sets [AHOW,GW91], it is interesting to know for various reduction classes to sparse sets how easy a sparse set can be relative to the set that is reduced to it. We show that any set A that disjunctively reduces (respectively, disjunctive bounded truth-table reduces, 2-truth-table reduces) to a sparse set in fact disjunctively reduces (respectively, disjunctive bounded truth-table reduces, 2-truth-table reduces) to a sparse set that is in PNP A (respectively, PNP A_{[log]}

(sic), PNP

A_{[log]}

(sic)).3

With regard to Question 3:

• We completely characterize the sets of low instance complexity (that is, the class IC[log, poly] [KOSW86,Orp90,OKSW]) in terms of reductions to tally sets: IC[log, poly] is exactly the class of sets that both disjunctively and conjunctively reduce to tally sets.

• We show that Orponen’s result [Orp90] on 1-truth-table-complete sets for NP applies to disjunctive and conjunctive reductions: If P ≠ NP and A is ≤pc -hard or ≤pd-hard for NP, then A ∉ IC[log, poly].

In this extended abstract all proofs are omitted. Complete versions of this paper are available as technical reports of the University of Ulm (Ulmer Informatik-Bericht Nr. 91-08) and of the University of Rochester (in preparation).

2 Notation

A set T is said to be a tally set if T ⊆ 0∗. A set S is said to be sparse if it has at most polynomially many elements at each length: S is sparse if and only if for some

3The [log] means that there is an O(log n) bound on the number of calls made to the NPA oracle (see [Wag90]).

Name Notation k disjunctive (truth-table or Turing) ≤pk-d bounded (truth-table or Turing) ≤pb f(n) truth-table ≤pf(n)-tt conjunctive (truth-table or Turing) ≤pc disjunctive (truth-table or Turing) ≤pd bounded conjunctive (truth-table or Turing) ≤pbc bounded disjunctive (truth-table or Turing) ≤pbd

Table 1: Reductions

polynomial p it holds that (∀n)[||S ∩ Σn|| ≤ p(n)]. We use TALLY and SPARSE to represent, respectively, the classes of tally and sparse sets. Tally and sparse sets have come to play a large role in modern complexity theory (see, e.g., the surveys [Mah86, Mah89,HOW]).

The reductions discussed in this paper are polynomial-bounded reductions defined by Ladner, Lynch, and Selman [LLS75] (see Table 1).

We will use the following notation to describe downward closures of classes under various reductions; the interrelations among Rpr(SPARSE) classes have been systematically studied by Book and Ko [BK88] and Ko [Ko89].

Notation 2.1 [BK88,AHOW] For any reducibility ≤pr and any class of sets C, let Rpr(C) = {A fi (∃B ∈ C)[A ≤pr B]}. 3 Sets Reducing to Sparse Sets

The study of sparse complete sets was started by the conjecture of L. Berman and J. Hartmanis [BH77] that there are no sparse NP-complete sets; they were motivated to make this conjecture since, if it fails, then not all NP-complete sets are polynomialtime isomorphic (and at that time they conjectured that all NP-complete sets were polynomial-time isomorphic, though recent work has dimmed hopes on that issue [JY85,KMR89]).

The first result along the lines of their sparseness conjecture was P. Berman’s proof that P = NP if some subset of 0∗ is NP-complete [Ber78]. This result was quickly followed by Fortune’s proof that if there is a sparse coNP-complete set, then P = NP [For79]. Finally, Mahaney showed that P = NP if any NP-complete set many-one reduces to a sparse set [Mah82].

Although Mahaney obtained the complete collapse of the polynomial hierarchy in the case of many-one reducibility, possible collapses in the case of more flexible reducibilities have remained an active research area. For the case of Turing reductions, it is known that the existence of sparse Turing-complete sets for NP would collapse the polynomial hierarchy to PNP[log] [Kad89], and the existence of sparse Turing-hard sets for NP would collapse the polynomial hierarchy to Σp2 [KL80]; both of these results are known to be essentially optimal with respect to relativizable proof techniques [Kad89,Hel86].

As just noted, for the cases of many-one and Turing reductions, the consequences of sparse NP-complete sets are well-understood. However, with respect to the reductions whose strength lies between Turing and many-one reductions, the question of extending Mahaney’s many-one result has proved considerably more challenging. For the case of bounded truth-table reductions, Ukkonen [Ukk83] generalized Berman’s result [Ber78] by showing that if there is a tally bounded truth-table hard set for NP, then P = NP. Yesha [Yes83] generalized Fortune’s result [For79] by showing that if there is a sparse bounded positive truth-table hard set for coNP, then P = NP. Yesha also (partially) generalized Mahaney’s Theorem [Mah82] by showing that if there is a sparse bounded positive truth-table complete set for NP, then P = NP. These results regarding bounded truth-table reductions have been recently subsumed by Ogiwara and Watanabe ([OW91], see also [Wat88] and [JY90, footnote 9]), who showed that if there is a sparse bounded truth-table hard set for NP, then P = NP.

For the case of conjunctive reductions, Ukkonen [Ukk83] and Yap [Yap83] generalized Fortune’s result [For79] by showing that if there is a sparse conjunctive hard set for coNP, then P = NP. Yap [Yap83] also (partially) generalized Mahaney’s Theorem [Mah82] by showing that if there is a sparse set that is both conjunctive and disjunctive complete for NP, then P = NP. However, in the decade since Mahaney’s Theorem, it has remained an open question whether his result can be extended to the case of conjunctive reductions.

We show that if there is a sparse set that is conjunctive hard for NP, then P = NP (Corollary 3.4). This result is incomparable to the result of [OW91] on bounded truth-table reductions to sparse sets. In fact, we prove that NP ⊆ Rpbc(Rp1-tt(Rpc(SPARSE))) implies P = NP. (See Figure 1; note that Rpb (Rpc(SPARSE)) = Rpbd(Rpbc(Rp1-tt(Rpc(SPARSE))))).

Definition 3.1 [OW91] For a set A in NP, let W ∈ P and q be a polynomial such that A = { x fi (∃ w ∈ Σq(|x|)) [⟨x, w⟩ ∈ W ] }. For x ∈ A, let wmax(x) = max{ w ∈ Σq(|x|) fi ⟨x, w⟩ ∈ W }. Then Left(A) = { ⟨x, w⟩ fi x ∈ A, w ∈ Σq(|x|) and w ≤

s

s

s s

s @@ @@ @@ � � � @@ @@ @@ @@ @@ @@ � � �

Rpb (Rpc(SPARSE))

Rpc(SPARSE)

Rpm(SPARSE)

Rpb (SPARSE)

Rpd(SPARSE)

Figure 1: Inclusion structure of some reduction classes to sparse sets (see [Ko89, AHOW]). All inclusions indicated are proper [BK88,Ko89,Gav92].

wmax(x)} is the left set of A.4

Theorem 3.2 If A ∈ NP and Left(A) ∈ Rpbc(Rp1-tt(Rpc(SPARSE))), then A ∈ P.

Corollary 3.3 If A ∈ NP and Left(A) ∈ Rpc(SPARSE), then A ∈ P.

Of course, from Corollary 3.3, it immediately follows that Mahaney’s Theorem generalizes to the case of conjunctive reductions. Corollary 3.4 has been obtained independently by Ranjan and Rohatgi [RR].

Corollary 3.4 If any NP-complete set conjunctively reduces to a sparse set, then P = NP.

Indeed, Left(A) ≤pm A for any NP-complete set A, and thus the above theorems apply to the case when some NP-complete (or NP-hard) set reduces (via the reductions named above) to some sparse set.

Recently, Buhrman, Longpré, and Spaan [BLS92] have proved the surprising result that SPARSE ⊆ Rpc(TALLY), which implies that Rpc(SPARSE) = Rpc(TALLY) and Rpb (Rpc(SPARSE)) = Rpb (Rpc(TALLY)). Using this result, it can be shown [AKM] that if NP ⊆ Rpb (Rpc(SPARSE)) then P = NP, which unifies Theorem 3.2 with the result of Ogiwara and Watanabe [OW91].

We now discuss applications of the above results to the classes UP, PP, and C=P. Since for every set A ∈ UP it holds that Left(A) is in UP, it also follows that if UP is contained in Rpbc(Rp1-tt(Rpc(SPARSE))) then UP = P. This strengthens the

4The left set tacitly depends on the particular witness relation chosen.

results of Watanabe [Wat91], who showed that if P ≠ UP then there exists a set in UP that does not many-one polynomial-time reduce to any sparse set.

Consider the set {⟨x, m⟩ fi there are at least m satisfying assignments for x}, which has properties similar to left sets and is complete for PP. Under the assumption that this set is in the reduction class of Theorem 3.2 we can compute in polynomial time a set of numbers that includes #SAT(x), the number of satisfying assignments of formula x. Now we can use the result of Cai and Hemachandra [CH91] and Toda (see [ABG90]) that P = PP if there is an FP function that computes on input x a set of numbers that includes #SAT(x).

Theorem 3.5 If PP is contained in Rpbc(Rp1-tt(Rpc(SPARSE))) then P = PP.

By the fact that there exist complete sets in C=P that are one word decreasing self-reducible [OL], we can show that if C=P is contained in Rpbc(Rp1-tt(Rpc(SPARSE))) then C=P = P. In [AKM] it is shown that for K ∈ {UP, PP, C=P}, the assumption that K is contained in Rpb (Rpc(SPARSE)) implies P = K.

By applying a different proof technique we obtain results similar to Corollary 3.4 for the classes ModkP, k ≥ 2 [CH90,BGH90].

Definition 3.6 A set L is perfectly one word decreasing self-reducible if there exist a function f ∈ FP and polynomials p and q such that 1. L ⊆ {⟨x, y, i⟩ fi |y| = p(|x|) and 1 ≤ i ≤ q(|x|)}, 2. (∀ x, i : 1 ≤ i ≤ q(|x|))[f(⟨x, 0p(|x|), i⟩) = χL(⟨x, 0p(|x|), i⟩)], and 3. (∀ x)(∀ y ∈ Σp(|x|) − {0p(|x|)})(∃ k)(∀ i : 1 ≤ i ≤ q(|x|))[f(⟨x, y, i⟩) = ⟨x, pred(y), (i + k) mod q(|x|)⟩ and (⟨x, y, i⟩ ∈ L iff f(⟨x, y, i⟩) ∈ L)]. Theorem 3.7 If a perfectly one word decreasing self-reducible set L is conjunctively reducible in polynomial time to a sparse set then L is in P.

Since there exist complete sets in the classes ModkP, k ≥ 2, that are perfectly one word decreasing self-reducible (in fact, these are essentially the strictly one word decreasing self-reducible complete sets for ModkP that are defined in [OL]), we have the following corollary.

Corollary 3.8 If k > 1 and some ModkP-complete set polynomial-time conjunctively reduces to a sparse set, then ModkP = P.

For nearly near-testable sets [HH91], the class of sets that have “implicit” polynomial-time membership tests, a similar result holds.

Theorem 3.9 If a nearly near testable set is conjunctively reducible in polynomial time to a sparse set then it is in P.

Finally, we show that the “P = NP if for some k there is a sparse k-tt hard set for NP” result of Ogiwara and Watanabe [OW91] cannot be improved to ω(log n)- bounded truth-table reductions by any relativizable proof technique, even with respect to the weakened conclusion that the boolean hierarchy [CGH+88] collapses. This extends work of Longpré and Homer (done independently of this work) that shows that for the same truth-table bounds, P = NP results are precluded in some relativized worlds [HL91] (see also [IM89,CGH+89,Kad89] for earlier results on oracles that limit the extent of the collapse one gets from assumptions of NP having sparse hard sets5).

Theorem 3.10 For each non-increasing, polynomial-time computable function f(n) = ω(log n), there are sets A and T such that T is a tally set that is ≤p,Af(n)-ttcomplete for NPA, and yet the boolean hierarchy relative to A does not collapse.

4 Reductions to Simple Sparse Sets

In this section, we explore the second question mentioned in the introduction:

If a set A reduces to a sparse set, does it follow that A is reducible to some sparse set that is “simple” relative to A?

Earlier work along these lines has been done both for the case (which is also the case of this paper) of reductions less flexible than Turing reductions [AHOW] and for the case of Turing reductions [GW91]. (Note that Theorems 4.2 and 4.3 are incomparable.)

Theorem 4.1 If A ≤pbd S for some sparse set S, then there is a sparse set bS such that A ≤pbd bS and bS ∈ PNP

A_{[log]} . Theorem 4.2 If A ≤p2-tt S for some sparse set S, then there is a sparse set bS such that A ≤p2-tt bS and bS ∈ PNP

A_{[log]} . Theorem 4.3 For k = 2 and k = 3: If A ≤pk-d S for some sparse set S, then there is a sparse set bS such that A ≤k-d bS and bS ∈ PNP⊕A.

Also, we have the following results for unbounded disjunctive and unbounded conjunctive reductions.

Theorem 4.4 If A ≤pd S for some sparse set S, then there is a sparse set bS such that A ≤pd bS and bS ∈ PNP A . 5Kadin’s [Kad89] Turing-hardness relativized claim in fact applies equally well to the truth-table case.

Theorem 4.5 If A ≤pc S for some sparse set S, then there is a sparse set bS such that A ≤pc bS and bS ∈ NPA.

5 Low Instance Complexity and Polynomial-Time Reductions

Instance complexity, as defined by Ko, Orponen, Schöning, and Watanabe [KOSW86,Orp90,OKSW], is a notion of the complexity of specific instances of a problem—a topic that standard complexity theory is ill-suited to study (as any single instance is trivial). In this paper, we are primarily concerned with sets of “low” instance complexity: IC[log,poly] (introduced in [KOSW86]).

We show that the sets of low instance complexity are intimately related to the study of reductions to sets of low information content. In particular, we show that a set A is of low instance complexity if and only if it both conjunctively and disjunctively reduces to tally sets.

Theorem 5.1 A is in IC[log,poly] if and only if there exist tally sets T0 and T1 such that A ≤pc T0 and A ≤pd T1.

Using the above characterization of IC[log,poly] it is easy to see that IC[log,poly] is closed under bounded truth-table reductions (a different proof that explicitly constructs programs appears in [OKSW]):

Theorem 5.2 [OKSW] IC[log,poly] is closed downward under ≤pb -reductions.

Since IC[log,poly] ⊆ Rpc(SPARSE), the following corollary is an easy consequence of the above theorem and Corollary 3.4.

Corollary 5.3 [OKSW] If P ≠ NP and A is ≤pb -hard for NP, then A ∉ IC[log, poly].

Using Theorem 5.1 and the fact that NP has neither ≤pc-hard nor ≤pd-hard tally sets unless P = NP, it follows that NP has neither ≤pc-hard nor ≤pd-hard sets in IC[log,poly] unless P = NP.

Corollary 5.4 If P ≠ NP and A is ≤pd-hard or ≤pc -hard for NP, then A ∉ IC[log, poly].

Finally, using Theorem 3.10 and the fact that every tally set is in IC[log, poly], we conclude that for truth-tables of size ω(log n), no analog of Corollary 5.3 can be proved by any relativizable proof technique.

Acknowledgments

For helpful comments, conversations, and suggestions, on this work, and on the study of kernel constructibility and committability that led us to this work, we are grateful to E. Allender, L. Fortnow, W. Gasarch, A. Hoene, R. Schuler, A. Selman, J. Torán, and O. Watanabe. We thank J. Balcázar, M. Hermo, and R. Schuler for discussions from which Theorem 5.1 resulted.

References

[ABG90] A. Amir, R. Beigel, and W. Gasarch. Some connections between bounded query classes and non-uniform complexity. In Proceedings of the 5th Structure in Complexity Theory Conference, pages 232–243. IEEE Computer Society Press, July 1990.

[AHOW] E. Allender, L. Hemachandra, M. Ogiwara, and O. Watanabe. Relating equivalence and reducibility to sparse sets. SIAM Journal on Computing. To appear. Preliminary version appears as [AHOW91].

[AHOW91] E. Allender, L. Hemachandra, M. Ogiwara, and O. Watanabe. Relating equivalence and reducibility to sparse sets. In Proceedings of the 6th Structure in Complexity Theory Conference, pages 220–229. IEEE Computer Society Press, June/July 1991.

[AKM] V. Arvind, J. Köbler, and M. Mundhenk. Bounded truth-table and conjunctive reductions to sparse and tally sets. In preparation.

[Ber78] P. Berman. Relationship between density and deterministic complexity of NPcomplete languages. In Proceedings of the 5th International Colloquium on Automata, Languages, and Programming, pages 63–71. Springer-Verlag Lecture Notes in Computer Science #62, 1978.

[BGH90] R. Beigel, J. Gill, and U. Hertrampf. Counting classes: Thresholds, parity, mods, and fewness. In Proceedings of the 7th Annual Symposium on Theoretical Aspects of Computer Science, pages 49–57. Springer-Verlag Lecture Notes in Computer Science #415, February 1990.

[BH77] L. Berman and J. Hartmanis. On isomorphisms and density of NP and other complete sets. SIAM Journal on Computing, 6(2):305–322, 1977.

[BK88] R. Book and K. Ko. On sets truth-table reducible to sparse sets. SIAM Journal on Computing, 17(5):903–919, 1988.

[BLS92] H. Buhrman, L. Longpré, and E. Spaan, 1992. Personal Communication. [CGH^+88] J. Cai, T. Gundermann, J. Hartmanis, L. Hemachandra, V. Sewelson, K. Wagner, and G. Wechsung. The boolean hierarchy I: Structural properties. SIAM Journal on Computing, 17(6):1232–1252, 1988.

[CGH^+89] J. Cai, T. Gundermann, J. Hartmanis, L. Hemachandra, V. Sewelson, K. Wagner, and G. Wechsung. The boolean hierarchy II: Applications. SIAM Journal on Computing, 18(1):95–111, 1989.

[CH90] J. Cai and L. Hemachandra. On the power of parity polynomial time. Mathematical Systems Theory, 23(2):95–106, 1990.

[CH91] J. Cai and L. Hemachandra. A note on enumerative counting. Information Processing Letters, 38(4):215–219, 1991.

[For79] S. Fortune. A note on sparse complete sets. SIAM Journal on Computing, 8(3):431–433, 1979.

[Gav92] R. Gavaldà. On conjunctive and disjunctive reductions to sparse sets. Manuscript, January 1992.

[GW91] R. Gavaldà and O. Watanabe. On the computational complexity of small descriptions. In Proceedings of the 6th Structure in Complexity Theory Conference, pages 89–101. IEEE Computer Society Press, June/July 1991.

[Hel86] H. Heller. On relativized exponential and probabilistic complexity classes. Information and Control, 71:231–243, 1986.

[HH91] L. Hemachandra and A. Hoene. On sets with efficient implicit membership tests. SIAM Journal on Computing, 20(6):1148–1156, 1991.

[HL91] S. Homer and L. Longpré. On reductions of NP sets to sparse sets. In Proceedings of the 6th Structure in Complexity Theory Conference, pages 79– 88. IEEE Computer Society Press, June/July 1991.

[HOW] L. Hemachandra, M. Ogiwara, and O. Watanabe. How hard are sparse sets? In preparation (will appear in the Proceedings of the 7th Structure in Complexity Theory Conference).

[IM89] N. Immerman and S. Mahaney. Relativizing relativized computations. Theoretical Computer Science, 68:267–276, 1989.

[JY85] D. Joseph and P. Young. Some remarks on witness functions for nonpolynomial and non-complete sets in NP. Theoretical Computer Science, 39:225–237, 1985.

[JY90] D. Joseph and P. Young. Self-reducibility: Effects of internal structure on computational complexity. In A. Selman, editor, Complexity Theory Retrospective, pages 82–107. Springer-Verlag, 1990.

[Kad89] J. Kadin. P^{NP[log n]} and sparse Turing-complete sets for NP. Journal of Computer and System Sciences, 39(3):282–298, 1989.

[KL80] R. Karp and R. Lipton. Some connections between nonuniform and uniform complexity classes. In Proceedings of the 12th ACM Symposium on Theory of Computing, pages 302–309, April 1980.

[KMR89] S. Kurtz, S. Mahaney, and J. Royer. The isomorphism conjecture fails relative to a random oracle. In Proceedings of the 21st ACM Symposium on Theory of Computing, pages 157–166. ACM Press, May 1989.

[Ko89] K. Ko. Distinguishing conjunctive and disjunctive reducibilities by sparse sets. Information and Computation, 81(1):62–87, 1989.

[KOSW86] K. Ko, P. Orponen, U. Schöning, and O. Watanabe. What is a hard instance of a computational problem? In Proceedings of the 1st Structure in Complexity Theory Conference, pages 197–217. Springer-Verlag Lecture Notes in Computer Science #223, June 1986.

[LLS75] R. Ladner, N. Lynch, and A. Selman. A comparison of polynomial time reducibilities. Theoretical Computer Science, 1(2):103–124, 1975.

[Mah82] S. Mahaney. Sparse complete sets for NP: Solution of a conjecture of Berman and Hartmanis. Journal of Computer and System Sciences, 25(2):130–143, 1982.

[Mah86] S. Mahaney. Sparse sets and reducibilities. In R. Book, editor, Studies in Complexity Theory, pages 63–118. John Wiley and Sons, 1986.

[Mah89] S. Mahaney. The isomorphism conjecture and sparse sets. In J. Hartmanis, editor, Computational Complexity Theory, pages 18–46. American Mathematical Society, 1989. Proceedings of Symposia in Applied Mathematics #38.

[OKSW] P. Orponen, K. Ko, U. Schöning, and O. Watanabe. Instance complexity. Journal of the ACM. To appear.

[OL] M. Ogiwara and A. Lozano. On one-query self-reducible sets. Theoretical Computer Science. To appear. Preliminary version appears as [OL91].

[OL91] M. Ogiwara and A. Lozano. On one-query self-reducible sets. In Proceedings of the 6th Structure in Complexity Theory Conference, pages 139–151. IEEE Computer Society Press, June/July 1991.

[Orp90] P. Orponen. On the instance complexity of NP-hard problems. In Proceedings of the 5th Structure in Complexity Theory Conference, pages 20–27. IEEE Computer Society Press, July 1990.

[OW91] M. Ogiwara and O. Watanabe. On polynomial-time bounded truth-table reducibility of NP sets to sparse sets. SIAM Journal on Computing, 20(3):471– 483, June 1991.

[RR] D. Ranjan and P. Rohatgi. On randomized reductions to sparse sets. In Proceedings of the 7th Structure in Complexity Theory Conference. IEEE Computer Society Press. To appear.

[Ukk83] E. Ukkonen. Two results on polynomial time truth-table reductions to sparse sets. SIAM Journal on Computing, 12(3):580–587, 1983.

[Wag90] K. Wagner. Bounded query classes. SIAM Journal on Computing, 19(5):833– 846, 1990.

[Wat88] O. Watanabe. On ≤^p_{1−tt} sparseness and nondeterministic complexity classes. In Proceedings of the 15th International Colloquium on Automata, Languages, and Programming, pages 697–709. Springer-Verlag Lecture Notes in Computer Science #317, July 1988.

[Wat91] O. Watanabe. On intractability of the class UP. Mathematical Systems Theory, 24:1–10, 1991.

[Yap83] C. Yap. Some consequences of non-uniform conditions on uniform classes. Theoretical Computer Science, 26:287–300, 1983.

[Yes83] Y. Yesha. On certain polynomial-time truth-table reducibilities of complete sets to sparse sets. SIAM Journal on Computing, 12(3):411–425, 1983.